SOLID STATE PHYSICS ITT Solution session 1

September 18th 2025

(A.)

1. Using the form given in the exercise we can write

n2

p
Hyn = Z <<pk’,<7/|%|¢k70>cl1-c’,a’ck,o (1)
k, k'

!’
0,0

The matrix elements can be written as

(r o P lpie) = —12 Y / dr gy o1 (7 8) Ak o (7, 5)

h2 ot .
= 0 Z/dre“’“ "Ae*T 5, 300 s (2)
S

h? o h?
= 51432 ;/drelk "ezk"ci,/’ség,s = ﬁk295k/7k50/70

where we used that the plane waves states are orthogonal to each other ( [ dreitk—kK)r — Ok 1er).

h2k2 n h2k? t
Hkin = kz’; %5,6/?,@50/’0%/70,0,670 = ; %ckﬁckﬁ (3)

’
0,0

Note that c;rc_ack , just gives the number of electrons in the |k ) state. We see that in the
plane wave basis Hyi, is diagonal, or in other words it doesn’t change the electron state. This
is because the plane waves are eigenstates of the momentum operator.

Hext = > ot o [U(#) | @r0)Chr 1
kK’ (4)

/
0,0

where
~ 1 —ik'r ikr
(o o |U ()| phe,or) = 5 Z / dre=* U (1) e™* 51 (0
1 o
= 500 / AU (1) ® T — 5 UK — k).

As a result we get

Hexy = Z U(kl - k>c;£:/,ock,a" (6)
k,k’ o
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With a change of variables ¢ = k' — k we get

Heoye = Z U Ck+q oCk,o (7)

k.q,0

We see that the external potential can change the momentum of an electron, but the possible
values of the momentum change are related to nonzero Fourier components of the external
potential. Recall from your studies about Bragg scattering on the periodic potential of the
localized positive ions. There the potential had nonzero Fourier components only for reciprocal
lattice vectors, therefore the momentum of the electrons could be changed by a reciprocal lattice
vector.

3. The second quantized form of Hj,; reads as

1 . R
Hiny = 5 Z <90k1,01 ® (pk2’02|V(’l"1 - 7'2)‘80k:4,a4 ® @k3703>c;rcl,(71 CLg,agckg,agck4,a4 (8)

k1,k2,k3,ka
01,02,03,04

where
(k101 ® Phgoa| V(P = )| Okt 0 @ Phes o)
= ZZ(;/dr/dr'eik”’eik”'/ri2r,|eik“eik”/50175502,5/6047550313,
Pl
(9)

Here we change the r integral variable to R = 7 —r’. The integral in the R, r’ variables read as

<(Pk1,01 ® Spk'mUzlv(,’A' - 72,)'@’%,”4 ® ¢k3,03>

2
QQ/dR/dT 6z(l<:4 ki+ks—k2)r’ z(k4 kl)R|61%|(50_1704(g‘72)t_,\3

(10)
47re?
= Q5017045027035k1+k27k3+k4 |k3 k:1|2
Putting this back to the expression of Hi,, we get
D LI
lnt QQ k |2 k1,0'4 k5+k4 ky,03 k3,<73 k4,0’4 (]_]_)
ki1,ks, k4
03,04

By introducing a new variable g = k1 — k4 instead of k1, and renaming the variables k3 and k4

we get
1 4dre
Hin - oA T/ ’ t Yy
¢ 20 Z/ g2 Ftao k-q.0 ko ko (12)
a,k.k
0,0’

We see that the total momentum is conserved by Hj,¢, the total momentum of the annihilated
electrons is equal to the total momentum of the created electrons. This is because the Coulomb
interaction is translational invariant, it only depends on r — 7',
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(B.)

One term in the expression of Hi, describes the scattering process where two electrons with
momenta k and k’ interact and exchange some momentum g, so after the interaction they will
have k + q and k' — ¢ momenta. The electron spins are untouched during the process.

Bonus: The integral [ dreiq"% cannot be carried out immediately, as it is not absolute conver-
gent. One needs to introduce a reguralization term. So we have

. 1
I(q,e) = /drelqr*flr‘m (13)

This can be calculated in spherical coordinates choosing the g vector to be in the z direction.
The value of the integral we are interested is then given by liH(l) I(q,e).
e—

A first approach :  Let’s start by noting that

<<Pk1,a1 |30k:2,o'2> = /dg'r Z<@k1,o’1 |T> o)(r, Ul@k2,02>
1 ik % L.
= 5/d3rze s ()™ g, (0)

1 ] - T *
= ﬁ/dl’»,’,el(kz k1) anl(a)nUZ(U)
o —/_/

=000y 00,05

:Qékl ko

= 5k1,k2601,02

So, from the definition of the spin operators we get

1
<¢k1,01‘5f|50k‘2702> = §<50k‘1701|90k27—02>
1
= §5k17k26017—02
<90k1,01‘S1y|50k2702> = io—2<50k170'1|90k2,*02>
= i025k17k25017—02

<90k1701|‘81Z|50k‘2702> = U2<<Pk1,01|80k2702>
= 025191,’92601,02

and thus

S5 = Z Z<<)0k1,<71‘ST|30k2702>C;rcl}alck27Uz

ki,kz 01,02

S ) I g
k o

1
= 52 (CL,TCkwi + %CM)
k
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SV = Z Z<90k=1,01‘S%|@k2702>c;rcl,glck2,02

ki,k2 01,02

_ ; i
= — E E OC, oCh,—c
k o

i
Y Z (C;rc,ickﬂ - CL,TCM)
k

5 = Z Z <<pk1,01‘Slz|(pk2,02>clt:1,alck2,02

ki,k2 01,02

= > Y odaces
kE o
_ 1 t t
= 52 Che, 1 Ch,t ™ Cho, Cheol
k

Another approach: We want to determine

S = Z Z <(pk1,0’1|Sl|(pk2,02>czl,alck2ﬁz

k1,ks 01,02

Therefore, it is necessary to evaluate

<§0k:1,z71|51‘§0k2,02> = /dS’I’Z<gﬁk1’al|’I",O'><’I‘,O'|Sl‘(pk2_’02>
1 . ~ .
_ 5/dS,,,Zefzkl.rnz;l(U)Slezk2~rn02(a)

1 o ~
_ 5/ddrez(lwflﬂ)-rZn:;l(o,)slna2(o,)

=0y ko
Consider the spin part
* o 1 *
5, (9)5T102(0) = 5115, (0)1-02(0)
1

= 56070150,70'2

Ny (0)STN0y(0) = ioan;, (0)0-0,(0)
= i0250,0150,—02

15, (0)8i 00, (0) = 021, (0)110, (0)

g2 50,01 60,02



SOLID STATE PHYSICS III solution session 1 September 18th 2025

SO
. 1
<90k1,01‘51|30k2762> = 5k1,k2 256070156,*02
o
1
= 56’617’%250’17—02
<90k51,01 ‘5?1/|30k2702> = 5’61,762 Zi025076155’,g2
o
= i625k1,k2601,—02
<90k1701 |‘§’1z|30k27<72> = Ok ks 2026070150702
o
= 020k, ,k;001,0
and finally

S5 = Z Z<(pk1,01‘Sicl@k2702>clt:1,alck2702

k1,ks 01,02

ST ) I g
k o

1
= 32 (C:Tm%i + C:Te,ﬂcn)

k
sV = Z Z<<Pk1,01‘S%|@k2702>c};1,alck2702

k1,ks 01,02

S
k o
: i i
) Z (Ck,ﬁkﬁ - Ck,Tck,i)

k
5% = Z Z <90k1,01‘Slz|90k2,02>clt:1,alck2,02

k1 ,kz 01,02

= DD OChotho
k o

1
_ i i
- 3 > (Ck,TCM B Ck,ﬂw)
k

(C.) We want to determine
ﬁ(r) = Z Z <90k1701|ﬁ1 (r)|90k2702>c};1,alck2702
kq,ko 01,02
with
fn(r)=>_|r,o)(r o]
(e

It is therefore necessary to evaluate

<(Pk'1,<71 |’ﬁ‘1(7‘)‘§0k2>02> = Z<(pk‘1701 |’l", 0> <T’ UI‘P’<~'2702>

o

= Z ‘chal (7, 0)Pks,00 (T, 0)
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and

>

(T) = Z Z 90:31,01(7’70')0;1701 Z @kmﬂz(rva)ckmﬂ’z

o ki,o1 k2,02

=Ut(r,o) =¥(r,0)

= Y Ui(r,0)¥(r,0)

(D) We want to determine

Z Z @k1701|']1 |<pk2702>ck1 glckfz,az
ki,k2 01,02
with
=~ 1
Ji(r) = 5 Z <|'r' o)(r,o| P, + Pi|r,o)(r, 0’|>

(r,o|Pi) = (zV—fA )w(r,a)

Therefore, it is necessary to evaluate

~ 1 ~ ~
<<Pk1,01|=]1(7')|§0k2,¢72> % (<90k1,<71|7'7U><T7U|P1|90k2,0’2> + <§0k1,01|P1|T7U><T>U|90k2,02>)
1 D * - *
= 5= (rin I ) 01 Piokss) + Pk a7, 0)" (70 Prlors o))
Consider
~ i e
<90k1,01|7'70> <T7J|P1|90k2702> = <§0k1,01‘r70> (—ZV - EA(T)> <T70“pk2702>
* . €
= G0 (1.0) (<Y = ZA®)) P (7, 0)
1 —ik1-r, % . € ika-r
= 5L (0) (<iV = SAWM) * T, (o)
1 .
= 560‘,0’1 60’,0’281(1‘:2_,61).7‘ (kQ - ZA(T))
%0 1 1
o~ z _ . e
i 2P ) APl ) = g TR (k2 - SAm))
and
<<Pk: ‘j\l(r)‘ﬁpk > — Lé‘ <ei(k27k:1).r (kg N EA(’I‘)) + efi(klsz).'r (kl N SA(T)))
1,01 2,02 QmQ 01,02 c c
1 ik —Fes ) e
R (R + ez QEA(r))
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We draw from it

J(’I”) = Z Z 99161,01 |J1 |90k2,<72>ck:1 o1 Ck2,02

k1,k2 01,02

1 )
- m Z Z 601,0’261(14227’{:1)." (kl + k2 -2 A( )> Ck] UlckQ g2

khkz 01,02

1 .
= m Z Zel(szkl)-r (kl + k2) CL1,aCk2v”

ki,ks ©
=J.(r)
7mecQ Z Zei(kzikl)'TA(T)CLl,aclcw
ki,ks o
=Jy(r)

The term fa(r) writes

T 1 —ikyr .t ika-T
Ja("“) = 2m0 Z (kzk e’ rckl o> < . e’ Ck‘2,0>
4 1 2
—iky-r T iko-r
2mQ (Ze " ko > (;"’26 ’ Ckw)
o 2
_ i —ikir T iko-1
o 1 2

o (Z e*lkl rc}; U) (vz 6ik2~rck270> }
k1 k2

= S (Y (,0) U(r,0) — W, o) (V(r,0))}

and the term Jy(r)

Jy(r) = _ch Z (Ze_““ rcLh > (Z e“”rclcz,a)
ko

=V QUt(r,0) =VQU(r,0)

In particular, we note that

Jr) = LZ{(z'v\lﬁ(m—)) U(r,0) — ¥i(r,0) ((V¥(r,q))}
2m
f—A 2:\11T r,o)U(r,o)

= > [(z‘v - ;A(r)) W) 0(r.0) + i (r.0) (<iV — CA@) W)}

2ma

In order to determine the Fourier transform of J,(r), let’s take the result

~ 1 .
_ Z Z i(ka—k1)- T
Ja(r) = Zka % o r(k1+k2)ck1,ock2#’
1,k2 O
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SO

S
2
Il

/dsre*iq”fa(r)
1 .
= o 2 Z/drez(kz_kl_q)'r (k1 + k2) ¢l o Chea o

ki,ks o

Qky ky—q
1
= 50D (k—a)ch g ,0n0
k o

Finally, we can readily evaluate the current in the three proposed states. First, we can notice that
the momentum is a good quantum number for all states, such that

(Ju(q)) =0 for §# 0.
1. This state has all orbitals occupied, it should be an insulator. Indeed,
=~ 1
(Ja(0) =— > k=0
keBZ
because the integral vanishes over the full Brillouin zone.

2. This state is a gapless metallic state, but no electric field has been applied to it: it is at rest.
We therefore do not expect any spontaneous current. This is straightforward using that the
integration domain is symmetric under k < —k.

3. Now the Fermi sea has been shifted by q: there should be a global movement of the electrons,
and therefore a finite current. Each electron should contribute a momentum ¢ in average.

F0) == Y k+q=0
|k|<kp

(T (0)) = Ned

m



