G.R. Ramirez-San Juan Fluid Mechanics and Soft Matter, Fall 2025

Exercise sheet #3

Problem 1. Which of the following equations are valid expressions using index notation? If you decide
an expression is invalid, state which rule is violated.

a) Sij =045 — Ukk(sij

b) CijkSkkj= 0
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Problem 2. Use index notation rules to show that Vx V x u=VV -u— V2u

Problem 3. In this problem we will use the summation convention (repeated indices are presumed
to be summed over). Here A and B are two-tensors (which can be represented by matrices), and x, v
and w are vectors. The Levi-Civita symbol (not a tensor) is defined as:

+1 if ijk is an even permutation of 123,
gijk = —1 ifijk is an odd permutation of 123,
0  otherwise.

a) Write ATB in index notation.
b) Write the eigenvector equation Av = Av in index notation.

c) Calculate:
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where x is the length of the vector & with n independent components z;.

d) Express v x w and det(A) in index notation using the Levi-Civita symbol; for the determinant
you only need to do the two-dimensional case (so A can be represented by a 2 X 2 matrix).

e) Write Op A and vi0kv; in index-free notation.

Problem 4. Consider the most general symmetric 2-tensor A. The tensor can be written as the sum of
two components, A = o + f®, with Tr(®) = 0 (where Tr is the trace) and (without loss of generality)
det(®) = —1. Writing the decomposition in components, we have:

Aij = adij + fP;

In this problem, we’ll work in two dimensions, in which case the 2-tensor can be represented as a 2 x 2
matrix (note that it would be an n x n matrix in n dimensions):
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Find o and 8 in terms of a,b and c.



