
Classical Electrodynamics

Week 10

Note: Exercise 0. marked by (*) is optional and is similar to exercise 1. of week
2. We suggest that you start with exercise 1. We left it there as it provide a good
exercise to practice the tensor notation and the formula can be useful for the rest
of the problem sheet.

We use the metric ηµν = diag(−,+,+,+).

0. (*) Lévi-Cività symbol
The Lévi-Cività symbol is defined by

εµνρσ =


1 if (µνρσ) is an even permutation of (0123)
−1 if (µνρσ) is an odd permutation of (0123)
0 otherwise

(1)

a) Defining the Lorentz transformation of εµνρσ by

ε′
µνρσ

= Λµ
αΛ

ν
βΛ

ρ
γΛ

σ
δε

αβγδ , (2)

show that ε′µνρσ = det(Λ)εµνρσ and that det(Λ) = ±1.

b) Verify the following identities

εµνρσεµνρσ = −4! (3)

εµνρσεανρσ = −6 δµα (4)

εµνρσεαβρσ = −2
(
δµαδ

ν
β − δµβδ

ν
α

)
(5)

1. Maxwell equations
Using the definition of the field strength Fµν = ∂µAν − ∂νAµ, where Aµ =
(Φ, cA)T , verify that the equations

∂µF
µν = − 1

cε0
jν (6)

∂µε
µνρσFρσ = 0 (7)

describe Maxwell equations. Show that equations (6) and (7) are Lorentz invari-
ant.
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2. Lorentz invariants

a) Using the field strength Fµν build two Lorentz invariants quadratic in the
fields E and B.

b) Given a tensor T µν build a Lorentz invariant linear in this tensor.

3. Stress-energy tensor
The electromagnetic stress-energy tensor is given by

T µν = ε0

(
F µ

αF
να − 1

4
ηµνFαβF

αβ

)
, (8)

where Fµν is the field-strength tensor and ηµν is the Minkowski metric.

a) Compute the trace ηµνT
µν .

b) Verify that

T 00 = u =
ε0
2
E2 +

1

2µ0

B2 (9)

is the electromagnetic energy density.

c) Verify that

T 0i =
1

c
(S)i , (10)

where S is the Poynting vector. Notice that 1
c
T 0i is also the momentum

density (component i) in the electromagnetic field.

d) Using Maxwell equations (6) and (7) show that

∂µT
µν =

1

c
jαF

αν . (11)

Rewrite the ν = 0 component of this equation using the relations (9) and
(10). What is the physical meaning of this equation? What about the spatial
components ν = 1, 2, 3?
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