SOLID STATE PHYSICS ITT Exercise session 3 October 2nd 2025

(A) In this exercise, we propose to describe an exchange mechanism which, unlike the simple two-
site computation, leads to a ferromagnetic coupling. We consider a system composed of two atoms of
copper and one atom of oxygen.
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Each copper brings an electron to the system (total of two electrons in the system). For reasons of
symmetry, one of the electrons can hop only between the orbital d; and the orbital p, while the other
can hop only between the orbital d2 and the orbital p,. The Hamiltonian that describes such a system
is given by

H=Ha+Hu+H (1)
The term Ha takes into account that the d levels of copper have a lower energy than the p orbitals
of oxygen. Ha is written as:

Ha =A [npz,T + Np,, L FNp, 4+ npyd A>0 (2)

The term Hpy is the Hund coupling between two electrons on the orbitals of oxygen. This is a
ferromagnetic Heisenberg coupling. In terms of the of creation and annihilation operators, it takes
the form (see previous series):

1 1
M =—Jm | (0,1 = 1p, ) (0, 1 = 1, 1) + §(Pl,¢Pm,¢P;¢Py,T + DL peaphpyl)|  Tu >0 (3)
The kinetic term H; is given by:
Ht = _tzpl,adl,a + dlo—pw,a’ +pL,0d27U + d;apyﬁ' (4)
g

In this problem A sets the energy scale and we consider the case t < Jg < A. H; will thus
be treated as a perturbation of Hg = Ha + Hy. In degenerate perturbation theory, the effective
Hamiltonian up to 4th order reads:

1Y = EyPy+ PVPy+ PyVSVPy + PyVSVSVPy — LPVPVS*VP, — LR VS*VP VP,
+PVSVSVSV Py — LPVS2V PV SV Py — L P VSV PV SV Py + LRV VPV SV P,
+1RV SV RV BV Py — AP\ PV S2VSV Py — LR VSVS2V PV Py — LRV R VSV S2V

~1RVS?VSVPV P,
(5)
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where P, is the projector on the fundamental subspace, S = 501‘2_‘20 and V = H,.

We choose to work in the basis B = {|T(1;u7cu)7 T cu)s T cuds 1Scu.cu)s [ TEu0)s - - } defined as
follows:

[ Teu,cud = di 1} +10) T.0) = di.47y.410)
IT&i,cw = %g(d: db, +di db)o) |T&i’o> v3 (dg b +di ] )10)
|T5u,Cu> = d1,¢dgr¢|0T> |T5u,o> = d1,¢pyT7¢|0T> -
|SCu,Cu> y (d d dl 42 T)‘O> |SCu,O> = ﬁ(dl,'rpy7¢ B d17¢py,T)‘0>
T T (6)
|T5,Cu> = Pl Td2 ¢|0> - 175 o> = PL,TP¥,¢|0> :
|T8,C'u,> = %( Dy Td2 L 05 d54)0) |T8,o> = %(P ,pr7¢ +p$7¢pL,T)|O>
75.6.0) = P}, dy ,[0) IT50) = php %,¢|o>
|So,0u) = J5 (bl 4db, — L d} )I0) 1S0,0) = &=} 4w}, — bl 0] )10)

1. Show that the states |Sy,5) @, 8 € {Cu,O} are singlets. This amounts to showing that (S, +
S5)|Sa,5) = 0 and that (57 + SF)[Sa,s) = 0.

2. Show that the states [T,
that:

Ya,B € {Cu,0}, v € {1,0,—1} are triplets. This amounts to showing
(Sz+SHITL 5) =T )

(Sz2+S3)|T, 5) = —1T, 5) (7)
(S2+S2)IT0 ) =0 and (S s|T0 ) =0.

3. Show that in the B basis, the Hamiltonian #, is diagonal. What are the eigen energies and
eigen vectors.

4. Convince yourself that:

VTG cu) = =t (TS cu) + |1 Téu0))  and that  V[Scu.cu) = =t (ISo.cu) + |Scu.0))

VIT&u.0) = —t (1T8.0) + TEw.cu)) VIScu,0) = —t(|S0,0) + [Scu,cu))
VITS cu) = =t (IT8.0) + 1T u.cu)) V|So.cu) = —t(1S0.0) + |Scu.cu))
VITS o) = =t (IT8w.0) + |T5.04)) V[So,0) = —t(|Scu,0) +50,cu))

(8)

5. In the previous question it has been shown that the perturbation does not couple the ground
subspace to itself. Show that PyV Py = 0 and that the terms of order 3 in V in (5) vanish. The
effective Hamiltonian is reduced to:

1
HY = EgPy+ PV SV Py+ P VSV SVSV Py— §(POVSZVP0VSVPO+P0VSVP0V52VPO) (9)

Calculate H.}) = P,V SV P,
Calculate PV S2V P,V SV Py and by symmetry PoVSV P, VS22V P,
Calculate PV SV SVS

© »®» N

Deduce ’Hé;?. What are the spin configurations that are favored?
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(B.) Holstein-Primakoff bosons: The Holstein-Primakoff transformation is given by

Sy = (V25— bib) b
s_:m(wgtﬁa (10)
S, =s—0blb

with b7 (b) bosonic creation (annihilation) operators:
0,6 ] =1,[bb] = [b!,b7]=0
These operators act in the Fock space {|n)|n =0,1,2,---} as follows
biin) = Vn+ln+1)
bln) = Vnln—1)

1. Show that the operators obtained by the Holstein-Primakoff transformation satisfy the commu-
tation relations for the spin operators:

[S;,5.] = 28, (11)
[SZ,Si] = +54 (12)

2. Show that S, and Si given by Eq. (10) act on the Fock space as

Sifn) = (s —n)ln)
S’y = s(s+1)n)

Deduce that
[s,m) = n = 5 — m)

and that only the states of the Fock space satisfying

n < 2s

are physical states.



