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1 Symmetries of the Riemann tensor

The Riemann tensor is the curvature tensor of the Levi-Civita connection. It is defined as

R. L(M)? = T (M) W

(u,v,w) — R(u,v)w
with R(u,v) = V4 Vy — V4V — Vi . Its components over the coordinate basis {8,,} are

R(9,,0,)0, =(V,V, -V,V,)0, =R,,,0,. (2)

opy

QL. Show that R?,,, = 8,17, — 8,0, + 7, TI7, —~T7 7 .

The components of the Riemann tensor enjoy a number of symmetry, namely

Ryvpe = —Ruppo (definition), (3)
Ruvpe = —Ruvep (V is metric preserving), (4)
Ryjupe) =0 (V is torsion free). (5)

Q2. Show that, given egs. , ,

R vpo — R g 11%
— (2294 PO [ (6)
Rjvpo) = 0
Hint for (<=): check that if Ryupe = Rpopw, then Ry pe) = —Ryjupe] = —Rojupo] = —Rolvpu-

Q3. Deduce from those symmetries that the number of independent and non-zero components of the
Riemann tensor in dimension d is 2( 2 )
d“(d® —1

N =\ 7

Hint: There are several ways to prove this; one of them leads to

d(d—1 d(d—1
- 2 4

The Ricci tensor Ric : (u,v) — Ric(u,v) = R, utv” is a form of trace of the Riemann tensor, in
the sense that its components read Ry, = R’,,,.

Q4. How many independent components does the Ricci tensor have in dimension d? Conclude that
the Ricci tensor contains all the information about Riemann curvature for d < 3.
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2 An alternative definition for the covariant derivative

Suppose a Riemannian manifold, M, is embedded into Euclidean space (R™) via the mapping RIS
U — R™ such that the tangent space at W(P) is spanned by the vectors

v
{ | :ie{l,...,d}} 0
oz’
P
and the scalar product on R™ is compatible with the metric on M:
ov O
gij = <8xl’3$3> 9)

Note that 8] is simply the basis of the tangent vector space at point P. Here, d is the dimension of the
manifold with d < n.

Q1. The (contravariant) derivative of a metric gq is given by
gy _ [ 0°0 00\ [0¥ o°W 10)
ox¢  \ Oxc Oz’ Oxb Oz’ Oz Oxb

09, Ogki _ 095 _ o 9%
ozt Qxd  Oxk ’

Using [10] show that

Oxk’ Ozt OxI (11)

A vector field (V) in the tangent vector space of the manifold M can be written as

LU
V — ]7. 12
G (12)
where, as mentioned before, ov /07 is the basis of the tangent vector space. One has
vV oY . PV
ort  Ox* Oz’ v Ozt Oxd (13)
Q2. Do both the terms in [13| belong to the tangent space?
The second term in [13| can be expressed as
9?0 L 00U
Ozt 0z d 9 Dk n (14)

This is a linear combination of the tangent space base vectors (using the Christoffel symbols as linear
factors) and a vector orthogonal to the tangent space. The covariant derivative Ve, V', also written as
V.V, is defined as the orthogonal projection of the usual derivative onto tangent space:

L9V ok ov
o Vi=m o i = Tk | 2 1
VeV oxt " (8:52 tv J) oxk (15)

Since 77 is orthogonal to tangent space, one can solve the normal equations:

20 U L [ OU o .
<amiaxwaxz>” Z’J’<axk’axz>zf i3 9 (16)

Q3. Using|[11|and write the expression for the Christoffel symbols.

Q4. Why do you think it is more convenient to define the covariant derivative the way you did in
class?
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3 Sphere and cylinder

Consider a sphere with radius r embedded in the three-dimensional Euclidean space. This exercise
proposes to study the geometric properties of the surface of the sphere, as a curved two-dimensional
manifold. We will describe the surface of the sphere using spherical coordinates 8, .

Q1. What is the distance between two points of the sphere whose coordinates are (6, ¢) and (6 +
df, ¢ + dp)? Deduce from this the expression of the metric of the sphere, as

ds? = god07de°® = gpedh? + 2gp,dOdep + g¢¢ng2. (17)

Q2. Determine the Christoffel symbols associated with this metric.
Q3. Identify the only non-zero component of the Riemann tensor, and calculate its value.

Q4. Calculate the Ricci scalar, and compare with the quantity that you would expect for the curvature
of a sphere.

Consider a cylinder with radius r about the z-axis of the three-dimensional Euclidean space.
Q5. Show that the metric on the surface of the cylinder reads

ds? = r2dy?® + dz% (18)

Q6. Determine the Riemann tensor for this surface. What do you think about this result?
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