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1 The lens equation

Consider a spherically symmetric distribution of mass M generating a weak gravitational field. By
solving the null geodesic equation in the corresponding spacetime, you have seen that a light ray
emitted and observed very far away from the mass is deflected by an angle

4GM
where b is the impact parameter, which corresponds at lowest order to the minimal distance between
the photon and the mass in the trajectory (see fig. [1]).
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Figure 1 Deflection of light by a spherically symmetric mass M. O, S respectively denote the observer and
the source. The angles 3,6 are the unlensed and lensed position of the image of S in the observer’s celestial
sphere, while « is the deflection angle given by eq. . Finally, Dor,, Drs and Dog denote, respectively, the
observer-lens, lens-source, and observer-source distances.

Q1. Assuming that 3,60 < 1, show that
02
g=0-E @
where you will express 0g, called the FEinstein radius, as a function of G, M, Doy, D1s, Dos.-

Equation is known as the lens equation.

I Solution Q1 )
Let us call d the distance between the source S and the axis (OM).
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Q2.

Q3.

On one hand for small angles, we have
d = SDos
On the other hand we can write
d=b—2x=60Dgr, — (o« —60)Drg

Substituting for o and dividing by Dog we find

Doy, Dys
B=0—-—+(0—a)——
Dos ( )Dos
. G(DOL n Drgs B 4GM Dy g
Dos  Dos bDos
AGM Dy 1
—g LS b=6D
DorDos 0’ ( o)

which is the lens equation if we define % = 4GM Dys/(Dor,Dos).
L I

Solve eq. for . How many solutions are there? How do you understand this? Why do not we
see multiple images of every light source in our daily life?

I Solution Q2 )
Multiplying eq. by 6 and solving this 2nd-degree polynomial equation, we find that there are

always two solutions
1
_ = /32 2
0y = 5 (Bi B +49E),

which corresponds to the fact that light can pass ‘above’ or ‘below’ the lens in fig. [I} Note that
there is always one solution for which |4 | < g and the other with |#+| > 6. If the lens is not a
point but an extended opaque object with angular size ©, both solutions can be observed only if
O < fg. If not, one of the possible rays will be blocked by the lens itself. When the lens is smaller
than its Einstein radius, © < g, it is called supercritical, and can produce multiple images.

Such a situation never happens in everyday life. The maximum Einstein radius of an object of
mass M ~ kg located at a distance D ~ m from us is indeed

M 1m
Op ~ 1_12’/——d
E~3x10 o)) eg,

which would require the object to be really tiny. However, for a star (M ~ M) in our

galaxy D ~ 10 kpc, we have
[ M 10k
9E ~ 0.9 M7® DpC mas,

which can be larger than the apparent size of a star. The same thing happens for galaxies on

extragalactic distances.
I |

The image in fig. [2l has been observed by the Hubble space telescope. Explain this picture. What
is the radius of the ring? How can this be used in astrophysics?

I Solution Q3 1
When the source is exactly aligned with the lens (8 = 0), then 6 = +60i. However, in this case,
the situation is symmetric under rotation about the optical axis. In other words, there are not
just two solutions, but an infinity, around the lens. What the observer sees is not just two images,

but a circle of images with apparent radius fg around the lens. This is what is shown in fig.
L I
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Figure 2 A spectacular gravitational-lensing observation by the Hubble space telescope.

2 Gravitational amplification

Consider a small but non-punctual light source. In this exercise, we are going to show that its apparent
luminosity can be amplified by gravitational lensing. A first step consists in slightly generalising the
lens equation established in the previous exercise. In the approximation of the small angles, we can
consider a fictitious plane in which we represent the angular positions of the sources and images by
2-dimensional vectors. In such conditions, the lens equation is straightforwardly generalised as

2
ﬁ=<—§§>0, Q

where 6 = |0)|.
The amplification matriz A is defined as the Jacobian matrix of the mapping 0 — 3, that is
9Ba
ab = . 4
Aab a6, (4)

The altitude of indices a, b does not matter, as 8, 8 live in a two-dimensional Euclidean space.

Q1. Calculate Ay, explicitly, and show that its determinant reads

O\ *
det A—1— (0) . (5)
I Solution Q1 )

Note that we have 6% = 62 + 63. For a = b = 1 we can write

ol(1==L2 Yol o0, —0,00
N AN A A e

0% 0% 5
s = =1--=242-20
.A11 891 391 391 02 + 94 1
where in the last step we have used the relation
02 u dy  vv—u 02
= = — — = =20
VTR R T e e o2 gt
Similarly for other components we find
62 62 62
Az = Aoy = 26—59192 , Ap=1-— 6—1;3 + 29—505
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Q2.

So, in a general form we can write

20% 02
Ay = +7F 0abp + (1 - £> dab

or, under a matrix form,

0% . 5% g2 )
A() = |1 T P2 A2
—|—23%9192 1-— Z% + 2%9%

The straightforward calculation of its determinant yields

4
det A=1— <06E> .

Justify, from the geometrical meaning of the determinant of a matrix, that if a small (but
non-punctual) image is observed in 6, then

gl_‘il
QQ N det A

7 : (6)

where () is the apparent size of the lensed image, and €0y would be its size if there were no lensing.
The quantity w is called the magnification.

I Solution Q2 1
Lensing can be considered as a mapping 8 — 6 = L(B) from the source space to the image space.
By definition, an infinitesimal volume d?3 in the source space is then mapped to an infinitesimal
volume d?6 in the image space, such that

d%e = |J|d%8,

where J = det[00/0p)] is the Jacobian of L. Comparing this to the definition of the amplification
matrix, we conclude that J = 1/det . A. Now d28 = Qg has to be interpreted as the apparent

size of the source without lensing, while d?0 is the apparent size of the image, which yields
= Qp/|det A| as required.
L

It can be shown, although non-trivially, that u is also the ratio between the observed luminous
intensity I and its unlensed counterpart Ij.

Q3.

Q4.

Why is amplification matriz a very confusing name for A?

I Solution Q3 1
Since pu = I/Ip = 1/| det A|, the larger | det A| the fainter the image. This is rather contrary to
what we would expect from a quantity called ‘amplification”, i.e. that a large determinant would
imply a large amplification of light, not a demagnification.
L

Show that the magnifications of the two images of a small extended source read

1 u? 42

S 2|
2 2uvul+4

where u = 3/0g. What is the total magnification, taking into account both images?

4/
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I Solution Q4 1
We start from the expression of the magnification as a function of the image position, pui =
1/]1 - 60/64]|, and we substitute the formula for 6,

4
1 1 (u +Vu? + 4)
T 20 o) (wzveEra)
() | 1 tm) | (e -
where we introduced u = /6g. We first note that

(Ui\/m)QZQ(u2+2iU\/m>;

then we manipulate the denominator

(ui\/m>4—16: [(ui\/Wf—zl} x [(ui@f—i—é@
=2(u+2+uvu +4-2) x 2 (v + 2+ u/u? +4+2)
=4 (w? +uvi? +4) (v + 4+ u/u? + 4)
= du (ut Va2 +4) Va2 +4 (Va? + 4+ )

— +4uv/u? + 4 (u +Vul 1 4)2 ,

which finally gives

2
B (UiVu2+4) B u+2:i:ux/u2 u?+2
pe = +duvu +4 | +2uv/uZ + 4 2ux/u2+4 )

Since |u® 42| > ‘ux/ u? + 4’ (check by taking the square of it) we conclude that the absolute
value brings a minus sign to one of the pr. Let us assume, to alleviate notation, that u > 0, then

the total magnification reads
_ _ u?+2
Htot = Ht + H— N

so that the set of both images is always magnified.
L I

> 1,

As an illustration of this phenomenon, the graph of fig. [3] has been obtained by monitoring the
luminosity of a star (S) for about three years. Between, roughly, day 400 and day 600, another star (L)
passed on the line of sight, producing an enhancement of the apparent luminosity of S.

Q5. Recalling that the magnitude of a star is given by m = —2.5log;( I + cst, where [ is the observed
luminous intensity, determine the minimum value of u in this event.

I Solution Q5 |
Let us call Ipeak, Mpeak, respectively, intensity and magnitude of the image at the peak of this
microlensing event. The difference in magnitude with the unlensed situation is then

I €a.
Am = my — Mpeak = 2.510g ( I} k) . (8)
0
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Figure 3 Gravitational amplification of a star by another star acting as a lens.

Hence the peak magnification reads

Ipeak _ 102A7m

Mpeak = T, 5 ~3.3 (9)

as we read Am = 1.3 from fig. 3| Besides, we can invert the equation giving the total magnification
as a function of u,

w— 2ftpeak _9

\/ iu“?)eak -1

so that upeak ~ 0.3 here. The source has really entered the Einstein radius of the lens.
1 |
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