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BCS Hamiltonian:
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BCS variational function:
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(A) How to determine (¥Vpcs|¥Upcs). In noting that [c_x ks, CLTCJLN] = 0 if k # p, we have
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So by choosing ui + vi =1, we have
(Vpes|¥pes) =1 (3)

(B.) To determine <HBCS> = <\I/BCS|HBCS|\IJBCS>7 begin with the kinetic part:
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For ¢ =1
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more
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from where
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Likewise for o =]
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Finally, noticing that £_x = &,

Z fk(CITkaa) =2 Z Exvp
ko k

Let’s now consider the interaction term:
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We have (for p # k)

<CIT<TCJr—k¢Cfp¢CpT> = (0] H(uq + UqchiCqT)CLTCT—kﬁfpicpT H(ur + ”rCiTCT—uNO)
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More
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= UkUkUpUp
and
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So we finally get:

(Wpes|Hpos|Wpes) =2 Gevi — % (Z ukvk> <Z upvp> (9)
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(C.)

1. We have
2
9{Hpcs)  _ 0 o VI 9
vy 2;&‘6%”“ Q ovy zk:“k”k
Ovy \4 OQuy Ok
= 4zk:fkvk87 _26 (%:mam) (Za k a“k)
More 9
Uk
—— =0y, (10)
Ovp P



SOLID STATE PHYSICS III

solution session 11

December 13th 2025

and using u =1 — v

Jux  0y/1- v
Ovp B Ovp
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so we have
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k
By defining
A =

Eq.(12) becomes

2. We have the 2 equations

and

(15)

(16)

to solve for the 2 unknowns (up,vp). Of Eq.(16) we get up = /1 — 02 that we use in Eq.(15).

‘We obtain:
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We put Eg =A% ¢ ff, and we solve in v
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Choose the solution for Fermi Sea for the free system (V =0 = A =0):

. 1 if p<kp
Up = { 0 if p>kp (17)
So you have to choose
L1+ Lel) 5 p<kp
%=1, \23 ~ (18)

Noticing that £, < 0 when p < kp and £, > 0 when p > kp, this result can be to summarize
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By injecting Eq.(19) into Eq.(16), we obtain
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3. Let’s go back to the definition of the gap Eq.(13) with the results Eq.(20) and E = A? + £2:
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In addition to the trivial solution A = 0 which corresponds to the normal state, this equation
has a solution A # 0 (superconducting state), which is solution of the equation of the gap:
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