SOLID STATE PHYSICS 11 Exam solution January 17th 2022

1 Problem 1

1.1 Preliminary question
(5%, 8%] =[S, 5] £ i[S?, §Y] = iS¥ + i(—iS”) = £S5+ (1)
[S*,57] = [S%, —iSY] + [iSY, S¥] = 257 (2)
For a spin 1/2, §2 = 3/4.

1.2 Bosonic approach

1) Assuming bosonic commutation relation [a;, a,}] = 0;j, it is straightforward that

spin operators acting on different sites commute. We define the operator n;, = azT a;,

which obeys [n;, a;] = —a; and [n;, al] = al.
= 8:5F = VT =ni([ai, 1/2 = ni] +(1/2 = ni)a;) (4)

o
= S;SF + VT —nia; — 578 (5)
=57 (6)
(57,57 = (1/2 — ni)al/T—n; — S;° 57 (7)
= ([1/2 = ni,al] +al(1/2 = ) )VT=1n; - 57 7 (8)
ﬁf_/
= =87 +alvVT—n;(1/2 —n;) — S; 57 9)
- (10)
[SF,57] = VI — mazal /T —n; — al (1 —ny)a (11)
=+1- nl( [a;, al] + ajai)\/l —n; — a;-r( 1 —n;,a;] +a; (1 — nz)> (12)
14n; a;

= (14 n)(1 —n) —n; —ni(1 — ny) (13)
— 257 (14)

Finally we check the norm 5_';-2:

S7S:=(1/2—n)* =1/4 —n; +n? (15)
SHST =(1+n)(1—n;)=1-n? (16)
S S =mn;4+ni(1 —n;) = 2n; —n? (17)

(18)



and we conclude S; - S; = S757 + (5SS +575) = 3/4.

2) In an antiferromagnet, spins point in a different direction on the two sublattices,

therefore on sublattice B one must consider the operators:
S? = —1/2 + ala;
r —Jd T
Sj_ == \/I — njaj
3)

H= JZ(1/2 — azai)(—l/Q + a}aj)
(4,9

F1/2(VT a1 s + alyT=mal T =)

Keeping only terms with at most two operators, one gets:

Hr~J2) a}aj -+ aiai —1/2+aa; + ajaj
(3,9)

4) Defining aj = ﬁ Y, e *Tig; and of = ﬁ Y, ekTial we have

z:(laz—l YN e darig eTerig,
N i ki ko
1
=Nt e

Considering only nearest neighbors we sum over T = aZ, aj

S o =y DL T g

(1,9) T ki k2

— N Z Z eikQ-T Z a/]_c'l aE2 Z 6i(E1+E2)-ﬂ
ko T k1 L

=Y > e*aza_;
KT

= Z(cos ki + cos ky)aga_j
k
and similarly >=; 5 azT ; = Y p(cosk, 4 cos ky)agaig
We end up with:

Ho=—-NJ/2+T> 2a%a,§ + (cos k; + cos ky)(a%cff_l2 +apa_
k

5) We define the bosonic operators o and ozlg as

— et !
O = UpQp + Vpa -

k
at = u~at + vra
k k7L k7—k

(19)

(22)

(23)

(24)



with real coefficients ug, v fulfilling v — v2 = 1. We want to diagonalize the

quadratic Hamiltonian (?7?) with these operators, i.e.

Ho = Ey + Zw,ga;%a,; (33)
k

We look at the commutators:

[Hg, OzE] = —wpag (34)

= ug[Ha, ag] + vg[Ha, —a’ ] (35)

[Ho,az] = 2J[a£a,;, ag| + J(cos ky + cosky) ([a%aT_qk, ag) + laga_g, az] ) (36)

0
= —2Jag + J(cos k, + cos k;y)(a%aT 2ap — al—g»ag al 2) (37)
- _
1+a£a5
= 2Jag — J(cosk, + cos ky)aT_E (38)

[Hy,a' ] =2Ja" .a_p, aT_E] + J(cos k; + cos ky)( [alal. ,aT_E] +laga_g, ' a]) (39)

k —k - E <k -k
0
= 2JaT_E + J(cos k, + cos ky)(ag af,;aT_E —aT_EaEafg) (40)
1+aiga7E
= 2JaT_E + J(cos ky + cos ky)ag (41)

We can rewrite (77?):

[Ho, ap] = —up(2Jag — J(cos k, + cos k‘y)aiE) + UE(QJQT,;;‘ + J(cos ky + cos ky)ag)

= J(—2ug + (cos ky + cos ky))ag + J(2vp + (cos k, + cos k:y))aT_E (43)

We arrive to the eigenvalue problem:

—2J —J(cosk, +cosky)\ fup\ _ (ug
<J(cos ky + cos ky) 2] ) <UE = —Wg vz (44)

which admits a solution if the determinant vanishes:

(—wg + 2J)(—w — 2J) + J*(cos k; + cosk,)?> = 0 (45)

and we conclude w; = J \/ 4 — (cos ky + cos ky)?. For small impulsion, we obtain
a linear dispersion.



1.3 Fermionic approach

1) We define n;, = cjgcw.

. 1 1
157,57 = 5(0%% —cleiy)elie — CITCi@(CzTTCm —cliey) (46)
1 1
=3 chenchen + 5 5 cheielen (47)
1 1
§CzT<{CzT7 cit} — TCzT>Cz¢ + *Czr({cw w} ¢Cz¢)cz¢ (48)
1 1
= §CITCi¢ + §CITCZ¢ =S (49)
Similarly by swapping 1 and | we get [S?,S; | = —5S; .
(S, S7] = cly cypel, cir — el encly ey (50)
~—— ———
l—nil l_niTCiT
= CZTT(:@-T — Ny Mt + Ny N — CLCQ =257 (51)
Finally we check the norm 5';2:
1 1
S5 = (nm i)’ = 1(”% + 07, — 2ngn;y) (52)
We note that m;, is a projector that obeys n? = n;,, and therefore N =

nit(1 — nip) = ny — ny = 0, therefore S7S? = 1/4. Using this identity, we also
see that S;"S; = ny and S; S}t = nyy so that S;*S; + 5, S;" = 1 and we conclude
S; Sy = 8zS7 + 5(S7S7 +5751) = 3/4.

2)a.
Xij Xij CJTCZT Cj¢CZ¢ Ci+Cir Cziﬁ]i
_f T T T T T T T
= Cjy CitCiy Cjt F Cjy CinCyy Cjy + €y CiCip Cjr + € Ciy Gy G (54)
—— —— —— ——
1-n4s -S; -St 1-niy
= njr — njpng — SIS — S7ST 4 nyy —nigny, (55)
Using n;3 +n;; = 1 and
L1
5157 = J(nangy — nip myy — ey g+ mng) (56)
—~ —~
1—T‘L7;J( 1—7‘Lm~
1
= 7 @nangr + 2niyngy — 1) (57)
= —28757 +1/2 = —nyny — nynj, + 1 (58)

we conclude

1 . 1 = =
X;'ijij =35~ 28]8; — Sf S — ;8 = 9 25i - 55 (59)
2)b.
1
H = JZ S S =J Z XZJX’LJ 4
(,J> (i.j
— 7 5 Z X'LJX’L] <60)
(4,9)
(61)



3) In the mean-field approximation

Harr = ]\;‘] — L5 () v+ e = () ) (62)
( J)

4)a. We have 4 inequivalent bonds, the Hamiltonian is defined on a 1 x 2 plaquette,
meaning if we shift the system by 2 sites we are back to the initial configuration,
while shifting by 1 site exchanges x; <> x3 and x2 <> x4.

4)b. Considering the 4 neighbors of a site A at position 7 — $2, we get § €

{F, "= Ry, 7+ Ry, ¥ — Ri + Ro}

4)c. We will sum over all sites A, we need to look whether a~ or bt appears in the

definition of y; (depends whether 7} is the 1st or the 2nd 1ndex).
right/s =7": x]

down/§ =7 — R, : X2

—

(63)
(64)
left/§ = 7 — Ry + Ry : \ (65)
up/§:F+§2:X4 (66)
(67)

4)d. Dropping the constants, we get:

J . 1
F=-3 > xial,br + xiblar

+X2al,be g, + NGO 5 an

=+ X3 rabr Ri+Rao + X?’b" RH—RganG

+ X4arabF+R2cr + X4br+R c 7o <68)
4)e.
oy — —— ZZ Zez(fh q1)- >1k g bayo + e—z‘(%—(ﬁ)?leg}zaaﬁg
™o @1 G2
" ei(@_ql). e_lqz.Rl 3;1qu20 + e—l(fh q1)F iq2-R bj;anqu
+ ei((j’qu'l)-Fezqg (— R1+R2 Xgaqlgquo' + e~ (QQ*Q1)AT6*Z<12 (- R1+R2)X quJa(JlU
N ei(#giﬂl).Feiﬂ2.R2X4a2"10-bq20' +e —i(qa— q1)r —idy- R2X4qugaq10
(69)
We apply 3¢/ ®-0)7 = Ny 5
HMF e —5 Z leaqabqg + leq’aa/(fd
+ e —ig RlXQCl b + e'Lq Rl bT > Ao
—I— GZq.(_R1+R2)X3aqo.bq'g- _I_ e Zq( R1+R2 X3bqo_aqo'
+ ezq 7 F X4CL bqo’ +e i R2X4bqgaqa
(70)



Finally, we obtain

Hur =Y Fyab,bg, + Fybl,ag (71)
q,o
with 7
by = -3 (XT e TRy, 4 TR ey ei(T'R2X4) (72)

4)f. Consider the occupation basis {|00),|01),]10),[11)}:

H [00) =0 (73)
H |01) = —F|10) (74)
H [10) = —F*|01) (75)
H|11) =0 (76)

Note that the sign is a convention and can be absorbed in the phase #. We have 2

zero eigenvalues and a matrix m = (_%,* _OF>. Its eigenvalues \; and A\, are real
and obey

Trm:)\1+)\2:0 (77)

detm = M)Ay = —|F)? (78)

therefore Ay = £|F|. v = % <€£g> and z_ = % <—<192'9> are associated eigenvec-

tors.

4)g. The spectrum is made of £|Fy|, which give 2 different branches. This is a
consequence of the unit cell containing 2 sites.

J
Gq*::l:*

; XT + e—iq"Rl Yo + ei@(—Rl-&-Rz)X; + eitf'RQX4 (79)

4)h. In this case,

Ig= —JQX (e_”/4 + T/ pTim iz pmi/A e“”e”“)
- _‘]Qxeiﬂ/4 (1 4+ jemin 4 pilee—ar) 4 Z'e@) (80)
_ _*]2><6—m/46—i(q1—q2>/2 (/2 4 jet@vm)/2 4 pilemm)/2 4 jeina/2) (81)
- _‘]2Xez‘7r/4ei(q1q2>/2 (2 cos %"5(12 4 9 cos = q2> (82)

The spectrum is made of energies e; = +.J X\/ cos? @ + cos? 1522

At half filling exactly half of the state are occupied, therefore the Fermi energy
is at the middle of the spectrum, which is Er = 0 since the spectrum obtained in
4)f. is even.

Ez; = 0 implies (¢1,¢2) € {(0,0),(0,7), (7, 0), (7, 7)}: the Fermi surface is O-
dimensional, a set of 4 points. The ground states correspond to half-filling due to
the constraint n; + n; = 1.



