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1 Connection and covariant derivative

A connection V on a manifold M is a structure which allows one to transport vectors, forms, and
tensors from event to event. Let u be a vector field over M, then V,, is called the covariant derivative
along u, and can act on functions, vectors, forms, and tensors.

The effect of V,, on a function f is simply

Vuf =u(f) (1)

that is, the derivative of f along u. The action of V, on vectors satisfies the following properties: for
any function f and any vectors fields v, w,

v'u-i—f'v'w = Vyw + fvv'wa (
Vulv+w)=Vyv+ Vyw,
Vu(fv) =u(f)v+ fVyv.
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If we restrict to the action on vectors, V can thus be seen as a function which eats two vectors and
returns a vector, (u,v) — V.

Q1. From this point of view, is V a tensor? Why?

I Solution Q1 1
V : (u,v) — Vv is not a tensor, because it is not linear with respect to its second entry, by

virtue of eq. —one cannot simply ‘take out’ a function f mutliplying v.
L I

Let {z"} be a coordinate system on M. One can define a notion of components for V with respect
to the coordinate basis {0, }, as
Vs, 0, =1",,0,, (5)

where the numbers IV, are called the connection coefficients. The covariant derivative with respect to
the coordinate basis Vg, is usually denoted V, for short.

Q2. Show that the covariant derivative of a vector field reads
Vo= (8MUV + I’”puvp) a,. (6)

The component (V,v)" is usually denoted V,v” for short.

I Solution Q2 1
We expand v over the coordinate basis as v = v”3,,, and apply eq. to get

Vo= Vau (v8,) = (@LUV)B,, + UVV{«)HB,,.
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Then, we use the definition of the connection coefficients to rewrite the second term:
Vo, 0, =0v"T",,0,=2T", 0y,

where in the second equality we just inverted the names of the mute indices v and p. This yields
the desired result
Vo = (0" +T,,0°) B,

Q3. How do the coefficients I'¥,, change under a coordinate transformation {z#} — {y*}?

I Solution Q3 1
Since V is not a tensor, its components I'”,,, should not change according to the usual relation
under a coordinate transformation:

oy Ox¥ Oxt
Y ZJ T T TP
Mo 7 OxP OyP oy~ "H

in general. So in order to determine the transformation law, we must start from the definition of
the connection coefficients and write

Then, we use the algebraic properties of V to introduce the coordinates system {x*} step by
step. First, using eq. , we have

v 2,V v
ox 3;/) 0“x ox V.0,.

Vadp = Ve <8yﬁ = o070 T By

Second, by linearity with respect to the first entry of the connection, we can write

oxH oxt
Vo0, = Vaaay = ng%auay = @ Vauau - @Fpupaﬂ'

Combining the last three equations, modulo a slight reorganisation of indices, we get

%P ox¥ Ox*
r’, o, = re 9,.
Ba™Y <ayaay/g + 8y3 6‘y°‘ 1/;1) 14

The last step consists in replacing 8, by (9dy”/0x”)0~, which gives

o oy 0%ar +6y7 dz"” Ozt
B gp oyedyB ' dxr OyB oy T VM

The action of the covariant derivative V, can be extended to differential forms. For that purpose,
we assume that if w is a one-form, then V4w is also a one-form, with

Vv € T'(M) Vau [w(v)] = (Vuw)(v) + w(Vyv). (7)

Q4. Derive the expression for the components V,w,, a short-hand notation for (V,w),. Deduce the
expression of V,dz?.

I Solution Q4 |
Since V,w is a one-form, its components read by definition (V,w), = (V,w)(8,). From eq. (7)),
we then get

Vuwy =V [w(8y)] = w(V,0,).
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On the one hand, since w(8,) = w, is simply a function, V, acts on it as
Vi [w(0y)] = Ouwy;

on the other hand
w(vllalf) = w(rpuuaﬂ) = Fpu,uw(ap) = Fpu,uwp;
whence

= I
Vwy = 0wy, — I, wp.

This result gives also the answer to the second question, if we apply it to w = dz?. In this
case w, = 07, and hence

V,dz? = (0,&3 — FPW5Z> dz” = -I',,dz"”

The action of V,, can even be further extended to tensors, assuming that for any tensors X,Y,
Vu(X®Y)=(VuX)2Y + X ® (V,Y). (8)
Q5. Show that for any rank-(m,n) tensor:

vamm#n = (VPX)“lu.#nl/l...I/m (9)
= PpXPrbin, DI X g DHn X

V1...Um
_T° B ft _ _T0 [T
7, X " N AT, ¢ O (10)

Vl...Um
1 Um

“Um,

I Solution Q5 |
Let X = X#-bn 8, ®...008,, @dr"* ®@...®@dr" be an (m,n)-tensor. It is quite clear,
from the various Leibnitz laws satisfied by the covariant derivative, that

VPX = (8PX“1...unu1...um )aﬂl ... aﬂn ® dmyl ®...® dxl’m
FXHtn N (O @ ... ® Dy, @da" @ ... @ davm).

We now have to figure out what is the second term. It is actually quite straightforward given
eq. . The covariant derivative successively hits each vector and form of the tensor product,
returning m + n terms as

Vo0 ®...®0,, dz" ®@...@dz")=V,0, ®...00,, ®dz" @...@dz"™
+ ...
+0,®...0V,0, @dz" ®@...@ds"™
+0,®..00,, V,dz" ®...@dz"
+...
+0,®...00,, ®drs" ®...® V,dz".

From the previous questions, we know exactly how V, acts on 9, and dz*; in particular

(®VB @) =T, (.. ©8,®..)
(..OV,dz" ®...)=-T",,(..0d" ®...).

Because all the m + n terms of the above form are multiplied by the components X#1-#n
we can exchange in each of them the mute indices y; or v; with o, so that the basis tensor

0, ®...00,, ®dz" ®...®dz"" factorises out to give the desired result.
L I
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2 Metric and inverse metric

In Riemannian (or pseudo-Riemannian) geometry, the manifold M is not only equipped with a
connection, but also with a metric tensor g = g, dz* ® dz”, which allows one to define the scalar
product between two vectors g(u,v) = g, u#v”, and hence angles and distances.

Q1. How does the metric coefficients change under a coordinate transformation {x#} — {y®}?

I Solution Q1 )
Because by definition the metric is a tensor, the usual transformation applies:

_ Ozt 0x”
9o = Qe gys

Q2. Consider the metric given by the line element

ds? = g datdz” (11)
= —(1—Q%*?sin?0)dt* + dr? + r2d6? + 2% sin” dtdyp + 2 sin? Odp?, (12)

where €2 is a constant. Show that this is actually the Minkowski metric.

I Solution Q2 1
Defining the angle ¢ = ¢ + Qt, we find that

ds? = —dt* 4 dr? + r?(d6? + sin? Ad?).

The usual form of the Minkowski metric is then recovered by changing the spatial coordinates
from spherical (r, 6, p) to Cartesian & = rsinf cos ¢,y = rsinfsiny, z = rcos, which yields
ds? = —dt? + dz? + dy? 4+ dz%. Thus, the expression proposed in eq. is the Minkowski metric

written in a frame uniformly rotating about the z-axis.
[} ]

As any scalar product, the metric provides a notion of duality between vectors and one-forms
(different from the duality between 8, and dz*). Indeed, given a vector field w one can define the form
1N, = 9(u,-), i.e., a map which eats a vector and returns its scalar product with u, n,, : v — g(u,v).
Conversely, to a form w we can associate a vector e* such that w = g(e“, ).

Q3. If we use the same notation for the components of u and those of its dual form n),,, except for
the position of the index, i.e., if we write n,, = u,d2*, show that the metric can be seen as the
index lowerer.

I Solution Q3 1
By definition of the one-form n,,, we have

Uy = nu(au) = g(u, au) =g(u"9,, 8#) =u"g(0y, 8#) = uygz/ua

whence the expression according to which the metric lowers indices.
| |

Q4. Similarly, if we write e¥ = w0, show that the index raiser is the inverse of the metric.

I Solution Q4 1
Let us take the scalar product of € with the basis vector 8,,; on the one hand

g(e”,0,) = guu(e®)” = g ;
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on the other hand, by definition of e*,
9(e*,0,) =w(0y) = wy -

whence w,, = g,,w”. If we multiply both sides with the inverse g of the metric, in the sense of
matrix products, that is such that g#*’g,, = 6!, then we finally have

v
wN:gNwV’

showing that the inverse metric plays the role of the index raiser.
| |

Q5. Simplify the expression guAg”"gATR“ A, where R¥ A, are the components of a tensor and

a form, respectively.

vpo vpo

I Solution Q5 1
Applying the rules of raising and lowering indices, as well as the definition of the inverse metric,

gukgyog)\TRuypaAT = RuupyAM‘

3 The Levi-Civita connection

The Levi-Civita connection is a particular connection associated with the metric. Its coefficients are
called the Christoffel symbols, and read

I* =

vo = 59" (OpGov + Ovgps — o gup) » (13)

N | =

where g#? are the components of the inverse metric, such that gh’g,, = df.

Q1. Check that I*,, =T* .

I Solution Q1 )
The set of the first two terms is symmetrised in p, v, while the third one is symmetric because of
the symmetry of the metric itself. A connection which satisfies this property of symmetry is said

to have no torsion.
l |

Q2. Show that this connection is metric preserving, i.e. V,g = 0 for any vector field w.

I Solution Q2 )
In order to show that V,g = 0 for any u € I'(M), it is sufficient to prove it for u = 9,,. The
action of V, on a tensor like g returns V,g = (V,9,,) dz¥ @ dz?, with

VuGvp = Ougup — I‘"Wgc,p - Upugl’o
1 g 1 g
= Ou9vp — 59 A (aMgAV + al/g)\u - 8>\guu) Gop — 59 A (apg)\u + Bug/\p - a)xgpu) Guo

1 1
= OuGvp — 5 (Ougpv + Ovgpu — Opgup) — B (Opgup + Ougup — Ovgpp)

The Levi-Civita connection is thus metric preserving (or metric compatible).
L I
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Q3. Deduce from this that the metric can freely get in and out of Levi-Civita covariant derivatives,
for example

Vo (gt v”) = g Vp(utv”). (14)

I Solution Q3 |
The various Leibnitz laws imply that covariant derivatives work like derivatives for any kind of
tensor operation: tensor product, contraction, etc. For example

vp (glﬂ’uuvy) = (Vpguy)u'uuu + gp,uvp<uuul/)-

The first term vanishes by virtue of the previous result. We conclude that in any such situation,

when the metric is involved in a tensor calculation, it can get in and out of covariant derivatives.
[} ]
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