
Solid state physics III Exercise session 12 December 20th 2025

Coherence length of Cooper pairs. The purpose of this exercise is to determine the
coherence length ℓc of the Cooper pairs. To this end, we use the expansion of the BCS state into
states with a fixed number of particles (see course):
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1. Show that ΦN can be decomposed into a product of two-particle wave functions

⟨r1σ1, · · · , rNσN |ΦN ⟩ ∼ A ·
(
ψ(r1σ1, r2σ2)ψ(r3σ3, r4σ4) · · ·ψ(rN−1σN−1, rNσN )

)
, (2)

where

• ψ(rσ, r′σ′) is the two-particle wave function given by ψ(rσ, r′σ′) = φ(r − r′)η↑(σ)η↓(σ
′),

• ησ′(σ) = δσ,σ′ is the spin wave function,

• φ(r) is the spatial wave function defined by

φ(r) =
1√
Ω

∑
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• A is the antisymmetrisation operator, defined by its action on a function f(r1σ1, · · · , rNσN )

A · f(r1σ1, r2σ2, · · · , rNσN ) =
1

N !

∑
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• SN is the set of permutations with N terms,

• and finally sp = (−1)p = ±1 is the signature of the permutation p.

Remember that
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where ζ = −1 for fermions and ζ = +1 for bosons. For example, in real-space representation,

|r1σ1, · · · , rNσN ⟩ = Ψ†(r1σ1) · · ·Ψ†(rNσN )|0⟩

where Ψ is the field operator
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2. Show that it is possible to express Eq. (2) in terms of antisymmetric wave functions:

⟨r1σ1, · · · , rNσN |ΦN ⟩ ∼ A ·
(
ψa(r1σ1, r2σ2)ψa(r3σ3, r4σ4) · · ·ψa(rN−1σN−1, rNσN )

)
where the antisymmetric two-particle wave function ψa is defined by
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3. The coherence length ℓc of the pair is then calculated from the average radius ρ of the wave
function ψ
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Show that ρ2 can be written as:
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and then as
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Integrate, then using the weak-coupling approximation (∆ ≪ ωD) as well as(
dξk
dk

)
ξk=0
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infer that

ℓc ∼
ℏvF
∆

. (11)

Usually, ℓc ∼ 103 Å, which should be compared with the lattice constant ∼1Å (∼ distance
between the centers of mass of the pairs). Thereby, the spatial extent of the Cooper pairs is
considerably larger than the distance between their centers of mass, and we cannot assume that
they are independent.
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