SOLID STATE PHYSICS 111 Exercise session 11 December 13th 2025

In a famous 1957 article, which earned them the Nobel Prize in physics (theory of superconduc-
tivity), Bardeen, Cooper, and Schrieffer (BCS) considered the following pairing Hamiltonian:
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with & = k2 /2m —ep. Here, —|V| is the attractive coupling constant between electrons with opposite
spins and momenta, and €2 is the volume. In order to calculate the ground state of Hpcg, they built
the states made of pairs:
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where ux and vy are variational parameters.

(A.)  Show that
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Therefore, the parameters uy and vy must satisfy uf + vZ = 1 in order for |¥pcs) to be normalised.
(B.) Determine the expectation value of Hgcg in the state [Upog)
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1. Show that the variational equation
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is equivalent to (remember that u =1 — v2):
28pupvp = A(ui - vg) (2)

where the gap A is defined as

V]

2. Find expressions of uf and v for the solutions of Eq.(2) and uf + vZ = 1. Choose the solution
corresponding to the Fermi sea for the system without interaction (V =0 = A =0):
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Show that in this case

with Ek =/ 612( + AZ,
3. Using the definition of A, derive the gap equation
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