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1. We have

|ΦN ⟩ = C
(∑

k

gkc
†
k↑c

†
−k↓

)N/2

|0⟩

= C
∑

k1,k2,...,kN/2

(
gk1

. . . gkN/2

)
c†k1↑c

†
−k1↓ · · · c

†
kN/2↑c

†
−kN/2↓|0⟩

= C
∑

k1,k2,...,kN/2

(
gk1 . . . gkN/2

)
|k1 ↑,−k1 ↓, . . . ,kN/2 ↑,−kN/2 ↓⟩

and therefore:

⟨r1σ1, r2σ2, . . . rNσN |ΦN ⟩ = C
∑

k1,k2,...,kN/2

(
gk1

. . . gkN/2

)∑
p

sp

×⟨rp1
σp1

|k1 ↑⟩ ⟨rp2
σp2

| − k1 ↓⟩ . . . ⟨rpN−1
σpN−1

|kN/2 ↑⟩ ⟨rpN
σpN

| − kN/2 ↓⟩

where pi ≡ p(i). Here we used the fact that

⟨ϕ1, . . . , ϕN |φ1, . . . , φN ⟩ = 1

N !

∑
p,q∈SN

ζp+q⟨ϕp(1)|φq(1)⟩ · · · · · ⟨ϕp(N)|φq(N)⟩

=
1

N !

∑
p,q∈SN

ζp+q⟨ϕp·q−1(1)|φ1⟩ · · · · · ⟨ϕp·q−1(N)|φN ⟩

=
∑
r∈SN

ζr⟨ϕr(1)|φ1⟩ · · · · · ⟨ϕr(N)|φN ⟩.

Using the formula ⟨rσ|kσ′⟩ = δσσ′
1√
Ω
eik·r = ησ′(σ) 1√

Ω
eik·r, we obtain

⟨r1σ1, r2σ2, . . . rNσN |ΦN ⟩ = C
∑

k1,k2,...,kN/2

(
gk1

. . . gkN/2

)∑
p

sp

× 1√
Ω
eik1·rp1 η↑(σp1)

1√
Ω
e−ik1·rp2 η↓(σp2)

...

× 1√
Ω
eikN/2·rpN−1 η↑(σpN−1

)
1√
Ω
e−ikN/2·rpN−1 η↓(σpN

)
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so that

⟨r1σ1, r2σ2, . . . rNσN |ΦN ⟩ = C
∑
p

sp

× 1

Ω

∑
k1

gk1e
ik1·(rp1

−rp2
)η↑(σp1)η↓(σp2)

× 1

Ω

∑
k2

gk2
eik2·(rp3

−rp4
)η↑(σp3

)η↓(σp4
)

...

× 1

Ω

∑
kN/2

gkN/2
eikN/2·(rpN−1

−rpN
)η↑(σpN−1

)η↓(σpN
)

=
C

ΩN/4

∑
p

spψ(rp1
σp1

, rp2
σp2

)ψ(rp3
σp3

, rp4
σp4

) . . . ψ(rpN−1
σpN−1

, rpN
σpN

)

⇒ ⟨r1σ1, r2σ2, . . . rNσN |ΦN ⟩ ∝ A ·
(
ψ(r1σ1, r2σ2)ψ(r3σ3, r4σ4) . . . ψ(rN−1σN−1, rNσN )

)
2. We can antisymmetrise the two-particle wave function. Indeed, using

A · f(· · · , riσi, rjσj , · · · ) = −A · f(· · · , rjσj , riσi, · · · )

we have

A · f(· · · , riσi, rjσj , · · · ) =
1

2

(
A · f(· · · , riσi, rjσj , · · · )−A · f(· · · , rjσj , riσi, · · · )

)
= A · 1

2

(
f(· · · , riσi, rjσj , · · · )− f(· · · , rjσj , riσi, · · · )

)
Hence, for particles 1 and 2,

⟨r1σ1, · · · , rNσN |ΦN ⟩ ∝ A ·
(
ψ(r1σ1, r2σ2)ψ(r3σ3, r4σ4) · · ·

)
=

1

2
A ·
(
ψ(r1σ1, r2σ2)ψ(r3σ3, r4σ4) · · ·ψ(rN−1σN−1, rNσN )

−ψ(r2σ2, r1σ1)ψ(r3σ3, r4σ4) · · ·ψ(rN−1σN−1, rNσN )
)

=
1√
2
A ·
(ψ(r1σ1, r2σ2)− ψ(r2σ2, r1σ1)√

2

×ψ(r3σ3, r4σ4) · · ·ψ(rN−1σN−1, rNσN )
)

By performing the same operation for the pairs of particles (3, 4), (5, 6), · · · , (N − 1, N), we
obtain

⟨r1σ1, · · · , rNσN |ΦN ⟩ ∝ A ·
(
ψa(r1σ1, r2σ2)ψa(r3σ3, r4σ4) · · ·ψa(rN−1σN−1, rNσN )

)
with the antisymmetrised two-particle wave function

ψa(rσ, r
′σ′) =

ψ(rσ, r′σ′)− ψ(r′σ′, rσ)√
2

=
1√
2

φ(r − r′)η↑(σ)η↓(σ
′)− φ(r′ − r)︸ ︷︷ ︸

=φ(r−r′)

η↑(σ
′)η↓(σ)


=

1√
2
φ(r − r′)

(
η↑(σ)η↓(σ

′)− η↓(σ)η↑(σ
′)
)
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3. We must evaluate

ξ2 ≃ ⟨ψ|R̂2|ψ⟩
⟨ψ|ψ⟩

=

∫
φ∗(R)R2φ(R)d3R∫
φ∗(R)φ(R)d3R

with

φ(R) =
1√
Ω

∑
k

gke
ikR

and gk = vk
uk

, u2k = 1
2

(
1 + ξk

Ek

)
, v2k = 1

2

(
1− ξk

Ek

)
, a and Ek =

√
ξ2k +∆2.

Let us start with the numerator. Switching to the continuous limit for k∫
φ∗(R)R2φ(R)d3R =

Ω

(2π)6

∫
d3R

∫
d3kgkRe

ik·R ·
∫
d3pgpRe

−ip·R

=
Ω

(2π)6

∫
d3R

∫
d3kgk∇ke

ik·R ·
∫
d3pgp∇pe

−ip·R

However, ∇k(f(k)g(k)) = f(k)∇kg(k) + g(k)∇kf(k). Therefore we have:∫
d3kgk∇ke

ik·R =

∫
d3k∇k

(
gke

ik·R)− ∫ d3k(∇kgk)e
ik·R

We then use Gauss’s theorem (the divergence theorem) on the first term∫
d3k∇k

(
gke

ik·R) =

∫
dSgke

ik·Rer

We need to integrate over a sphere of radius |k| → ∞. Yet, gk → 0 when ξk > ξkF
+ ωD. More

precisely, recall the expression of gk, uk and vk (recall that ξk = k2

2m − ϵF ). You see that for very

large k, Ek ≃ ξk + 1
2
∆2

ξk
. By expanding, one gets that

gk =
vk
uk

≃ m∆

k2
(1)

Since the surface dS ≃ 4πk2, we are essentially integrating eik·R on the sphere, which gives zero.

We thus have ∫
d3k∇k

(
gke

ik·R) = 0

and ∫
φ∗(R)R2φ(R)d3R =

Ω

(2π)6

∫
d3R

∫
d3kgkRe

ik·R ·
∫
d3pgpRe

−ip·R

=
Ω

(2π)6

∫
d3R

∫
d3k(∇kgk)e

ik·R ·
∫
d3p(∇pgp)e

−ip·R

=
Ω

(2π)6

∫
d3k

∫
d3p(∇kgk) · (∇pgp)

∫
ei(k−p)·Rd3R︸ ︷︷ ︸
=(2π)3δk,p

=
Ω

(2π)3

∫
d3k(∇kgk)

2

At this point, two remarks are needed:

Remember that gk behaves as
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• We consider a set of Cooper pairs in the presence of a a Fermi sea. Therefore, for ϵk <
ϵF − ωD, gk is constant and its gradient it zero.

• ∇kgk only depends on |k|, so that we can switch to spherical coordinates and integrate
over the angular variables.

∫
φ∗(R)R2φ(R)d3R =

Ω

2π2

∫ k0

kF

dkk2
(
dgk
dk

)2

≃ Ω

2π2
k2F

∫ k0

kF

dk

(
dgk
dk

)2

=
Ω

2π2
k2F

∫ ωD

0

dξk

(
dk

dξk

)(
dξk
dk

dgk
dξk

)2

≃ Ω

2π2
k2F

(
dξk
dk

)
ξk=0

∫ ωD

0

dξk

(
dgk
dξk

)2

With

gk =

√
Ek − ξk
Ek + ξk

=

√
Ek − ξk
Ek + ξk

√
Ek − ξk
Ek − ξk

=
Ek − ξk√
E2

k − ξ2k
=

1

∆
(Ek − ξk)

we have (
dgk
dξk

)2

=
1

∆2

(
d

dξk
(E − ξk)

)2

=
1

∆2

(
d

dξk

(√
ξ2k +∆2 − ξk

))2

=
1

∆2

(
1 +

ξ2k
ξ2k +∆2

− 2
ξk√

ξ2k +∆2

)

and ∫ ωD

0

dξk

(
dgk
dξk

)2

=
1

∆2

[
ξk + (ξk −∆arctan

ξk
∆

)− 2
√
ξ2k +∆2

]ωD

0

=
1

∆2

(
2ωD −∆arctan

ωD

∆
+ 2
√
ω2
D +∆2 + 2∆

)

But ∆ = 2ωDe
−1

V gF (see course), so that in the weak coupling limit ∆ ≪ ωD ⇒
√
ω2
D +∆2 ≃ ωD

and ∫ ωD

0

dξk

(
dgk
dξk

)2

≃
2− π

2

∆

Thus we have, with
(

dξk
dk

)
ξk=0

= ℏvF ,

∫
φ∗(R)R2φ(R)d3R =

Ωk2FℏvF
π2∆

(
1− π

4

)
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For the denominator∫
φ∗(R)φ(R)d3R ≃ Ω

(2π)6

∫
d3k

∫
d3pgkgp

∫
d3Rei(k−p)·R

=
Ω

(2π)3

∫
d3k

∫
d3pgkgpδ(k − p)

=
Ω

(2π)3

∫
d3kg2k

We use spherical coordinates and integrate over the angular variables∫
φ∗(R)φ(R)d3R ≃ Ω

2π2
k2F

∫ k0

kF

dkg2k

≃ Ω

2π2
k2F

(
dk

dξk

)
ξk=0

∫ ωD

0

g2kdξk

=
Ω

2π2

k2F
ℏvF

∫ ωD

0

(√
∆2 + ξ2k − ξk

∆

)2

dξk

=
Ω

2π2

k2F
ℏvF∆2

∫ ωD

0

(
∆2 + 2ξ2k − 2ξk

√
∆2 + ξ2k

)
dξk

=
Ω

2π2

k2F
ℏvF∆2

[
ξk∆

2 +
2

3
ξ3k − 2

3
(∆2 + ξ2k)

√
∆2 + ξ2k

]ωD

0

=
Ω

2π2

k2F
ℏvF∆2

(
ωD∆2 +

2

3
ω3
D − 2

3
(∆2 + ω2

D)
√
∆2 + ω2

D +
2

3
∆3

)

But ∆ ≪ ωD ⇒
√
1 +

(
∆
ωD

)2
≃ 1 + ∆2/(2ω2

D) and

∫
φ∗(R)φ(R)d3R ≃ Ωk2F∆

3π2ℏvF

Finally,

ℓ2c ≃
∫
φ∗(R)R2φ(R)d3R∫
φ∗(R)φ(R)d3R

∼ ℏ2v2F
∆2
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