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Chapter 1

Introduction

1.1 Motivation

The main goal of this course is to take a first step into the High Energy Physics way of
thinking about the world. Many tools used in more advanced theoretical classes will be
introduced, along with explanations of important phenomena encountered in everyday life,
such as electromagnetic waves (light), radiation (WiFi, telecommunications) and polarization
of matter. The structure of these notes begins with a review of Maxwell’s equations and
techniques to solve them, followed by a powerful approximation method for solving Maxwell’s
equations: the multipole expansion. We will then study the propagation of waves in a
macroscopic medium, introducing the concepts of polarization, the displacement field, and
interface conditions. Finally, we will incorporate special relativity into our framework to
achieve a complete description of classical electrodynamics (CED). Additional topics, such
as the action principle in CED and the Kramers-Kronig relations, will also be introduced.

1.2 Vector and tensor calculus review

Before starting the dive deep into electromagnetism, we will review some important vector
and tensor calculus results. A deeper introduction to covariant formalism is made in Chapter
7 but the main ideas will be briefly presented. The most important rule to remember is that
we sum over repeated indices, unless we say not. Take for example the definition of the
gradient, we will ommit the sum and just write :

3
V=Y 0ife;— dife
=1

where 0; = 0/0x; and e; our basis. This way of writing will allow us to lighten the notation
of some proofs or formulas. We can also define more usual operation using this convention.
Here are a few examples :

e Dot product :

e Divergence :
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e Laplacian :
Vi =V-V=00f

e Curl :
V x A= eijkajAkei

where we define the fully antisymmetric Levi-Civita tensor €;;;, as :

+1 if (4,7, k) is an even permutation of (1,2, 3),
gijk = § —1 if (¢,7, k) is an odd permutation of (1,2, 3),
0 if any two indices are equal.

It has the properties €5 = —€j. You can also deduce how to write component-wise :
(V X A)Z = €ijkajAk

Since the 7 index appears once, we don’t sum on it anymore and it just represents the i-th
term. take for example the component ¢ = 1, the only non-zero terms appearing in the sum
will be €103 = 1 and €133 = —1. This gives :

04 04,
dy 0z

which is what you would expect for the x component of the curl.

(V X A)l = 82/43 — agAQ =

Now, let’s define some terms :
e (-tensor : simply a scalar (divergence, dot product)
e l-tensor : it is a vector (gradient, curl)
e 2-tensor : a matrix (N by M table of numbers)

e n-tensor : written as 7T;,;,. ;. It is a multi dimensional table of numbers that transforms

according to some rules.

For instance, ;5 is a rank 3 tensor.

Sometimes, we will say that the indices on which we sum are contracted indices. For exam-
ple, we can define a 2-tensor from a 4-tensor by contracting it’s indices : F;; = Tj;rr. One
can also remark that contracting indices is purely equivalent to multiplying by a Kronecker
delta 055 : Py = Tijropr = Tijin-

Let’s explore some transformation rules of a tensor. Take a rank 1 tensor A and the rotation
matrix R. It has properties RTR = I and det R = 1. Thus, the rotated vector will be
A’ = RA = R;jAje;. We can expand this definition to higher rank tensors :

, —_
T jajaja = Rj1i1Rj2i2Rj3i3Rj4i4 111921314

J1323334

To finish this part, we will state two of the most important theorems of vector calculus :



6 1.3 Fourier transform and residue theorem

/V-Edvzf E-do
1% ov
/do—-(VxF):]{ dl-F
S aS

1.3 Fourier transform and residue theorem

e Gauss theorem :

e Stokes theorem :

To conclude with this chapter, we will review some theorems of complex calculus. First, we
will define the Fourier transform f(k) of a function f(x) in n dimensions :

flo = [ aapxe

And the inverse Fourier transform :

£ = [ e

A normal convention taken in general is that the Fourier transform with respect to time
will have opposite signs in the exponential. This allows to preserve the invariance under a
Lorentz transformation. This leads to the definition of the Fourier transform of a function

f(x,t):

flk,w) = /R4 B dtf(x, t)er k=

And the inverse Fourier transform :

dr dt ; ot b
f(X, t) — /R4 (27[_;:.3 Q—Jf(k, w)e—zwt—i-zk.x

Another important result from complex analysis will be stated : the residue theorem. Let
D be a domain where f(z) is holomorphic excepts at the points zj. Then :

f(z)dz = 2mi Z Res(f, z)
oD k,

where we define the residue of f at z; as :

1 dr .
oy e B ) )

Equipped with these mathematical tools, we can move on to the core of classical electrody-
namics : Maxwell’s equations.

Res (f, zx) =



Chapter 2

Maxwell’s Equations

2.1 Maxwell’s equations and their consequences

First, let’s recall Maxwell’s equations in their differential and integral form as well as the
Lorentz force :

Maxwell’s Equations (Differential Form)

v.E=" (Gauss’ law),
€0
V-B=0 (Gauss’ law for magnetism),
B
VXxE= —aa—t (Faraday’s law),
OE .
V x B = pyJ + Hoco 5 (Ampere-Maxwell law).

Maxwell’s Equations (Integral Form)

j{ E.-do = pdV (Gauss’ law),

ov 1

74 B do = (Gauss’ law for magnetism),
ov

j{ E-de= B do (Faraday’s law),
as S

7{ ~dl = / J- da—{—uoeo— / E-do (Ampere-Maxwell law).
as
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Lorentz Force

F=¢(E+vxB)

where we recall the magnetic permeability of vacuum g = 47 - 1077 NA~2 and the electric
permittivity of vacuum gy = 8.8 - 1072 AsV~'m~!. These 11 equations fully describe the
dynamics of the electromagnetic fields and the particles inside them. The problem is that
they are unsolvable in practice for the vast majority of the systems. However, some simple

systems can show an exact solution to these equations. Here are some of them :

Coulomb force : Consider a point charge ) at the origin. The charge density is thus
simply given by p(r) = Q&3(r). Spherical symmetry tells us that E = E(r)e,. Using the
integral form of Gauss’s law with a sphere of radius r, we can find the electric field of this
point-like charge :

1
f E-dG:47TT2E<T):—/pdv:Q
v o Jv €0

So it gives the usual electric field of a point charge :

Ex) =21

dreg 13

Since there is no free current or magnetic field, the force on another charge ¢ due to the
charge @) is simply given by the Coulomb force :
p. @1

degr3

This reasoning can be expanded to many particles g; at positions r;. The electric field at

point r created by this cloud of particles is given by :
g r—r

E(x) = _

(x) — dmeg v — 1y

Ampere’s force : Consider a wire in the e, transporting a current /. Thus, we have
E,p=0and J(x) = [§(z)d(y)e,. Using Ampere-Maxwell’s law along a circle at distance r
around the wire :

]{ B - d€ = 2mrBy(r) :,uD/J-da':uol
08 s
The result can be expressed as :

B(r):u_ofezxr

2 r?

Consider a second wire with current I’ at distance d from the first one. One can find that
the Lorentz force per unit length of wire is given by :

SF  poll
ol 2md

where we replaced qu = I’ in the Lorentz formula. This is known as the Ampere’s force.
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Induction : Consider a time dependent magnetic field B(t) going through a surface S.
Faraday’s law tells us that a time varying magnetic flux generates an electromotive force &
around the boundary. This is written :

ddp

E=_—"8
dt

where :

5:]{ E-dé and @B:/B-da
as s

This leads to the generation of a current inside the wire formed by the boundary 9S. This
current forms its own magnetic field that opposes the original one (due to minus sign). This
is known as Lenz’s law.

Charge conservation : We start from :

OE
V X B = pgd + pogo—-

ot
Now, take the divergence of both sides:
OE

V- (V xB) =V~(qu)+uoeoV'§.

But, V- (V x B) = 0. Using Gauss’ law V - E = p/eq:
0
0=pV-J+ Mo%a(v -E).
a (p dp
0=pwuV-J —|—]= vV-J+—].

o +M0€Oat (5()) o ( + 875)

We conclude with the continuity equation :
V.-J+0,p=0.

To get some insights on what this equation implies, we integrate on both sides and use
Gauss’s law :

j{ J'da:—ﬁt/pdV:—ﬁtQ
oV 1%

The rate of change of charge density in a volume is exactly balanced by the net current
flowing out of that volume.

Electromagnetic waves :  In vacuum, we start from the Ampere-Maxwell law and take
the time derivative :
v « 0B O°E
— = [oE0——"-
or ~ 1"

Using Faraday’s law of induction as well as the identity V x (V x E) = V(V -E) — V’E =
—V2E (no free charges), we get :
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0B O’E

V x — = V’E — |V’E = bl

ot Ho%0 2

Which is the wave equation with propagating velocity of ¢ = 1/ugeo. The same equation

can be found for the magnetic field :

0°B
2R —
VB =tegs

The components of E and B will be functions of the form f(z — ct). These equations mean
that the electric and magnetic fields propagate in free space with the speed of light c.

2.2 Electromagnetic potentials

2.2.1 Definitions

An equivalent way to describe CED is to use electromagnetic potentials instead of E and B.
It can be more convenient in some scenarios. First, we can remark that B is divergent free
V - B = 0. This implies that (see exercise sheet 1) there exists a vector field A called the
Vector potential such that we can write :

Now, let’s put our new definition of B in Faraday’s law :
0B 0A
E+—= E+— | = E =0
V X +8t Vx( +8t) V x
where we have defined a new curl free electric field E’. Thus, there exists a scalar field ®
called the Scalar potential such that E’ can be written (see exercise sheet 1) :

E =-Vde E:—V@—aa—‘;\

It is possible to now inject these new set of variable ® and A inside the other two Maxwell’s
equation :

veE=", vo_gv.a=" (2.1)

€0 €0

OE 0 D*A
V xB= /,[,(]J + /LQ&TOE — —VQA + V(V . A) = /LOJ — Ho€o <EVQO + 12 ) (22)

2.2.2 Gauge invariance

From what we defined in the last section, ® and A uniquely determines E and B. However,
® and A are note observables, they cannot be measured (like the wavefunction of a particle
for example, which is defined up to a overall phase factor ¢'?), thus we have a certain freedom
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in the definition of ® and A that can lead to the same E and B. One can add a constant
value to the potential, it will not matter to the physics of the situation (similarly to the
definition of the mechanical energy of a system, a constant potential add nothing and can
be neglected). This freedom in the choice of the potentials is called Gauge invariance. Let
X(x,t) be an arbitrary scalar function. Thus, making the transformation :

P(x,t) = O(x,t) + Ox(x,t) = O(x,1)
A(x,t) = A(x,t) — Vx(x,t) = A(x, 1)

will leave E and B invariant. In fact, we have :

A A

B->VxA-Vx(Vx)=VxA=B

What we did when we add this scalar function to the potentials is called a Gauge trans-
formation. We will use a gauge transformation to simplify the new Maxwell’s equations
for the potentials. Since a gauge transformation doesn’t affect our fields, we can impose an
extra condition that remove this extra degree of freedom. This is what we call fixing the
gauge. A condition that works rather well with our system is the Lorenz gauge :

100

ot
Now, our Maxwell’s equations for the potentials simplify a lot. Taking eq.2.1 to which we
add and subtract 02®/c?* give :

+V.-A=0

1 1
-V =L 1 g <—28t<1> +V. A)
c €0 c

.

~
=0 from gauge

By reshuffling eq.2.2, we manage to highlight a gauge condition :

1 1
6—28§A — VA =g =V (Eatcb +V. A)

N J/
-

=0 from gauge

This lead to the following set of decoupled partial differential equations :

1
B vl
C €0

1

These forms of Maxwell’s equations will be used in the following chapters to develop solving
techniques.



Chapter 3

Solving Maxwell’s Equations

In this chapter, we will study solving methods of Maxwell’s equations. First, let’s consider
electrostatics, meaning we fix J, A = 0 and 9;(p, &) = 0. Our problem reduces to the Poisson
equation for the electrostatic potential —V2®(x) = p(x)/go. One can find that if all charges
are known, and ®(x — co) — 0, we can simply express the potential as :

D(x) = — /d3a: o)

 4meg |x — x|

We can see that in the case of a cloud of charges ¢; located at positions x;, the charge density
can be expressed as p(x) = >, ¢;0°(x — x;). This lead to the sum of point-like electrostatic
potentials :

1 4
) =
(x) dreg ; x — x]

However, in some situations where the boundary of the space doesn’t imply a vanishing
potential or if not all charges are known, we must use more advanced tools.

3.1 Green’s function method

3.1.1 Definition

Suppose we are given a set of charges inside some region of space V' as well as some boundary
conditions on ®. To find ® inside of V', we need to first solve Poisson’s equation for the
Green’s function (G.F.) with given boundary conditions (b.c.) :

~V2G(x,%x) = 0*(x — x)
Two general type of b.c. exists for which the G.F. is unique:
1. Dirichlet : The potential has a definite value at the boundary : ®|y5y = g(x).

2. Neumann : The normal derivative vanishes on the boundary : —n-E =n-V®|s, =
On®|oy = f(x). nis a unit vector directed outside of V. This condition mostly reflects
the behavior of a conductor for example.

12



13 3.1 Green’s function method

In general, the most useful G.F'. are the one satisfying homogeneous b.c., meaning f = g = 0.

First, let’s prove a master formula :

d(x) = 1 /v dP2'G (X', x) p (x) + / do' |G (X',x) V@ (x') — @ (X') VG (X', x)]

€0 v

To prove it, we define the quantity F' = [ d*2'Vy-[G (x/,x) Vo ® (x') — @ (x') VG (X', x)].
Then, we have :

Fe / BV - [G (X, %) Vo (X) — B (x) VoG (%, )]

= /d3x'G (x',x) V2,® (x') — /d3x'<I> (x') V2,G (¥, x)
/ &3 (x—x")
=—p/eo =—§3(x—x'

1
= I’2'G (¥, x) p(x') + @ (x)
0

On the other side, Gauss’s theorem gives :
Fe / do’ - [G (X, %) Va® (x) — ® (x) VG (', x)]
oV

Combining the last 2 steps proves the master formula.

If we have a Dirichlet b.c. with ®|s = g(x), it is more convenient to choose green’s function
such that Gp(x’,x)|xesy = 0. This lead to a simplified version of the master formula :

d(x) = 1 /V d&*2r'Gp (x',x) p () — / do' - g (x') Ve Gp (X, %)

€0 vV

Similarly for a Neuman b.c. with n - V®|5, = f(x), we will choose green’s function to
respect n - VG (X', X)|xeoy = 0. This will give :

1
00) =~ [ Gy (K0 )+ [ o’ Gl x) Yt (%)

One fundamental property of these green’s functions are that they are unique. In fact,
suppose there are two distinct solutions ®;, ®, to the Poisson’s equation —V2®; = p/s,
and ®;|oy = g or OnPiloy = f,i=1,2.

Let U = ®; — ®,, then V?U = 0. Now, let’s have a look at the quantity [,(VU)?

/V(VU)Qz/vV(UVU):/BVdU(UVU)
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But, the boudary conditions fixes Ulgy = 0 or VU|gsy = 0. So we have VU = 0, which
means that ®; and ®, are equal (up to a constant). This proves the uniqueness of both
Dirichlet and Neumann Green’s function.

3.1.2 Green’s function for entire space
Let’s now derive explicitly the G.F. for the case where V' = R?® and Dirichlet condition
G(x',x — 00) = 0. We recall the equation satisfied by G :
~V3G(x,%x) = 0*(x — x)
Now, apply the Fourier transform on both sides [ d3ze~**_ In the Fourier space, we have
the following correspondence : V — —ik. This gives :
Gk, X) = e kX

We now apply the inverse Fourier transform :

1 kx| _ikex!
G(x,x') = (27r)3/ dPke® ¢ k

Let’s now go to a spherical basis, where the angle 6 is the angle between x — x’ and k. This
gives :

/ 1 > " . 1 ik-(x—x’
(XXX):(%ﬂ*2WA dkA«MH%mQEBk( )

1 [ ! !
= — dk/ d(cos @) ek cost
@y, @ [ 20
1 e 1

— dk [ ik|lx—x'| _ _—ik|x—x/|
@@2A ikx — x| L° ¢

Defining r = |x — x’| and using the parity of the previous integral, we have the following
form :

1 00 eikr _ efikr 1 1 00 eikr 00 efz'kr
N= —— dk = — dk — dk
G0 X) = 552 / ikr 2(2m)2 ir / k / TR

—0o0 —00
J/

~ ~

=1 =1

We will first look at I;. Let’s go to the complex plane to solve the more general integral :

R eikr R eikr eik‘r
I, = / dk = / dk + / dk
Tk I S

Where 7 is the circling part. This part can be parametrized by k = Re?® = R(cosf + i sin 6)
with 6 € [0, 7] and dk = iRe®df = ikdf. Tt gives :

eikr ™ ] )
/ dk 2 — / dQGWRCOS Ge—r‘Rsmﬂ
¥ 0
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A Im(h)
Im(b) \
\ o ME M,(h)

R
C C

A\

€ Re (&)
> >

Figure 3.1: Left : contour for I; ; Right : contour for I5.

But, when R — oo, the integrand goes to 0 so the integral on v is 0. The singular part
is on the axis Im(z) = 0. We thus slightly deform the contour to avoid the singular part.
Since the integrand is well defined inside the part circle, we have |[ c dk% = ( from Cauchy’s
theorem. Thus, I, = 0.

For I,, the treatment is nearly the same, with a parametrization k& = Re™* to still have
a vanishing exponential when R — oo. However, the singularity now has to be treated.
Taking a contour small enough won’t affect the integral from —oo to oo but we now have to
compute the residue in k = 0, which is straightforward :

e—ikr )
Res (T, 0) =e 0 =1

Finally, this gives Iy = 2mi.
Putting everything together gives the final form of our green’s function :

1 1 1
G / = _ 2 ) = —_—
6xX) = s T Iy
Replacing by the definition of r :
1
G =
(x,x) 47r|x — x|

3.2 Image charge method

We have derived the method to find G.F. for the entire space. But what about other
geometries of space ? The answer relies on uniqueness and linearity of the G.F. If we find
one G.F. that works well with our boundary conditions, it is unique. For instance, what is
the G.F. for the space with z > 0 and Dirichlet conditions, i.e. G(x = (z,y,0),x") =07 It
is possible to show that the Green’s function given by :

1 1
G(x,x') — G(x,X) =

T drx — x| Axlx —X|
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with X' = (2,9, —2'), respects the boundary condition at z = 0:

1 1 1
x, X )—G(x,X )]0 = — n N
[G( ) ) ( ) )] 47T ( \/(.17 _ 33/)2 + (y _ y/)2 + Z/2 \/(ZL’ — xl>2 + (y _ y/)Z —+ z/)Q) 0

We can see this trick as placing an imaginary charge outside of the volume considered, at a
mirrored position with respect to the boundary as you can see on Fig.3.2.

y X7, (%Y, 2) 12z

- (%Y~ X
Figure 3.2: Imaginary charge outside of V.

In a similar way of Neumann boundary condition but this time, we would add an identical
image charge (same charge), which would lead to the G.F. :

I S
Cdnx — x| 47lx — X

G(x,x') + G(x,%X)

Last example, if we consider a quarter space with z > 0 and y > 0, we would have opposites
image charges at positions x; = (—2',¢/,2’), x;, = (2/,—¢/, ') and a same image charge at
position x5 = (—2', —y/, 2'), giving the G.F. :

G(x,x') — G(x,x]) — G(x,%5) + G(x,x3)

X45‘10

Figure 3.3: Quarter plane
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3.3 Expansion in eigenfunctions

Another method to find the G.F. for a certain region is the expansion in eigenfunctions,
which is very similar to a Fourier series expansion. Start with an eigenvalue problem :

_v2¢n (X) = A\¥n (X)

with ,, satisfying the boundary conditions. We will also impose orthonomalization :
/ &’z V(%) (X) = Onm
v
Then, by completeness, we can write :
0*(x —x') = D L un(x)n(x)
We can now expand our G.F. in this basis :

Oxx) = 3 (X))

n

To determine the coefficients c¢,,, we inject the expansion inside the equation satisfied by the
G.F. which has to be satisfied for each index n independently :

—Vilen(x)hn(x)) = Uy (X )¢n(x)
Cn(X,))‘nqu)n(X) = ¢Z(X,)¢n<x>
n_ ()
cn(X') = A,

This gives :
G(X, X,) _ Z ¢;(X2wn(x)

As a example in 1D, with = € [0, L] we can take our basis as ¢,(z) = Acos(vA,z) +
Bsin(v/A,z). D.b.c imposes that A =0 and Bsin(v/A,L) = 0 so we have for n > 0 :

¢n<I> = BTL SlIl(\/)\_nZL’) ) >\n - WLZ ) Bn =V 2/L

3.4 Magnetostatics

In the case where p,® = 0, and 9,(J, A) = 0, Maxwell’s equation for the vector potential

reduces to :
~V2A(x) = pod

which is the same problem as in electrostatics for each components. We can apply the same
methods stated before.
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3.5 Dynamics

3.5.1 Retarded and Advanced Green’s functions

Recall Maxwell’s equations for the potentials in the general case :
p(x,t)

1 2 2
SO0, 1) = V(. ) = L2

1
g@fA(x, t) — VZA(x,t) = poJ(x,1).

We can define the box operator 0 = 587 — V2 in order to reduce our equations :
D0(x,1) = p(x, 1)/20 » DA(x) = oI (x.1)
Let’s only focus on the scalar potential ® for now. We can look again for G.F. that solves a
more general equation with respect to the box operator :
O :G(x,t,x, ) = 6*(x —x)6(t — t)
The solution for the electrostatic potential is given by :

1
d(x) = —/d%'dt’G(x,t,x’,t')p(xl,t/) +b.c.

€0
In this course, we won’t discuss boundaries on the dynamical case. We will fix G — 0 when
|x| = 0o. We can now consider two types of G.F. :
1. Retarded Green’s function : Gg(t <t') =0
2. Advanced Green’s function : G4(t >t') =0

The most commonly used G.F. is the retarded one. Gg(t < t') = 0 means that an event at
time ¢’ > t cannot influence what happens at time ¢ in the past. Let’s proceed as before and
go into Fourier space by applying [ d®z dt e“t=%* on Green’s equation. Using that in this
space, d; — iw,the box operator transforms as [ — k% — w?/c?, giving :

—ik-x' 41wt

~ (&
Clowx1) = e

Back to real space, the G.F. reads :

G(x,t,x',t') =

d3kd e—ik-(x’—x)—iw(t—t’)
(27)" / YR 0@

We will first perform the integral over w. There are two singularities on the real axis of w
at w = £ck. Let Z be the integral over w :

00 —iw(t—t") 00 ) 1 1
e c
I o d - e d —iwAt _ )
/OO Cuk:2—<,u2/02 2k /oo we (w—ck: w—l—ck’)
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where At =t —t'. We will focus on the retarded G.F., meaning that G = 0 for At < 0. We
will now use this condition to define our integration contour. For At < 0, and w = a + b,
the integrand takes the form :

efzwAt _ eza|At|€fb|At|

We want this part to vanish as the contour goes to oo so we need b > 0, meaning that we
close the contour above the real axis. In addition to that, G = 0 when At < 0 so we will
take a little deviation of our contour above the singular point so that they do not belong
to the interior of the contour, leading to an integral giving 0 by Cauchy’s theorem. This
corresponds to the standard prescription w — w + i€ ensuring causality in the definition of
the retarded Green’s function. A similar reasoning can be applied to find the contour for
At > 0. We want a parametrization w = a + ib such that :

6—zwAt — e—za\At\eb|At|

vanishes as the contour goes to co. We thus need b < 0, i.e. we close the contour from below
the real axis. For At > 0, the causality condition requires that the poles contribute to the
integral (G # 0), hence we include them inside the contour (with the small shift above the
real axis). The contour chosen are summarized on Fig.4.1.

1S (o) 1S(0)

LN LN

—clk| c|k| R(w) —clk| c|k| R(w)

Figure 3.4: Left : contour for At < 0 ; Right : contour for At > 0. Note that for the
advanced G.F., the cases At < 0 and At > 0 are reversed.

Now, let’s proceed to the computation of the residues :

R —iwAt . L) = —ickAt
es(e (w—ck w+ck)’c) ‘

—iwAt ickAt
R _ —ck) =—
es(e <w—ck‘ w+ck‘>’ C) ¢

By the residue theorem, we have :
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o0

- 1 1 . .
T = _i dw e—zwAt ( . ) = _i X (—27'('2) . (e—zckAt o ezckAt)

2k w—ck w+ck 2k

where the minus sign comes from the fact that the contour is taken in the anticlockwise
direction. Define r = x — x/, r = |r|, we have :

) ikr
G(x,t,x,t) = — (;TZ; /dSk: eT (eickAt _ e—ickAt)
T

Define now spherical coordinates such that k - r = kr cos @, we have :

2
G, t,x,t') 7T7,C/ dk/ d(cos 0) k zkrcosH( ickAt efzckAt)
-1

_ - dk ik[r+cAt) —ik[r+cAt] _ _ik[r—cAt] _ —ik[r—cAt]
—(27r) iy /0 e +e e e

Note that the integrals with —k in the exponential can be changed as —k — k and fooo dk —
f dk so that we can make use of the Dirac delta definition §(z) = dk etk

2712¢ 1 dk c
G tx ) = — - 1k[r+cAt] z k[r—cAt] _ 5 t—tN =6 —clt—¢
etxot) =~ [ el = ) = 6 (et — 7))
Now, remember that t — ¢ > 0 so we will never have r + ¢[t — t'] = 0 so the first Dirac

will always be 0. Recall that d(ax) = d(z)/|al, this will lead to our final expression of the
Retarded Green’s function :

Gr(x,t,x,¢) = (e 2) 5(t_t,_¥>@(t—t')

4rr|x — X/ B 4rr|x — x|

where we explicitly wrote the condition ¢ > ¢’ with the Heaviside function :

o) = {0, z <0,

1, x>0.

A similar computation gives the Advanced Green’s function :

o(t—t+2)  a(e—v o+ bx)

Amr|x — x| B Am|x — x|

Ga(x,t,x',t") = ot — 1)

Remark : the Heaviside function is redundant with the Dirac delta before. For the retarded
G.F;, we can remark that if ¢t < ¢/, the argument inside the Delta will never be 0 : t —t' —
‘X;CXI < 0 in this case. The same goes for the advanced G.F.
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3.5.2 Explicit form of the potentials

Now that we found the general green’s function, we can write the form of the scalar and
vector potential :

e
R
D(x,t) = &’z
() 47r50/ ‘ |x — x/| ’
J(x' t— |x_xl|)
Ho 3./ ’
Ax,t)=— [ d
(x,2) 47r/ v |x — x|

The sources p and J are evaluated at the retarded time ¢, = t — |x — x/| /¢, which means
that the electromagnetic effects propagates at the finite speed of time c.



Chapter 4

Properties of Electromagnetic Fields

4.1 Electrostatic energy

Let us recall the potential energy of a system of point charges :

4iq;
U=
Z dmeg |r; — r]]

Where (ij) denotes every pair of charges. In continuum, it would read as :
" 8meg |x v

where the 1/2 factor takes into account the redundancy of the charges. We can rewrite this
expression using the electrostatic potential :

e =t

dreg Ix —x

This gives :

U= %/dg’x p(x)P(x)

But, Poisson’s equation directly links the charge density to the potential V2® = —p/e :

U=-2 [ $rv - (VOx))D(x) = 2

3 ‘ _% [ 3 2
L 0 [ eV - Ve Q/dxm

Thus, the energy of the charges is just the energy of the fields. We can rewrite in terms of
energy density :

1
Z/l:/d?’xu : u:§80|E]2

22
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4.2 Electromagnetic energy

Recall :
0B
VXE=—— 4.1
X T (4.1)
OE
V xB = ,U()J + Moo —= (42)

ot

Now, take the dot product between B and eq.4.1 and E and eq.4.2, and take the difference
of the two equations :

1OE?  10|B2
J-E - -
fod - Bt flofog =5 ooy

Now, define two quantities. First, the Poynting vector :

=E-VxB-B-VxE=-V.(ExB,) (4.3)

S:iExB
Ho

It represents the directional energy flux, i.e. the energy of an EM field is directed along S.
The units are [S] =W/m? = Jm~2s7!. Define now the electromagnetic energy density :

1 1
= —5|E? + —|BJ?
u=gelBf + 5 - [B

Inserting these definition in eq.4.3, we find a conservation law :

J-E+%+V-S:0 (4.4)

Integrating eq.4.4 over a volume V', we find :

/d3xJ-E+2/d3xu+/ do-S=0 (4.5)
1% ot Jy av

Eq. (4.5) contains three terms, each with an important physical meaning. The first one
can be interpreted as the work done on the charges inside the volume, since J - E has the
dimensions of power (J = pv and thus J - E ~ v - F). The second term represents the time
variation of the electromagnetic energy stored in V', ;4. The third term is the energy flux
across the boundary 0V, given by the Poynting vector S.

Rearranging Eq. (4.5), we obtain

2/al?’acu:—/<1l3:cJ-E—/ do - S.
ot Jy 1% av

In other words, the time variation of the electromagnetic energy stored in V' is exactly equal
to the opposite of (i) the work delivered to the charges inside V' and (ii) the net flux of
electromagnetic energy leaving the volume through its boundary.

In summary: any decrease of electromagnetic energy in the volume is compensated
by the energy transferred to matter (work on the charges) and by the energy
flowing out through the Poynting vector.
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4.3 Electromagnetic waves

Let’s consider plane waves in vacuum, meaning p,J = 0 and [J® = 0, JA = 0. The general
solutions for the wave equation are of the form :

B(x,t) = P(k)e!kxwxt) 4 ¢ c.

A(x,t) = A(k) e'llxed) ¢ e,
where c.c. denotes the complex conjugate!. Plugin this Ansatz inside our wave equation
gives the dispersion relation :

wp — Alk* =0 & wy = +c[K|
The group velocity (in norm) is simply the speed of light v, = |Okw| = ¢. Next, we impose
Lorentz gauge, which translates in the reciprocal space to :

1 . A . ck-A
-k A0 b=
Cka 0= |k|

Next, we want to find the fields E and B. We search expressions of the same form as the
potentials, i.e, as plane waves :

E(x,t) = B(k) e'®&* ) ¢ ¢,

B(x,t) = B(k) eik*xexd) ¢ c.
From the definition of the fields from the potentials E = —V® — 9,A and B=V x A, we
find for the electric field :

“ “ . k o A
E(x,t) = (—ik® + iw A) e’k ) e e — E(k) = —icmk - A +iclk|A

Let’s define the perpendicular component (with respect to k) of the potential vector :

- “ k-k-A

A (k)=A- W such that we can write :

BE(k) = ic/k|A, (k)

AA | A

>

A k

Figure 4.1: Decomposition of A into 2 orthogonal components.

!One can remark that this ansatz works for a particular type of wave, which has only one Fourier
component. The most general form would take an infinite sum over possible wave vectors ), .
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Thus, the E field must be transverse to the wave vector k.
For the B field, we can similarly find :
B:ikxA:z’kxAL

So we found that the same goes for B, it is transverse to k. We can thus directly link E to
B:

1
B=-nxE
c

with n = k/|k| the unit vector in the direction of propagation of the wave. We found that
E, B and k are 3 orthogonal vectors.

4.4 Energy of Electromagnetic waves

Let’s first compute the mean values of the fields :

Where the mean value is defined as (f(t)) = limp_o 7 fOT f(t)dt. This allows us to compute
the average energy density :

(u) = %0 ((E2) + A(B?)) = 2,1 - B
We can also compute the average energy flux defined by the Poynting vector :

1 1
S=—ExB=—Ex(nxE)=cel|E’n = cun
Ho CHo

Which yields : A
(S) = c(u)yn = 2¢¢c|E|’n

Note that in the norms, it does not matter if we use E or E since the complex phase have
norm 1.



Chapter 5

Liénard-Wiechert Potentials

Now that we established some fundamental formulas in the previous chapters, we can apply
it to the special case of a moving particle of charge ¢ along a known trajectory xo(t). Let’s
write the charge and current density :

p(x,1) = q6°(x — xo(t))
J(x,t) = qv ()0 (x — xo(1))

/N
N —
S~— ~—

where v(t) = %¢(t). Let’s check the charge conservation :

p+ VT =—qx(t) - V& (x — x0(t)) 4+ q%o(t) - V*(x — x0(t)) = 0

We will first derive the fields ® and A using our previously introduced methods. Since we
are in the case of a moving charge, we need to use the retarded Green’s function for the
box operator [J. Using our general formula derived in the Chapter 3, we have for the scalar
potential :

1
d(x) = —/ 2 dt' Gr(x,t,x', t)p(x',t)
v

€0
q 3./ lé(t—t,—‘X—X/’/C) 37/ /
= — [ &2 dt — xo(t
47T€0/ v |x — x| 0% (x = xo(t)))
SRy LR T T
d7eg |x — xo(t')] ’

Where we have used the expression of the retarded GF and integrated over x’ first. A similar
expression can be derived for A.

A legitimate question is why using the retarded G.F. ? We want to consider only the field at
point (x,t) created by the charge at point (xo(t*), t*) in the past, where t* denote the moment
the field that will be seen at (x,t) is created by the moving charge (this consideration is due
to the finite velocity of the fields propagation ¢). Indeed, we don’t want to consider a field
created in the "future”, but only the past influence of the moving charge on the fields. This
consideration is equivalent to saying that the Green’s function is localized on the light cone
of the moving charge, see Fig.5.1.

26
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' 9

Figure 5.1: Trajectory of the moving charge in space-time. In red the light cone of the
particle. Only points inside can be influenced by the moving charge. In green the position
of the fields we want to determine. t* is the moment the field at (x,t) is ”created”.

Now, introduce R(#') = x — x¢(t') and n = R/R. We can compute the time derivative of
the norm :

aR o / o / X — Xo(t/)
ot 8l‘/'|X Xo(t )’ = V(t ) ‘X _ Xo(t/)|

Back to the integral, let f(t') =t —t' — R/c the argument of the Delta function. We need
to find the zeros of f.
Let’s compute [’ :

=—v(t')-n

df (t') 10R 1
=—1--—=-14+-v(t') ' n<0
dt’ c ot! + cv( ):n
So f is a continuously decreasing function of time. This shows that there is no more than 1

solution ¢t* to the equation f(¢*) = 0 as long as |v| < ¢, which is always the case .

We can now discuss the solutions in different regimes.
At t =1/, one finds f(t') = —R/c < 0, with equality s
only if R = 0, i.e. if the source and the observation .
point coincide. For ¢’ < ¢, one has f(t') — +o0. (XHH
Since f(t') is continuous in ¢/, the intermediate value
theorem ensures that there exists a unique retarded

time t* such that f(t*) = 0. Geometrically, this cor- yy P SRS (X3 16%),4%)
responds to the intersection of the source worldline S%
(x0(t"), ") with the past light cone of the observation / N

event (x,t).
Figure 5.2: Light cone
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Take the retarded time that satisfies f(t') = 0 : ¢*(x,t). We will not explicitly find the
expression for this time but we will still be able to extract the fields. We will make use of
the formula :

[z G -

Let’s apply it to the expressions for the potential, i.e. f(t') and G(¢') = 1/R(t'), we get :

ox.t) = L 1 L -1 L 5.3
( t) 47T€0 R(t*) (1 _ ﬁ(t*) . n(t*)) 47T€0 (R ~-R- /6) ( )
Alx.t) = 1 1 B(t") q B (5.4)

 dmege R() (1 — Bt 'n(t*)) ~ dmege (R “R. 5)

where we define the velocity in units of ¢, 3 = v/c. We will now omit the explicit dependence
on t* in the expressions only to lighten the notation. We now have to compute the fields,
given by E = —V® — 0,A and B =V x A. To do so, we will need to find the derivatives
of t*. First, take the time derivative 0, of f(t*) =0 :

) o 10R o 10ROt
Ot —t"—Rle) =1 — =1~ =0

But 0i« R = —¢3 - n, with the variables all evaluated at t*. This gives :

o 1

o 1—pB-n
Now for V,t*, start by differentiating f(¢*) = 0 with respect to x, and noting that Vt = 0,
we obtain :

1

The gradient of R has an explicit dependence on x and an implicit one through t*(x, ¢):

.~ OR OR _ ., x—Xo(t) o .
VR(t)—&t*‘i‘at*Vt—W nv(t)—n (n V)Vt
Hence :
Vit = 1 [n —(n-v) Vt*]
c
so that finally :
. n 1

Let’s now compute the derivatives of the potentials. First, let’s compute the gradient of the
scalar potential term. We have to compute the spatial gradient :

|l
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where we recall :

R =x —x(t"), R =R/, n=

| &

With all quantities evaluated at the retarded time t* = t*(¢, x).
Let’s also recall the important derivatives :

n n
T c(1-Bm) VRzl—ﬁ-n

Vt' =
Now, let’s compute:
9i(R - B) = 0i(R;f3;).
Applying the product rule:
0i(R;B;) = (0iR;)B; + R;(9:f3;).
Since R; = x; — xq;(t"), we have:

Oo; OF

9zoj _
S = Uj and

Because

we get:

Next, since B = B(t*), )
Cdt* 9x; c¢(1—pB-n)

0iB;
Combining both results gives:
Bin;
0i(R;B;) = (0i + l_jﬁ)ﬁj -R

After summing over j, we obtain:

_ Bn; (R-B)ni

Which gives in vectorial form :

v(Bn)  RB
(1-Bm) ol-pn)

VR-B) =8+
Furthermore, let D = R — R-3, we have

n v(8-n) RB
—Bn P di-pn) cd-pn)

VD=VR-V(R) =
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Finally,

V( 1 ):_VD:_ 1 [ n g _vBm RB ]

R—-R-3 D? (R—R-8)? |1—Bn (1—Bmn)  ¢(1-p8n)
The expression for the gradient of the scalar potential is then :

4 -1 n B’n : n
_Vq)_élmolR—B-RI?(1—B-n_(ﬁ+1—6-n>+RﬂC(1—B-n))

g 1 1 R 3
_471'60@”_/6'1’1'3 (n—ﬁ(l—,@-n)_62n+ p n)

Next, a similar procedure can lead to the time derivative of the vector potential :

_0A _ 4
ot N 477'60

81 1
cR2|1— B -nf

(Fepome—pR) - Cpn—prn

81 1 ]

This allows to find, after rearranging some terms, the expression for the electric field :

g 1 1
~ dmeo R2(1—3-n)3

(@-8) -2+ nx (-0 x8)

Let’s look deeper in this formula. Two terms can be extracted from it :

g 1 (m-p)(1-5)
dreg B2 (1 — (B -n)?
¢ lnx(n-pB)xp)

Eir= .
YR T dreoc R (1-pB-n) (5:6)

Ejp = (5.5)

Eq.(5.5) is a Coulomb-like term, independent of B. Tt scales as 1 /R? meaning it reflects the
near field of the moving particle, which falls off rapidly with distance. We can see that in the
limit | 3| < 1, this term reduces to the familiar Coulomb field. This term is a generalization
of the Coulomb field of a moving charge with constant velocity.

Eq.(5.6) scales as 1/R and arises from the acceleration of the particle 3. It is responsible for
the emission of radiation. It decays slower with distance than the Coulomb term, allowing
to travels longer distance and is transverse to n, which means it describes a propagating
wave.

Can we now estimate the energy carried away with this radiation term ? First, we could
derive analogously the magnetic field :

1
B=-nxE
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This allows to find the energy flux! along n :
d€ , 9
YT

Using the definition of S, we can show that S-n = gocE?. At large distances, E = Eyp.
Now let’s evaluate in two regimes :

d& ¢ (nx((n-g)xp)’
dQdt ~ 16m2eqc (1—n-p3)5

(5.7)

Non relativistic limit Take |3| < 1 such that 1 — 3 -n =1, eq.(5.7) reduces to :

d€ 7>
dQdt 167r2500

8 x nf?

Let’s now integrate over the complete solid angle? dQ) = sin 6 df dy to have the total power

radiated?, defined as :
d€ d€
p= Q-2
at / K o %d" S

We parametrize 6 as the angle between ,3 and n, leading to the so-called Larmor formula :

2
/ dga/ df sinfsin®6 - | 3> = qu
0

6mege

16#2500

Ultra relativistic limit Now consider |3| ~ 1. We need to make a distinction between
the lab frame and the charge frame. What we are interested in is the power radiated in it’s
frame. We want the energy radiated during it’s history. Thus, we need to change from ¢ to
t'. We saw earlier that :

ot 1
o 1—p-n

The energy flux in the moving charge frame is thus :

€ dE dt ¢ (nx((n-B)xpB)?

dQdt’  dQdtdt’  16m2eqc (1-n-pB)°
We can’t do much more to simplify this expression. Let’s apply it to a real case of a rectilinear
motion B || B. The radiative part of the electric field is given by :

g 1 1 .
Eraa = 4W€0E(1—n-ﬁ)3nx (n x B)
(. — )

- Aregc R(1—n-B)3

- 47:200%(1 - rll-g)?» (‘BL)

L Also analog to the amount of energy emitted in a solid angle df? during a time dt.
2Same as integrating over a closed sphere of radius R
SIf S is time dependent, we first need to time average before computing the power : P = § do - (S);
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The power per unit of solid angle is thus :

dP'"  dE |82 sin?(6)

dQ ~ dQdt’  16m2e0c (1 — |8 cos(6))?

We see that taking the non-relativistic limit gives back the Larmor formula. In the ultra
relativistic limit, we see that the power is mostly directed in the direction # ~ 0 since
1 — fcos — 0 (see next paragraph). Let’s now compute the total power radiated :

232 ™ i3
P':ﬁz q°pB / " sin”(0)
dt’  8megc J, (1 —Bcos(0))>

Let x = cosf, dv =sinfdf, —1 < x < 1, which gives :

_q262 /1 1 — 22 q262 4 1

Pl

~ Smeee ) v (1= px)® ~ 8megc 3 (1—p2)3
1
Defining the Lorentz factor v = \/1:527 we find :
Pl — q2/8‘2’y6
6mege

This is the relativistic generalization of the Larmor formula.

Angular distribution of the radiation To conclude this chapter, we will elaborate on
the remark made previously on the concentration of radiation around 6 ~ 0. Going back to
the power per unit of sold angle, we find by expanding around 6 ~ 0O :

AP B qz/gz Sin2(9) N q252 H2
dQ  16m2e9c (1 — Beos(F))® — 16m2e0c (1 — B(1 — 62/2))5
. 1 1
Using that 7% = A=A+ 5 = 207 when 3 =~ 1, we get :
dP' q262 92 q252 2592710

dQ "~ 16m2egc (# + %)5 ~ 16m2e4c (1+ 7292)5

1
This expression is maximal when 6* = j:2—, meaning that all radiation is concentrated on a

cone of aperture #* in front of the moving charge. A plot of the angular distribution of the
power as a function of the angle is shown in Fig.5.3.
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Figure 5.3: Angular distribution of the radiative power per unit of solid angle.



Chapter 6

Multipole Expansion

Let’s move on to one of the most well known approximation technique in classical elec-
trodynamics. The idea is that very far away from the source, the latter can be treated
as a point-like object, leading to very common behavior, even for very complex systems.
First, let’s make a reminder of the Taylor expansion for functions of many variables. In this
chapter, we will use Einstein summation convention.

6.1 Taylor formula for multi-variable functions

First, recall the usual Taylor expansion of a function f(z) :

fy =30 0

n! dx™|,_,

n=0

Now, let f be a function of 2 variables f(x,y). In a similar way :

fa) =SS S g,

n=0 k=0

This double sum runs over all pairs of indices (n, k) € N%:

S = N W

S e o o o
— @& e o e
e e o e

n

l.n
Each point (n, k) corresponds to a term _‘E 8"8’“]”}0.

We can group the terms along diagonals corresponding to the same total order of differ-
entiation,

m=n-+k.
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On each diagonal, n = m — k, and since n > 0, we must have £ < m. Hence, the double

sum can be rewritten as
o [o@) [oe) m
E § Ank = § E Qm—F ks

n=0 k=0 m=0 k=0
which means that we now sum diagonal by diagonal instead of line by line.
Applying this change of indices to our function f gives:
m—k

k
T Y am—kk
(m—k)!Hax %1

NE
NE

f(x,y) =

z,y=0"
0

i

0

3
]

where 1 = x and x5 = ¥.
Applying the change of indices to the double Taylor expansion, we have
m—k

k
T Y™ am—kak
i &S]

NE
NE

f(r,y) =

z,y=0"
0

i

0

3
Il

Here m represents the total order of differentiation (and of the polynomial term). For each
fixed m, the inner sum over k collects all the derivatives of total order m, containing m — k
derivatives with respect to x and k derivatives with respect to y.

To understand how this can be written in a more symmetric way, note that a term of order
m with k derivatives with respect to y corresponds to all possible sequences of m derivative
operators, each being either d, or d,. There are exactly

such sequences, corresponding to the number of ways to choose which k of the m positions
are associated with d, (and the remaining m — k with 9,).

Therefore, instead of summing over k& and introducing factorial factors (m — k)!k! explicitly,
we can equivalently sum over all sequences of m indices (i1, 12, ...,1,), each index taking
one of the two possible values:

i; € {1,2}, T =z, T3=1y.

Each sequence (i, s, . ..,im,) represents one possible ordering of partial derivatives, and all
such orderings contribute equally because partial derivatives commute. Hence, we divide by
m! to compensate for the overcounting of identical terms.

With this in mind, both the powers of x and the derivatives can be expressed as sums over
these sequences:

m—k

k 2 2 2
x Y" m—kak 1

i1=112=1 tm=1

Finally, substituting this correspondence into the expression for f(z,y) gives the compact
and fully symmetric form:

o 2 2 2 - "
. i1 Lig o - Ly,
flz,y) = E E e o O O, - - .8ximf|z7y:0 :
m=01i1=114>=1 im=1 ’
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This form emphasizes the symmetry between the variables x and y and makes the connection
with the general d-dimensional Taylor expansion in multi-index notation more transparent :

oo
=Y Bt 0 0 0],

m=0

where the summation indices runs over all variables i; = 1,...,d. We can remark that two
rank m tensors appears :

Vi

i1,i2.im — LiyLig « o+ Ly Uil,ig...im = axil 51:1-2 cee 8xinf|x:0 .

6.2 Multipole expansion in electrostatics

Let’s consider the case in Fig.6.1. We are interested in a region of space far from the source.
The latter is in general a localized system of charge, with density p(x’). What does the
potential or electric field at x which satisfies |x| > [x/| looks like ?

Figure 6.1: A localized system of charge far from the region of interest.

At leading order, we could only consider the total charge @ = [ d®z/p(x’) of the system
to be relevant. The multipole expansion will make this intuition systematic at any order

of precision wanted. To do that, let’s Taylor expand our Green’s function ———- around

x — x/|
x =0:

o0 ! ! /
1 , 1 1@, . ..o
]~ otk 04,2, O | = 3 T
Where we defined the tensor T as :
T, . . _ 2n+1 8/ a/ a/ 1
1112...zn(x) - |X| 71 712 ° ln| X/| -0
x/'=
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with the more compact notation ij = 0, , and the indices runs from 1 to 3 here. Let’s look
i

at a few terms :

1 A
T |X‘3 o ng =0
|x — x| |x — x|

Ti(x) = [0

\a’;z

T, (x) = x0/0) —

=]

r; —
=2 ((256)

3wy — ) (wy — ) — dij [x — %

| 2

5
= |x
I x —x'|°

ﬂ) 3!Eiflfj — 51']' |X’2
We can find recursively a general form of this tensor :
Tivig..in(X) = @jy oy, (20 — D — Ay, i, (%)
Where the n-tensor A contains Kronecker deltas and the double factorial defined as :
nn—2)(n—4)-...-5-3-1 if n odd

nll=qnn—-2)(n—4)-...-6-4-2 if n even
1 ifn=-1,0

Let’s focus now on some important properties of the tensor T}, ;. (X).

T is symmetric The order in which we take the derivatives doesn’t change so we have
Tij.=Tj.i.

T is traceless Indeed, let’s compute the trace :

1

Tr(T) = Tiajk...0ia = Tiijr... = [x|*" T 0,0, 00...
I‘( ) jk... Jk... |X| i1 ik |X—X/|

—\2
_Vx/

= [x[*"*19.6),...6°(x — X)
x'=0

Where we commuted the nabla operator with all the other derivatives to obtain the differ-
ential equation satisfied by the Green’s function. Since |x| > |x/|, the delta will never be
satisfied and give always 0.

One last property is the following :

!/ /

/ o /
Ty, iy oo T Tiyig. i, (X) = Ty Ty o 24, Ty, (X))

To show this relation, first convince yourself that :

Tilig...in (X)Ailig...in (XI) =0
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This is due to the fact that A;;,. ;,(x’) contains only terms of the form 0, ;, which will make

appear the trace of T', thus giving 0. Then, we can write :

Ao (X

3 N __ /
But since T}, ., (X)) = 2} ..

g (2n — 1IN — A; 4, 4, (X)), we have :

i1in...in (X))

$§1$;2 o $;nﬂ112zn (x) = mezzn (%)
T in (X')

=Ty Tiy -+ Ti,, Liyiy.. iy, (X/)
We can now proceed to Taylor expand the general form of the scalar potential :
1 /
B(x) = / By P X
|x — x|

1 3/ / - 1x1x1xln
= Ire, /d Ip(X)ZEHQ—nHTmQ..%(X)

o0

1 1z, 2, ... 24 >
1) = E T e P § o™
() 4meg ‘ n!  |x|2nt1 Qi rar (%)

n=

Where we defined the 2™ multipole moment :

sty = /dsl'/P (X/) Tivia..in (X/)

We can write a few of them :

n =0 : monopole moment Q = [ d*2’p (x')
n =1 : dipole moment Q; = [ d*z/p (x) 2}
n =2 : quadrupole moment Q;; = [ d®z'p (x') (3xjz; — [x'|*d;;)

n =3 : octopole moment Qi; = [ d*z'p (x') (15zjax), — 3|x|*[0i5x7, + dinay 4 7))

Let’s make a few remarks on this central formula.

e We can see that the n = 0 term is ®©)(x) ~ @Q/|x|, which is expected from a point

charge (monopole term).
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e Let a denote the typical size of the charge distribution p, i.e. |x'| ~a, p ~ a™3. We
can see that the n-th moment goes as a”, meaning that the potential goes as :

252
€0 ; x \zx
If the total charge is () = 0, the leading behavior will be the one of a electric dipole.

If the dipole moment d = (Q,, @y, Q.) = 0, the leading contribution will be the one of
a quadrupole and so on.

Let’s find the corresponding electric fields :
0-th order, monopole q :

1-st order, dipole moment Q)

1 QW

4dmrey |X\3

oW (x) =

:>E(1)(X): 1 {_Q(l) S(Q(l).x)x]

ey | |x[3 |x|?

6.3 Multipole expansion in magnetostatics (leading non
trivial order)

To study the magnetic multipoles, we can proceed in a similar way since the expression of
the potential vector use the same Green’s function. In this section, we will restrain ourselves
to the leading orders :

A(x) =1 / o )

47 |x — X/|
So in terms of components :

) 3./ o Ly 3 ’ -3
Ay ’X‘/d 2 J; ( +47T‘X’ &' J; () @, + O(|x| %)

Recall the charge conservation V -J +p =0 = 0;J; = 0, so we have :

0= /d?’x xiﬁij = /dgl’ @(LJ]) - /d3l‘ Jj @xi = %dO’j .%p]j - /d3$ Jl
| S —

Where we used Gauss’s theorem and the fact that J vanishes far from the source (localized

charges). We just showed that no magnetic monopole exists. In a similar way, we can show
that :

/dBLU (sz] + IJJ1> =0
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Let’s now compute the dipole term :

T /d?’az’Ji (x') 2} = &z’ (J; (x) dlay — x;J; (X)) )

7

' Ji(x - x') — 2i(J - x)

|
——

P30xx) - X3 %)

7

— —

d® 2'x x (x' x J))

i

/ X’ J(x’))i

We can define two quantities. First, the magnetization or magnetic moment density M :

M(x') = %x’ x J(x')

»
X

NI~ NI~ N~ N~ DN -

S~ N/ N7 N

Secondly, the magnetic moment m :
1 .
m= g /dsx’x’ x J(x') = /d?’x' M(x')

This allows us to write the vector potential at leading order in the compact form :

_ Hom XX

Y NE

In analogy to the electrostatic term, the next orders will yield quadrupole, octopole behavior.
The leading magnetic field term is given by :

AWM (x)

3(m - x)x
B (x) — A — Ho|_ M
=V AT E TR T P

Which is very similar to the form found for the dipole term of the electric field.

6.4 Multipole expansion for radiation

Let us now consider a localized distribution of charges forming a cloud of characteristic size a,
with typical charge velocities v. We can associate with the internal dynamics of this system
a characteristic timescale 7' = a/v. The radiation emitted by the moving charges will then
have a typical frequency w ~ 1/T, corresponding to a wavelength A = c/w ~ (¢/v) a.

In the non-relativistic regime, where v < ¢, we therefore obtain the condition A > a:
the wavelength of the emitted radiation is much larger than the size of the source. This
separation of scales justifies the use of a multipole expansion to describe the radiation field.
Since we are interested in the fields far from the charges, we also consider |x| > a. We can
extract 2 different regimes :

1. The radiation region, where a < A < |x|. The region where we are very far away from
the source.
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2. the quasi-static region, where a < |x| < A. The region where the fields vary very
slowly with time.

A summary of the system is shown on Fig.6.2

Figure 6.2: Study case. The two regions are shown.

6.4.1 Radiation region

We first start by the study of the radiation region : a < A < |x|. It will be enough to study
the vector potential. Recall the general formula for the vector potential in the dynamical
case :

Ax, ) = @/deIJ (x’,t_ @)

47 |x — x/|

We would like to Taylor expand this expression in terms of :

/

/
1
x " xUANS

To do so, we make use of the first terms in the expansion of the Green’s function :
1 1 xx 1 x'|? 1 x-x 1 x'|?
T T Z§+_O<| ‘2>:_ 3+_0<‘ ‘2)
x—=x]  xxP x|\ x| x| xP [\ X]
We can also expand the argument of the current density :

—x .x! 1 - x! 1
|x x|:m_xx+0 1 :H—HX—FO 1
c c clx| x| c c x|

Where we used that @ ~ @ to expand in terms of |[x'|/c. At first order in 1/|x|, we
find the radiation term of the vector potential :

1 .x!
A=t [y (x e  BLXN Lo (2
c x|

C
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Expanding in terms of n - x'/c ~ a/)\ the current density yields the multipole expansion of
the radiation :

A B () g t—@ /d3’ —nx R0
(x, 47r |X] Z n! / ( > ( 47T |X| Z n!
We have that 0;J ~ 1/T ~ w, thus :
o (W) gwayn gays
/d v ( c > ( c ) ()\)

Now, let’s concentrate on the fields. We will consider the leading order in the a/\ expansion

of A :
1
AO(x,t) = Ho = /dgx'J x' t— Il
47 |x]| c

Let’s find the B = V x A field. First, notice that the V operator will be applied once on
the 1/|x| term, giving a 1/|x|? term, and once on the J term. The leading term is thus :

B(x,t) = 10 B2’V (x’,t— @)

4r |X| c

Ly (xl
|X| c

3.0 _|‘
N 47r]x\c /d J<X t c)

1.
=-AXxn
c

This shows that at |x| > a, the radiation is a plane wave in the direction of n (away from
the source) such that :

1 .
B=-nxE —= E=-cmnxB=nx(nxA)
c

So the electric field is :

E(x,t) = 4,u|0 |n><n></d3x’j (x’,t—m>
T|x c

Now, to make sens of these formulas, recall the definition of the electric dipole moment :

d(t) = /d3I/ x' p(x', 1)

d(t) = /d3x’ X/%

Using the continuity equation 0;p + V - J = 0, we get :

d= —/d3x’x' (Vy - J)

Its time derivative is
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Applying the vector identity, which is easier to see in the index form:
Vi(wid;) = 2:(V;J;) + J;
we find
d=— /de’ Vi(x'J;) + /d3:B’J

The first term vanishes as a surface integral at infinity, leaving
d= /d%'J(X’, t)

Thus, we can express in a very compact form the leading terms of the magnetic field for
radiation :

Ho =
B(x,t) = ——d(t —
(%,0) = gagillt = IxI/c) x m

The Poynting vector is then given by :

_E><B_
Mo

Where 6 is the angle between d and n. We can then write the radiated energy per unit of
times by integrating over the solid angle:

£|B|2n _ to|d|? sin? 0
Lo 1672c|x|?

S

e |df?
dt  6meyc3
Which is our usual non-relativistic Larmor formula for a general distribution of charges that

gives rise to an electric dipole moment d. In fact, in the previous chapter, for a single charge,
we had d = ¢x¢(t) such that :

€ _ | _ el _ ¢’IBP

dt  6meged  6meged  6mege

Keep in mind that d is always evaluated at the retarded time t — |x|/c.

6.4.2 Quasi-static region

Now, let’s briefly talk about the the quasi-static regime : a < |x| < A. In this case, the
sub-leading term in a/|x| are more important than those in a/\. We have :

po [ 5, 1 , x — /| Mo/ 5 J(xs1) [ (aﬂ
Axt)=— [ &2 ——J t— ~— [ d 1 —
(1) 47r/ v |x — x| (X’ c 47 v |x — x| o A

~a/\

This is the same case as for the magnetostatic expansion for a given time ¢. The same can
be performed for the scalar potential :
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oty =g [ FE 140 (5)]

o0

1 1 @iy ... @y a
_ L ltetug (9]
47?502071! |x|2n+1 Q”“'"[ * A

S o ()

Remark : The transition region between |x| > A and |[x| < A occurring at |x| ~ A is
difficult to describe even if both are far larger than a



Chapter 7

Electromagnetic Fields in a
Macroscopic Medium

7.1 Microscopic and macroscopic fields

In reality, electric charges are localized within atoms and molecules. In any material medium,
electromagnetic fields therefore never propagate in a true vacuum: they constantly interact
with the microscopic charges of matter. These interactions give rise to polarization and
magnetization effects, and in some cases to electronic transitions responsible for absorption
or amplification. As a result, our previous description must be slightly refined. However,
we will see that Maxwell’s equations retain their familiar form, with only minor modifications.

Let’s define the microscopic fields e and b. These quantities represent the exact electric
and magnetic fields, which are highly complex functions of space and time. We also introduce
the microscopic charge and current densities, n and j, which provide an exact descrip-
tion of the charge and current distributions within the system. For instance, n is strongly
localized around atomic nuclei and decays extremely rapidly away from them. These densi-
ties vary significantly over length scales of the order of the Bohr radius, ay = 0.529 x 10~ m.
The microscopic fields e and b satisfy the exact Maxwell equations:

N
e = L 1
V-e p (7.1)
V.b=0, (7.2)
ob
VXE——E, (73)

. Oe
V xb= Ho ) + Ho€o (74)

ot
From now on, we will denote by E, B, J and p the corresponding macroscopic quantities.
These represent the spatially averaged electric and magnetic fields, current density, and
charge density. They are the macroscopic fields, which are the relevant quantities when
describing electromagnetic phenomena at scales much larger than the atomic one, that is,
for the vast majority of physical situations encountered in practice.

45
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Let’s first develop some physical intuition about how a medium can influence electromagnetic
fields. Consider a dielectric medium placed between two vacuum regions, and suppose that an
electric field passes through it, oriented along the z direction. We may model the medium as
an ensemble of dipoles that can move freely. How does the electric field Eoyy = E,2 = (€ext)
affect the motion of these dipoles? Since each dipole moment tends to align with the electric
field!, the medium as a whole develops a partial ordering of dipoles along the field direction.
This collective alignment of dipoles is illustrated in Fig. 7.1.

VaLCAAMMNN VLAY
+ + + + ++ + + +

/ ) 4 ++\_ [\]
/XL/—/ /_]_]]/

(a) E=0 (b) E#0
Figure 7.1: Alignment of the dipoles in the dielectric medium.
This alignment leads to a slight accumulation of bound charges at the surfaces of the dielec-
tric, which in turn creates an internal electric field opposed to the applied one, Eq;. As a
result, the total microscopic field inside the material, €4y = €ext + €ip, is reduced compared

to the external field.?
We will now make this intuition more rigorous.

Define an averaging window function f(x) that has the following properties :

L. /dgx'f(xl —-x)=1

2. f(x' —x) = 0if |x' —x| > R, with R large compared to atomic sizes ay but small
compared to observation distances L : ay < R < L.

Let’s give some example of possible choices of f :

1, if—§<]x|<§,

fx) = 2 2
0, otherwise.
3
ifr<R
f(x) = 47TR3’ ’
0, if r > R.
!This follows from the interaction energy between a dipole and an electric field, £ = —d - E, which is

minimized when d || E.
2For conductors, there are enough free moving charges to fully screen the external field.



47 7.1  Microscopic and macroscopic fields

f(x) = (7TR2)73/2 e TR

Note that all of these definition tend to a Dirac in the limit R — 0.
We can now define rigorously our averaged/macroscopic fields :

E(x, ) / @ (5 — x) e(x, 1) = (e(x, 1))
B(x, 1) = / @' F(x' — %) b(xX, ) = (b(x, 1))

One key property from this definition is that the derivatives commutes with the averaging :
asz = <(9xz.e>, @E = <ate>

The second relation is straightforward. Let’s show the first one. We have :

0, E(x,t) = /axi[f(x’ - x)] e(x',t) d%’
Since 0, f(x' — x) = — 0y f(x' — x), we have

0., E(x,t) = — /&,Jgf(x' —x) e(x',t)d*’
Integrating by parts in x’ (the boundary term vanishes by the decay/support assumptions
on f),
0., E(x,1) /fx—x /e(xtd "= (0ye(x,t))

Hence, spatial derivatives commute with the averaging operator. We can derive the macro-
scopic/averaged Maxwell’s equations :

V-E= @,

€0

) OE
VxB = puo(j) + M050§7

0B

E-_2"
V x 5

V-B =0.

Let’s now try to compute (n). The microscopic charge density 7 can be seen as a sum over
all particles, each with a specific microscopic charge density 7, localized on atomic scales :

= Z N (X — Xp)

The averaged microscopic charge density is given by :

Z/dxnnx X)) f( — x)
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Since f is smooth on atomic scales, we can Taylor expand f around x = x,, X, being the
center of the particle n :

JX =x)=f(x,—x)+ (X' —%x,) - Vf(xn—%)+...

Where we neglected quadrupole terms. This gives :

0) =37 [t )t —x+Z/dfvnnx—Xn)(X'—Xn)-Vf(Xn—X)
:;ﬂxn—x)/ Wl =) + 9w %) ) )

But, recall the definition of the monopole and dipole moment of particle n:

0 /dw %), dnzfdmm ) — x0)
This yields :

:anf(xn—x)—i-zdn'vf(xn_x)

We can now define the macroscopic charge density or free charge density :
= Z an(x -

Note that although its explicit dependence on f, the detailed shape of f does not matter.
It can be seen by integrating p :

[ o) - ;qn/d%ﬂxn—x) I

With @) being the total charge of the system. We are still consistent with the definition of
p we used to have. We can then define the electric polarization of the medium or dipole

density:
= duf(xa -

This gives :

(n(x)) = p(x) = V- P(x)

It is common to have a density of free carriers p = 0 but the polarization is generally non-
zero so we can ignore the quadrupole terms. A similar derivation can be carried out for the
averaged current density :

. oP
<J>—J+E+VXM

Where J is the macroscopic current density :
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Ix) = jnf(xn —x)

with j, the total current density at atomic site n, and M is the magnetization, defined
through the magnetic moments at each atomic sites m,, as :
1

M(x) = Zmnf(xn — X), m, = g /d3a7’x' X jn(X')

From these definitions, we can find back our usual conservation law :

O +V-()=0p+V-J=0

7.2 Maxwell’s Equations in a Macroscopic Medium

Starting from the quantities derived in the previous section, the macroscopic Maxwell
equations can be written as:

VE="_vPx),
€0

oP OE
VxB —uo(J—FE—FVXM) +ILL0€OE.

where we recall that P is the polarization field, describing the density of electric dipole
moments within the medium, and M is the magnetization, representing the magnetic dipole
density.

To simplify these equations and separate the contributions of bound and free sources, we
introduce two auxiliary fields. The first one is the electric displacement field D, defined as:

D=¢E+P.

The second one is the magnetic field H, defined by:
1
H=—B-M,
Ho
where B is the magnetic induction field® (or magnetic flux density).

In terms of these macroscopic fields, Maxwell’s equations take their familiar form:

V-D =p,
oD
H=J+ =
V x +(‘3t’
OB
E=-"—
VX ot
V-B=0.

3Note the change in terminology
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These are the macroscopic Maxwell equations, where p and J now represent the free

charge and current densities, while the effects of bound charges and currents are absorbed
into the fields D and H.

Integral form. Using Gauss’s and Stokes’ theorems, the macroscopic Maxwell equations

read:
D-dS = / pdV
v 1%

Hﬂ:/ﬁds+2/bd&
8 S ot Js
fﬁaﬂz—g/Bd&

s ot Js

% B.-dS =0.

ov

To determine the electromagnetic fields in a material, one needs to specify the constitutive
relations linking the pairs (E, D) and (B, H). These relations characterize the electromag-
netic response of the medium.

In many materials, this relation is both local and linear, such that

Di=eiE;,  Hi=(u"")yB;
where ¢;; and pi;; are the components of the permittivity and permeability tensors, respec-
tively.

For isotropic materials, these tensors reduce to scalars:
€ij = €0i5,  Hij = [ 04,

which leads to the simple relations

D—c¢E, H--_B
7

Here, ¢ is the electric permittivity and p the magnetic permeability of the medium.

Usually, € > ¢¢. For paramagnetic materials, one has pu > g, whereas for diamagnetic
materials, 0 < p < .

In general, the permittivity may depend on the field amplitude, e = ¢(E). Expanding around

E = 0, one obtains

Oe
s(E)_e(O)+E-a—EE:0+...

However, in most cases, the dependence is weak and ¢ can be treated as constant.

Finally, comparing the electric field in vacuum and in a dielectric medium for the same free
charge density p, we have

V']Evaczﬁ’ V'Emedzg'

€0
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Since typically € > ¢, it follows that
Evac > Emed7
meaning that the presence of matter partially screens the electric field due to the polariza-
tion of bound charges.
7.3 Matching conditions

We now derive the boundary conditions that the electromagnetic fields must satisfy at
the interface between two media characterized by (€1, p1) and (g9, u2). Let the interface be
defined by the plane z = z;, and let n = z be the unit normal pointing from medium 1 to
medium 2.

A2
6 LA.Z

L)

z{,

Figure 7.2: Interface between medium 1 and 2. We consider a volume V = SAz.

Discontinuity of D Consider a small Gaussian volume of height Az and base surface S
crossing the boundary, such that Az < v/S. Applying Gauss’s theorem to V-D = p, we

have :
D-dS = / pdV.
v 1%

If a surface charge density oy is present at z = 2, i.e. p = 050(z — 2,) and decomposing the
displacement field as D = D+ 4+ DI, this becomes

S (Dé_ - Di_) = Sps>

which gives the first boundary condition:

Dy — Di = p,.

Discontinuity of B From V-B = 0, applying the same reasoning with the same gaussian
volume crossing the boundary yields

By — B =0.
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a2l ¢
v

v

Figure 7.3: 2D view of the Gaussian volume.

Continuity of E Next, we apply Faraday’s law in integral form to the area crossing the

boundary depicted in Fig.7.3 :
J(I{ E-dﬂz—i/B~dS.
oS dt Js

Letting Az — 0, the magnetic flux term vanishes, leading to
L (e} -El) =0,

or equivalently,

El—El =o0.

Discontinuity of H Let’s consider the same Gaussian domain as Fig.7.3 for the Maxwell

Ampere’s law :
H-dﬁz/J-dS—i—i/D-dS
o5 s dt Js

Let fi be the unit normal to the interface (pointing from medium 1 to medium 2), and t
the tangent direction along the surface of the boundary (along %X on Fig.7.3). The vector
perpendicular to the surface, following the right-hand rule is given by @ =t x fi. Along the
upper and lower horizontal sides of the loop, the field is approximately constant, giving

H-d¢ = (H)-t)L — (H|-t)L = L (H} - H)- t
oS

If a surface current density J¢ flows along the interface, we can write
J(r)=J;6(z — z)
The total current crossing the loop is then

Ienc:/JﬁdS:LJsﬁ:LJs(EXﬁ):L<Js Xfl)E
S

The displacement current term scales as L Az and vanishes in the limit Az — 0, since D
remains finite.
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The final boundary condition arises :
LH)-H)-t=L(,xn)-t

Noting that the equality must hold for any tangent direction t, we obtain the last matching
condition :

H) - H|=J,xn

Summary of boundary conditions

D, — Dy =0,
By — By =0,
E) -~ E| =0,

H) - H| =J, x i

These relations are known as the electromagnetic boundary conditions. They express
the continuity or discontinuity of the fields across an interface in terms of the free surface
charge density o4 and surface current density J, at the interface.

7.4 Electromagnetic Energy in a Medium

We now derive the expression for the electromagnetic energy density, flux, and conservation
law in a medium characterized by permittivity € and permeability pu.

Starting from Maxwell’s equations in vacuum, recall the conservation equation we found in
chapter 4 :

where

1 |
S= —ExB, u=2|E?+_-—[B]
Ho 2 2110

Now, in a material with polarization P and magnetization M, the averaged current density
is :

)
<J>—J+E+VXM.

Thus, the energy equation becomes

The only difference from the vacuum case lies in the additional terms involving P and M.
We have term by term :
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ou OE 1 0B
LRI 2
o O T T o
. oP
B-(j) =B-J+ B+ E(VxM).
V.S— ~V.(ExB)
Ho
Using the identity
OE 0P oD 10
e (E ! a) =B =P

and combining

E-(VxM)=V-(MxE)+M-(VxE)
together with B-0,B from Faraday’s law, we can group all divergence terms into an effective
Poynting vector and energy density :

Uot = %(E«D+B~H), Ser = ExH

leading to a very similar conservation equation :

aueff

V-S. EJ=0
En + g+

7.5 Electromagnetic Waves in Isotropic Linear Media

We now consider electromagnetic wave propagation in an isotropic, linear medium charac-
terized by € and p. From Maxwell’s equations (in absence of free charges and currents),

B D
VXE:—a—, Vtza—, V-D =0, V-B=0
ot ot
Using the constitutive relations D = ¢E and B = puH, we can proceed the same as in chapter
2 to obtain the wave equation for the magnetic field :

O*H
V2H — pue =0
ST
The phase velocity of electromagnetic waves in the medium is then :
1
v =

JiE

In vacuum, ¢ = 1/,/o€o, hence the refractive index is :

no S [HE o
v Moo

The plane wave solution to the wave equation is of the form :

H(x,t) = Hye'®* ) 4 cc., w = v|k|.
By carrying out the same derivation using the scalar and vector potential as in Chapter 4,
one can find that the magnetic and electric fields are still related by :
1

Mw(kxE).

1
B=—-(kxE)<H-=
w
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Reflection and transmission at an interface

A good application of the matching conditions derived in the previous chapter are the laws
of reflection and refraction. Consider an interface at z = 0 separating two media (g1, 1) and
(€2, 12). An incident plane wave in medium 1 arrives on the interface with incidence angle
0;, giving rise to a reflected and a transmitted wave :

Incident wave : E; = Eg; e/ & ™%t 4 ¢ ¢,
Reflected wave : E, = Eq, ' &™) 4 ¢,
Transmitted wave : E, = Eq; e &™) 4 ¢ e,

We will make use of the matching conditions to determine the transmitted and reflected
amplitudes and wave vectors. The situation is shown on Fig.7.4.

Reflected [ S Ay a,,
wave ‘

Transmitted Reflected

wave wave

4

Incident
. f wave
Incident Ho ;
wave f H;
Medium 1 Medium 2 Medium | [HS
(eg, wy) (€2, ua) (e1, 1) (flvl‘z.)
z=0 z=0
(a) Parallel polarization (b) Perpendicular polarization

Figure 7.4: Study case for the two components El and E*.

We need to match E* at the boundary z = 0 by the matching conditions. We can first place
ourselves at x = 0. This gives :

Ef 4+ Bf = Ef <= Efye ™! 4 B ™! = Eg e

Since this relation has to hold for any time ¢, we can extract the following relations on the
frequencies

W; = Wr = W,

In terms of wavevectors, using w, = v4|Ka| = c|Ka|/na, we have :

n
k| = [k, [ = — k|
U

Now, let’s place ourselves on a more general position on the plane z = 0. This gives :
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E(a)c'ei(kfx—i-kgy) + E[g)ﬁ ei(kffx—i—k}i’y) _ Egtei(kfx-i-ktyy) v,y
7 s
We conclude that the tangential wavevectors must also match for all (x,y):

ki =kl =k, K =kl=k < (k)= (k) = (ko)

2 (s K3

Writing this using the angles of incidence, reflection and transmission 6;, 6, and 6; :

ki = |k;|sinb;, kY =|k.|sinf,, ki = |k;|sin6,
We find :

‘ ny sin @; = ny sin 6, ‘

These are, respectively, the law of reflection and Snell’s law.

Let’s now focus on the 2 polarizations of the waves. The complex amplitudes can be decom-
posed in two polarizations Eg, = El(l,a + Eg.,. The parallel component lies in the z — z plane
(perpendicular to the wave vector k,) and the perpendicular one is orthogonal to the x — z
plane (see Fig.7.4).

For the parallel polarization, we can write :
El. = |E.|(cos 6;% — sin 6,2)
Egr = |Egr| (cos ;%X + sin 6;z)

Egt = |Egt|(cos 0,%x — sin 0,7)

Let’s define the wave independence in each medium as :

Zo =B
€a

The magnetic field is along the y direction. We can then write :

I | I
Eql |Eo, | | Eo|
Hy: | 07 7 HY — — Or 7 Hy: 0t
’ Z ' Zy ' Za
Continuity of the tangential components £, and H, gives
(i) Ef+E=E} <= |Egl| cos b; + |E|(|)r| cos; = |E(|)|t\ cos 0, (7.5)
E”.‘ ’Ell | |EH |
i) HY+ B = HY e (Bl [Bol_ [Eol 7.6
(11) 7 + T t Zl Zl Z2 ( )
Using these two equations allows to find the Fresnel relations :
- |Egr|  Zycosty — Zy cosb; |Egt| B 2 Z cos 0);

"= ’EM ~ Zycosl, + Zy cosb;’ = ‘E(‘)‘J ~ Zycosb, + Zy cosb;
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where r| and ¢ are respectively the reflection and transmission coefficients. A similar deriva-
tion can be carried out for the perpendicular polarization, which leads to :

_ |Eqy.|  ZacosO; — Zy cos b,

|Eq; 2 7y cosb;
T —_— —_— p— —_—
+ |E&|  Zacosb; + Zy cosb,’

YT IEL| T Zycosb; + Zy cosb,

t

7.6 Study case : dielectric sphere

Consider a dielectric sphere of radius a and permittivity €; placed in a constant electric field
Eq in vacuum. Rotational invariance justify the following Ansatz for the scalar potential :

O(r) = f(r) cosb,

The origin is taken at the center of the sphere and 6 as the angle between z and Ej;. When
the sphere is not there, the electric field is E = Ey = Eye.. The potential is thus :

b = —Fyz = —FEyrcos?,
So f(r) = —Epr. To find the exact form of f, let us write the matching conditions at the

interface of the sphere and the vacuum :

(Dl - DZ)J_ - 07
(E1 —Ey);, =0,
where the fields E;, D, are ouside the dielectric sphere and the fields E,, D, are inside. Note
that the r.h.s. of the first condition is generally p;n, where n is a unit normal vector pointing
outwards the sphere, and p; is the surface density of free charges, which is 0 in our case. We
relate the fields E and D with :
D1 = €0E1, D2 = €1E2. (79)

To get a condition on the potential, we use:
E=-V®=—f(r)cosfe, + /) sin 6 ey.
r

This reduces (7.7) and (7.8) to

e f'(a”) —eof'(a™)

0, (7.10)
fla*) = fla™) =0

Y

where f(a*) means lim, .+ f(r).
We now solve for the potential everywhere. The boundary conditions at r = a are given by
(7.10),(7.11). At r = 0, the potential should actually not depend on # so we impose

£(0) =0. (7.12)
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When we are really far away of the sphere, its effect should vanish and the potential should
converge to the result of question a)

lim (f(r) — (—Eqr)) = 0. (7.13)

700

We use the Maxwell equation:
V-D=p(z)=0

which, using (7.9), indicates we simply have to solve the Laplace equation V2® = 0, sepa-
rately in regions r < a and r > a.

Vi) = (f”(r) + %f’r — T%f(r)) cosf = 0.

This must be verified for any . Making the Ansatz f(r) o 7!, we get that the parenthesis
vanishes if
P+1-2=0 = Il=1lorl=-2.

Since the equation is linear in ®, any superposition of these solutions is valid, so we get:
£r) Kir+ Kor™2 r<a,
r) =
Cir+cor™2 r>a.
Boundary conditions yield:

(7.12) = K, =0,

(7.13) = C), = —Ey,

(7.10) = &1 K, — £o(C) — 2C5a*) = 0,
(7.11) = Kja — (Cra + Cya™?) = 0.

The last two equations solve to:

Ky =— 0 2 = a3E0
250 + &1 ' 250 + &1 ’
which give as final answer:
_3_¢o
Fr) = { 32€0+€1E0r . r < a,
_ £1—¢gg a®
Egr + PP Ey r>a.
The potential we found is thus :
o {—32€§i€1E02 r<a,
- e1—eg a®
—Fyz + T Eoz r>a.

At r > a, we found the term from the external field Eq, and the second term looks like a
dipole potential, which means the polarized sphere produces a dipole field:

3
€1 — &y @ 1 d-x €1 — €9
for d=4reg——a®

_— = E,. 7.14
2e0 + &1 713 0% dreg 13 . 2e0+er 0 ( )
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Now, imagine that the gas fills a sphere of radius R around the origin, with »r > R >
n~Y3 > a, with n the number of spheres per unit volume. This hierarchy of scales means
the following. The typical distance A ~ n~'/3 between the small beads is much larger than
their radius a, which means the beads don’t interact (at the position of one bead, the dipole
potential from an other bead scales like a?/\? which is negligible). But the sphere of radius
R contains many beads, which means we can consider the gas homogeneous. And we look
at that sphere from a very large distance r. Then we compare the effect of this sphere of
gas, to the effect we computed for a sphere of continuous material, to extract its effective
permittivity e.

From that distance, at first order every bead is located at the origin. Moreover, since they
don’t interact, they all get polarized like we computed before. So, we can simply add up
their dipole contribution to the potential:

1 aEq- (x—x;)
=—F
Oz_'_z 477'60 |X Xi|3

1 aEy - x AT R*n

~ — [
0% + drey 13 3
1 d-x
=—F
0z + dreg 13

Here the index ¢ runs over all the beads. Like previously, we find the effect of the big sphere
to amount to a dipole d’ = o'Eg, with

4 €1 — €E—&p
"= = — " |R*=14 R3.
a TEQ <37ma 90 + 61) TEQ 900+ 2

The last equality defines ¢, and is fixed by analogy with the definition of « in (7.14).
Thus, € is given by

€—¢€o 4 3 €1 — €p

na’———,
2¢0+¢ 3 260 + &1

which yields:
]_ ‘I— 25 4 3 €1 —¢€o

1-¢&7 §:§7rna 2e0+ €1




Chapter 8

Special relativity and Covariant
formulation of classical
electrodynamics

8.1 Introduction to Special Relativity

Galileo (1564-1642) postulated that the laws of physics are invariant under a change of
reference frame. If two frames F and F’ move with a constant relative velocity v, the
transformation of coordinates reads :

x' =x+ Vt, t=t.
This is the Galilean boost. Together with spatial rotations :
X/ = R X = RijZL‘jéi
and translations (spatial and temporal) :

x =x+a, t'=t+T

these transformations form the Galilean group, the symmetry group of Newtonian mechanics
(Newton 1643-1727).

By the end of the 19" century, light was understood as a wave. Since all known waves
required a medium, physicists postulated the existence of the ether, characterized by:
1
A=—.
Eolto

It was then natural to expect that the speed of light would depend on the observer’s motion
through the ether. Thus, in a rest frame, the light would propagate at velocity ¢ but in a
frame moving at velocity v, it would drop to ¢ — v :

wave inside train| — ¢ — v

O O
N\ N\

60
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However, experiments such as the Michelson—-Morley interferometer (1880s) showed that
the measured value of ¢ was constant in all inertial frames. This showed the failure of the
wave equation to be invariant under Galilean transformations.

At the dawn of the 20*® century, Lord Kelvin described two main “clouds” overshadowing
classical physics:

e the constancy of c, i.e. the failure of classical mechanics to explain the invariance of
light speed;

e the ultraviolet catastrophe, i.e. the failure of classical radiation theory to explain
blackbody spectra.

The revolution of 1905 Einstein’s special theory of relativity (1905) resolved the first
cloud by postulating that:

1. the laws of physics are the same in all inertial frames;
2. the speed of light in vacuum, ¢, is invariant in all inertial frames.
These principles replaced Galilean invariance with Lorentz invariance, marking the birth

of modern physics.

8.1.1 Symmetries of a Lagrangian

Consider a typical Lagrangian and its associated action :
1
L=Y" §mi>'<? =) V(xi—x),  S= /dtﬁ.
i irj

The equations of motion follow from the variational principle :

0S

) -

If the Lagrangian (and hence the action) is invariant under a certain transformation, the
equations of motion remain invariant as well. It is possible to show that the action is left
unchanged under any Galilean transformation. We will show only the invariance under
a Galilean boost, corresponding to changing to a reference frame moving with a constant
velocity v with respect to the original one :

X, = x; + Vt, t'=t.

Under this transformation, the velocities transform as X, = x; + v, and the Lagrangian
becomes :

1 ) d
[,/ = Z §ml(x2 + V)2 — Z V(le — Xj’) = £ —+ % (Z m;Vv - X; + %miv2t> .
[2¥} 1

7
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Since the difference between £’ and L is a total time derivative, the action S is invariant:
S"= 8 + (boundary term) = S =G5.
Therefore, the equations of motion are unchanged by a Galilean boost.

It is sometimes convenient to represent the Galilean transformation as a linear operation on
an extended coordinate vector! :

t
(t,x) = 2" = 1 , x’“—é(v)x“,
T2
x3
with :

1 000
A i U1 1 00
GVI=1u 01 0
V3 0 0 1

This expresses the transformation :
(t,x) — (t,x+vt)
in compact form.

The set of Galilean boosts forms a group under composition. Indeed, applying two boosts
with velocities v and v’ successively is equivalent to a single boost with velocity v + v':

A

Gv)G(V) =G(v+V).

Hence, the Galilean boosts satisfy the usual group properties: closure, associativity, existence
of an identity element (v = 0), and an inverse element (v — —v).

Group of rotations Consider a spatial rotation acting on the coordinates :
.T;:Rijl'j, X/:ﬁiX

We can generalize this definition to our extended vector x* for a more compact and uniform

writing :
. . 1 0
" = RtgH, RF = .

Here R is a 3 x 3 matrix representing a spatial rotation.

We will now state properties of the rotation group.

I This is called a Lorentz 4-vector but we will come back to it later with a much rigorous definition.
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Arbitrary rotation. Any spatial rotation can be written as a combination of three rotations
about the coordinate axes :

~ A A

R = ny Ryz sza

where, for example,
cosae  sina 0
Ryy(a)= [ —sina cosa 0
0 0 1

is a rotation around z of an angle a.

Orthogonality. Rotations preserve scalar products :
X'y = a2y, = Rijz;Rayr = ;R Riye = ;(RTR)j =25y, = x - y.
This condition requires rotation matrices to be orthogonal, meaning that :

R'R=1, RyRu=0p=1y  det(RTR)=1 = det(R) = +1.

Preservation of orientation. Proper rotations also preserve the orientation of space,
which requires :

det(R) = +1.

In contrast, orthogonal matrices with det(P) = —1 correspond to improper transformations
such as spatial reflections (e.g. parity z — —z).

Rotation group. The set of all 3 x 3 orthogonal matrices with determinant +1 forms the

group : . N R .
SOB)={RcOB)|R"R=1, det R=1}.

It is a 3-dimensional Lie group describing all possible spatial rotations. If we also include
reflections (det = —1), we obtain the full orthogonal group O(3) = R & P.

8.1.2 Failure of invariance of the wave equation

Consider the standard wave equation :

, 1 0 9 1 92 o 0
Oy(x,t) =0, ie. (?ﬁ -V ) Y = (0—2@ ~ o 331:") P = 0.

Where we used Einstein summation convention for repeated indices. This equation is invari-
ant under spatial and temporal translations, and under spatial rotations. However, it is not
invariant under Galilean transformations :

X =x+vt = 2" =2’ +'t, t =t
The time and spatial derivatives transform as

9_oo o 0 0 o 0
ot otor T ot oxi o Corit  or oxh




64 8.1 Introduction to Special Relativity

Hence,

0?2 a+iaz 82+2i82+ d?

ot? ot ox’ ot’? ox"ot! 0x" 0z

Substituting into the wave operator shows that cross-terms appear, so the wave equation
is mot invariant under Galilean boosts. This is because we did not transform c. This is
where Galilean relativity fails and the constancy of ¢ enters. As a consequence, Maxwell’s

equations are also not invariant under Galilean transformations.

(v'e)

8.1.3 Invariance of the speed of light and wave equation under
Lorentz transformations

We would like to suggest that the principle of equivalence of inertial reference frames re-
mains valid in electromagnetism. However, the transformation laws for coordinates must be

modified.

Galilean boosts are thus replaced by Lorentz boosts. We now ask:

Which transformation leaves the wave equation invariant?

@)@ ()] -

There are several ways to derive it, here is one of them using what we call a Wick rotation.
The usual wave equation can be written as :
[1 0? 0? 0? o?

2ot 922 0r 942

oo

The spatial part is invariant under the rotation group SO(3). To make the equation invariant
under a larger group, we introduce an “Euclidean time” variable (Wick rotation) :

. i . 0 0

T, = —ict, t=-x,, — = —ic—=.
0 ¢’ ot ozl

The equation then becomes :

0? 02 0? 0>
I(xb)? i x? i 0z * Dz’

Y =0,

which is invariant under the SO(4) group of 4D rotations. They are completely analogous
to 3D rotations. A 4D vector a:ff = (ng, 71, T2, x3)7 transforms under a 4D rotation as :

Er _ AE _E ATA 7T
l’u _A/JJ/:CI/7 AEAE — I

The last expression can only be formulated component wise :

(AAg) = (AP)LAL = ALAL =4,

pv
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This implies that scalar products are preserved:

E E/: (AEZ'E

T
r,y, Vi u) (AE)\yf) = l’f (AE)uU Af/\yf = xfdﬂ)\yf = xfyf = x(?y§+xlyl+x2y2+$33/3-

where we used that the terms commute since we are summing. Now, the sum implicitly goes
from 0 to 3.

The SO(4) group contains both the usual spatial rotations and additional “mixing” rotations
between time and space coordinates. An arbitrary rotation is then given by :

AE _ AE AE X\E AXE AE AE

A" = AOI A02 A03 A12 A23 A13
—_——
SO(3) rotations

For instance, a rotation in the (z¢, 1) plane reads

Ty = XoCoS v + T sin

cosae sina 0 0
. / .
AE —sina cosa 0 O Ty = T1COSQ — TpSIn o
01 — )
0 0 10 x’2 = 9
0 0 01 ,

Asin the 3D case, these rotations do not commute, and the same holds for their 4D analogues.
Going back to Lorentzian time, we can see how the 01 boost acts on the relevant parts (2
and 3 are unchanged) :

Ty = ToCcos v + T sin —ict’ = —ictcosa + x1 sin «
, . 9 .
X = r1cosa — xpsin xy = x1 cosa + ict sin «

Now, let’s define the rapidity x = ic and using that cos(a) = cosh(x) and i sin(a) = sinh(x),
we get :

t' = tcosh x + % sinh x
x) = xy cosh x + ctsinh x

We have derived the so-called Lorentz boost along the x-direction. Introducing the usual

parameter82 :

1
ﬁ:g, V= and tanh y = (3,
c

S

we can express the hyperbolic functions as :

cosh xy =7, sinh y = 0.

Hence, the Lorentz boost becomes :

( v

i = (t = g%)
2 = (a1 + vt)
Th = Ty
(73 = 73

2We will show how we got the correspondence between the rapidity and 8 and 7 in the following section.
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This is the standard form of a Lorentz boost in the z-direction.
In the limit of small velocities § = v/c < 1, we have

vy 14 %ﬁz ~ 1
and therefore,
t ~t, Ty~ x + ot

This shows that the Lorentz transformation reduces smoothly to the Galilean transformation
when v < ¢, as expected from the correspondence principle.
In a matrix form, the Lorentz boost along the x-axis can be expressed compactly as :

v By 00
. By v 00
Ay =

0 0 10

0 0 01

More generally, we may consider a boost along an arbitrary direction v = vn, where n is
a unit vector. In this case, the Lorentz transformation acts separately on the components
parallel and perpendicular to the boost.

We decompose any spatial vector as

~ A~

X =X|| + X, x| = (x-n)n.

. X>
2 )’

x| =7 (x)+vt),

The Lorentz boost with velocity v then reads :

A%

t':’y<t+

Equivalently, in compact form :
x' =x| +7(x+vt).

This is the Lorentz boost in an arbitrary direction. Notice that when n = x;, we recover
the standard x—direction boost introduced above.

8.2 Lorentz Four-vectors

8.2.1 Covariant and contravariant vectors

Let’s introduce the so-called Lorentz Four-vectors. First, introduce the Four-position x*.
This is a 4-component vector, defined with the upper index u as :
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where 0 = ¢t. This is called a contravariant vector. One can wonder what is the difference

between an Euclidian 4-vector as defined above and the Lorentz 4-vector. Euclidian 4-vectors
work exactly the same as our usual 3 vectors, with a scalar product satisfying :

vy aly = (2p)" + () + (2%)" + (%)

However, since we want to work with real time, we find that Lorentz 4-vectors, defined with

real time 29, = —iz°, should fulfill the following dot product relation :

ot ot = —(2%)? + (1) + (2%) + (2%)? = z,at

Where we define the lowered indexed covariant vector (or covector) as :

—ct
I
X2
T3
We see that the only difference between the lowered and upper indexed quantity is the 0-th

component defined as xy = —ct = —2°. This pushes us to define a way to raise and lower
indices. This is done through the Minkowski metric in the (— + ++) convention?:

TN T _ v
, ="z, x,=nuT

o O = O
o = O O
= o O O

This metric tensor can be seen as the Dirac delta in our space time vectorial space. Indeed :

at oyt =yt = ™y, = 2wy’ = 2y,

This relation shows important properties.

1. The choice x,y" or x*y, does not matter: both represent the same scalar quantity,
v = ay =~V 4 (@) (@) ()

2. When summing over repeated indices, one must always have one index up and one
index down. For example,

_ A
Apwp = 1w Au”p,

means that we contract the index A using the metric 7,,. This can be seen as taking
a “sum along the diagonal” between a contravariant and a covariant component.

3. Indices that are summed over (repeated once up and once down) are said to be con-
tracted.

3Sometimes, the opposite convention exists, the (+ — ——) convention, where Nuv = diag(1,-1,—-1,-1).
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4. Any expression in which all repeated indices are contracted is a Lorentz scalar, i.e.
invariant under Lorentz transformations. This can be expressed by :

A,B" = A,B"
where the primed quantities refer to the same vectors expressed in the boosted frame.

To develop more on this last remark, let’s express the Lorentz boost from a rest frame R to
a moving frame R’ along z'. This can be expressed through the usual boost matrix :

v =By 00
AR =By v 00
0 0 10
0 0 01

Thus, we can express how a contravariant 4-vector z* transforms under a change of frame
encoded by A*, :

ot = A", 2

One can remark the similarity of the previous expression with the usual boost x' = Ax.
The reciprocal boost can be expressed as :

v By 00
Ay, —an— |0
0 0 10
0 0 0 1

Proof : To show this, we use that the Minkowski interval is invariant :

Nop 2P = Npo 2727
Since z'* = A%, z#, we have :

Nap 220 = nog A 2" A,2" = (nag A, AP 2

Because this equality must hold for any four-vector z*, we obtain the following identity :

Nap AN, = 1y
or, after renaming the dummy indices,

Ny N5 = (AT) P Ay = 10
which is the component form of the Lorentz-invariance condition :
ATHA =7

One can also rewrite the Lorentz invariance condition in the following way:
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Nap AOCMABV = Aaquw = ABMA'BV = Nw

Let’s now contract this expression with n*:

Aﬁu UW ABV — AB’) AB,, — nup N = 67,

Hence, we conclude that the inverse Lorentz transformation can be expressed as :
(A71>M1/ = P Aop o P AL — n—lATn

It follows directly that the inverse transformation reads :

O
Now, let’s come back to the 4-th remark we did before. Since any contracted expression
must be Lorentz invariant, we can express how a covariant vector V,, transforms under the
same change of frame :

Vi=ASV, = (A1),

Indeed, this can be shown through the invariance of a scalar contraction. Consider the
invariant scalar V,,B*, where B* is any contravariant vector. Under a Lorentz boost we have
B'" = A*,B”, and by invariance :

V.B" = V,B"
Substituting the transformation of B* :
VIA',BP = V,B"
Since this must hold for any B”, we conclude :

VAR, =V, = V= ()N = A

The transformation laws for covariant and contravariant components ensure that scalar quan-
tities, such as V,, B, remain invariant for all inertial observers. This invariance reflects one
of the most fundamental symmetries of nature: the Lorentz symmetry. Lorentz transforma-
tions form a group that preserves the structure of spacetime, meaning that the physical laws
(in particular those of electromagnetism and relativistic mechanics) take the same form in
every inertial frame.
Geometrically, a Lorentz boost can be seen as a hyperbolic rotation in the (ct, z') plane of
Minkowski space, where the rapidity y is defined by tanhy = . Just as ordinary rota-
tions preserve distances in Euclidean space, Lorentz transformations preserve the Minkowski
interval :

s° ==t + (2')’ + (2°)* + (2°)* = x 2"
which remains identical for all inertial observers. This expresses the deep symmetry under-
lying special relativity: time and space are not independent, but form a unified spacetime
whose geometry is invariant under Lorentz transformations.
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Four-derivative The four-derivative (or four-gradient) is defined as the covariant vector

1
Oy = _% _ 0
re CV a (91:“
and its contravariant counterpart as :
10
M=n"0, = cot
v
The corresponding Lorentz-invariant operator is
1 9 9
0,0" = a2 +V° = -0,

known as the d’Alembert operator. It directly appears in the relativistic wave equation,
confirming that the latter is Lorentz invariant. This is written :

Oy(x,t) = —0,0"Y(a*)

Transformation of functions Let’s now see how a scalar function f(z#) transforms under
a Lorentz boost.
A scalar field is, by definition, invariant under a change of frame :

f@) = f(=),
where the primed coordinates are related to the unprimed ones by

" =N, a2’ or equivalently 2 = (A~H)*, 2.

Let us now look at how derivatives transform. Taking the derivative of f'(2') = f(x(2'))
with respect to x gives :

of'() _0f(x) s ., 0f()
ox'v oxr Ox' Y Ok

o, f = =AN"0,f.

Therefore, the derivative operator itself transforms as :
0, = A0y,

which shows that J,, is indeed a covariant vector.

The same reasoning applies to higher-rank tensors. For instance, a rank-2 covariant tensor
transforms as :

Al = NSNS Ay, AR = A A, A
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Addition of velocities Starting from the Lorentz transformation for a boost along x:

ct’ = (ct = ),
o' = (z — Bet), B=

!/ /I _
y_y7 Z_Za

? ’7 \/1_7/82

\4 1
c

Let’s differentiate :
d(ct') = y(d(ct) — Bdx),

dz' = ~(dz — B d(ct)),
dy' = dy, dz' = dz.
Recall that, in R, we have :
de =v,dt, dy=v,dt, dz=v,dt, d(ct)=cdt.

Thus,
cdt' =~(c— Bv,) dt,

dz' = y(vx — ﬁc) dt,
dy' = v, dt, dz' = v, dt

This lead us to the expression of the velocities in R’ :

U,:d_a';’: v (v — Be) dt :Ux—ﬂc:vx—v
Todt y(ec— Puy)dt/c 1— Bug 1_ vV
c c?
o = dy' _ v, dt _ Uy _ Uy
voody c— Bv,)dt/c Bu, v,V
R
c c
v
! z
Ve = vV
-z
In summary, the velocity addition formulas are :
;v —V ;o vy ;o v,
Vo = . v,V Y= WV T vV
_ 2 v 1— 2 Y 1-— 2

Let’s consider 2 limits :
o V,v,, . << c: We go back to our usual Galilean formulas (since v~ 1) :
Uy, R Uy — V, v, R Vy, U, RV,

e v, = ¢ : this corresponds to the case of a photon moving along the z-axis. Using the
addition formulas, we obtain :

, c—=V , Uy
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Hence, the speed of light remains invariant (v = ¢) as required by special relativity.
However, if the photon is not exactly collinear with the boost direction (v,, v, # 0), we
observe an aberration of light: the direction of propagation is tilted toward the x-axis
while keeping |v'| = c.

This is for this reason why Michelson and Morlay did not see a change in the speed
of light during their experiment. This is also the reason why the wave equation is
invariant under a Lorentz boost.

Interval The spacetime interval between two events is defined as :
s = —2(At)? + (AT)? = Azt Az, Axt = (cty — cty, 9 — 1, Y2 — Y1, 22 — 21)-
The interval corresponds to the “internal” or proper time of the object when s? < 0, with :
T =vV—-52/c

It represents the quantity invariant under Lorentz transformations. Three kind of space-time
events can be defined :

s < 0: time-like interval (a signal can reach the point)
s> >0: space-like interval (a signal cannot reach)
52 =0: null interval, light cone.

Time-like intervals correspond to events that can be causally connected by a subluminal
signal, space-like intervals correspond to events that cannot be connected by any physical
signal (v > ¢), and null intervals correspond to light rays that define the boundaries of the
light cone.

8.3 Covariant form of Maxwell’s equations

8.3.1 Four-current and Four-potential

Going back to classical electrodynamics, recall how the charge and current densities trans-
forms under a Galilei transform :

p(t,X) — p,(tlaxl> = p(t(t,), X(t,7X,))

J — J{E®), X (x,t) =T, xt,x)) +vp(tt'), x(t',x))

This reminds us of how 2# = (ct, x) transforms in the non relativistic limit :

t—t =t

Xx—+X =x+vt
This motivates us into defining a new four-vector in a similar way of the 4-position, the
Four-current, defined as :
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The charge conservation then reads :

Op+V -J=0<+=09,J'=0
Under a Lorentz boost, the 4-current transforms as a contravariant vector :
JH (') = ATV (z(2)) = AP, TY (A1)

We can also define the Four-potential as :

(4

We can see that this definition is well acquainted with the gauge symmetry condition :

b - & — 8,5@
Which reads in covariant formalism :
Ioe!
- — 2t
A#:< ) — A, +co,a= ¢t c
cA cA; + c O
Now, recall the Maxwell’s equations in Lorenz gauge, using the box operator defined as :
1 02
0= ErTh V2= —0,0", we have :

P 1
O¢p=—, OA=pJ=—-—1J
with the Lorenz gauge condition :

10¢
AF — 227 A=
oM . t—i—cV 0

In terms of four-vectors, we can write the Maxwell’s equations as :

o L [cp 1
O = — — OAt = —J*
(CA) CEo <J) C€o /
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8.3.2 Field strength

The next logical step is to derive the covariant form of the electric and magnetic fields E
and B. To do so, let’s define the Field strength :

By — 0,4, —d A,

This is a 4 x 4 covariant tensor, fully antisymmetric F),, = —F,,, and Gauge invariant :

F., = 0,A, + c0,0,a0 — 0, A, — c0,0,00 = F,,

F,,, transforms under a Lorentz boost as :

Flu(a?) = F, (@) = AN Ey (24(2'))
Let’s check what are the components of the field strength tensor. Recall first the fields :

00 DA,

B = - — =%,
8%- ot

Bi = (V X A)z = Gijkaijk
The first line of the field strength tensor is given by :

1 . . .
FOV - @OAV - 3VA0 - EétAy + 6V® — (0 Al + 81@ AQ + 02@ A3 + 83@)

Thus, we have :

FO'L:(O _Ez _Ey _Ez)a i:1a2735xayaz

Recall that the Greek indices p, v, p can take values from 0 to 3 whereas the latin indices
1,7,k from 1 to 3. They label spatial coordinates only. For the other components, we can
check for example :

Fy = 82A1 — (91142 = CayAx — Casz = —¢ (V X A>z - _CBz
This lead to the final form of the field strength :

0w =5, =B, =B,
E, 0 cB, —cB,
i E, —cB, 0 cB,
g, @y = 0

And it’s contravariant form :

0 E, E, E,
—E, 0 cB, —cB,
—-F, —cB, 0 cB,
—-FE, ¢B, —cB, 0

P =
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8.3.3 Covariant Maxwell equations

Before writing Maxwell’s equations in covariant form, let us briefly recall the role of Lorentz
transformations and gauge transformations in electrodynamics.

Lorentz invariance. The electromagnetic theory must be invariant under Lorentz trans-
formations:
ot — o =AY, AF — AP =AM AV,

with A*, satisfying naﬁAO‘MAﬁV = 7. The fields E and B then mix into each other in a
consistent way. Lorentz invariance reflects a physical symmetry of spacetime.

Gauge invariance. In contrast, gauge transformations
A, = A+ coa(r),

do not correspond to a physical symmetry. They express the fact that many different poten-
tials correspond to the same physical fields (E,B) or equivalently to the same field tensor
F,,. Gauge symmetry is therefore a redundancy of description.

Goal. We want equations that are:
e Lorentz covariant (so that the form of the equations is the same in all inertial frames),
e Gauge invariant (so that physics does not depend on the choice of potential).
This motivates the introduction of the field strength tensor F,, = d,A, — 0, A, since it is:
(i) antisymmetric, (ii) Lorentz covariant, (iii) gauge invariant.

Now that we have the field strength tensor F,,,
a compact and Lorentz-covariant form.
Recall the inhomogeneous Maxwell equations:

we want to rewrite Maxwell’s equations in

V.E= gﬁ, V xB — 020 OE = pioJ.
0

In terms of the four-current J* = (cp, J), these two equations combine into a single covariant
expression:

1
B FH = — — J.
CEp

This equation is Lorentz covariant (good) and gauge invariant (also good), since F),, does
not change under A, =+ A, + c0,0.

The homogeneous Maxwell equations,
V-B =0, V xE+ 0B =0,

must also be written in covariant form.
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To do so, introduce the Levi-Civita tensor é**7?, defined by
£

and fully antisymmetric under any exchange of indices. It is a Lorentz-invariant tensor
density:
AF QN g NP N7 50070 = ghver,

Using this object, the homogeneous Maxwell equations take the compact form:

£1P7 9, Fy = 0.

This expression encodes both V-B =0 and V x E 4+ 9,B = 0.

Even more importantly, this equation is identically satisfied when F),, is expressed in

terms of a potential A,,:
F. =0,A, —0,A,.

Indeed,
etP? 0,(0,A,) =0,

because 0,0, is symmetric under v <+ p whereas ¢#"*? is antisymmetric. Thus the homoge-
neous equations impose no additional constraint once we define F},, via a potential.
8.4 Covariant form of Newtonian mechanics

To solve the motion of charged objects, we need forces (Lorentz force). We also need Newton’s
law F = ma in a Lorentz-covariant form.

We define the proper time as :

1 dx? dt
dr = = /=datda, = diy[1 - 02;2 —dt\/1— B = =

Thus :

AT = /tz din/1 — p2.

t1

We define the Four-velocity as :

with a fixed norm w*u, = v*(—c* 4+ v?) = —¢?

Finally, the Four-acceleration can be defined in a similar way

c—dfy

dut dut 0
e R e dt

at = - = — =7 d(yv) —p—1 (a)

dt
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with a = d,v the usual acceleration.

Recall the non-relativistic Lorentz force :

dp _

—F -
ma s dt

F, F=¢gE+vxB).

A natural question is: what is the relativistic generalisation of Newton’s law ma=F ?
Since u* is the 4-velocity, the only Lorentz-covariant way to define a force is through a tensor
that already mixes electric and magnetic fields. The only available rank-2 tensor is the field
strength F*.

Thus the only linear, Lorentz-covariant equation of motion is :

This equation satisfies:
e linearity in the charge ¢ (superposition principle),
e correct non-relativistic limit,
e gauge invariance, because F* is gauge invariant.
In components, its spatial part reproduces the usual Lorentz force:

dp_

o =q¢(E+vxB).

Whereas its time component gives the work-energy relation. Indeed, taking p = 0 gives:
ma® = gF .
c
Using F* = Ej, u; = yv; and a® = cd,7y, we have :
d

E(vm&) =qE-v.

Thus the relativistic energy £ satisfies

This is the relativistic work—energy theorem.

It is natural to define the 4-momentum :

E
p“zmvf‘z(?p>, p = ymv, a' =y——
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The 4-momentum has an invariant norm:

which is the relativistic analogue of “mass is constant”.

In the non-relativistic limit, expanding + at small velocities gives :
1
E =ymc* =mc* + §m02 + O@*/c?).
Subtracting the rest energy mc?, we recover the classical kinetic energy:
Lo,

K = —mv~.
2

Thus the covariant equation ma* = %F" u, contains both Newton’s law and the Lorentz
force as limiting cases.

From the invariant norm of the 4-momentum, we can relate the energy to the momentum p

Writing

the invariant norm gives

2
_ (é) Lp?=—m2l

C

Multiplying by ¢? yields the fundamental Energy—momentum relation :

E? = p’c + mich.

This relation holds for any relativistic particle.

8.5 Relativistic motion in a constant electric field
We consider a particle of charge ¢ and mass m in a constant, uniform electric field
E=(F,0,0), B =0.

The Lorentz force gives

dpy

— =¢E — ¢

it 1 dpy _
dt ’

SO
pa(t) = qEt + pY, py(t) = pg = const.
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The relativistic energy is

&= \/m204 + p2c? + pic?.
The velocity is related to the momentum by

oL b G Ao,
E dt

To simplify, choose the origin of time such that

VvV =

t=0 = p,(0)=0.

Then
po(t) = qEt,  py(t) = p).

Define the constant
P=mict 4+ (p) = E(t) = VK2 + (qBt).

We first study the longitudinal motion z(¢). We have :

dv 2p, _ cqbt
dt & K2+ (cqEt)?
Then . /
v Et
T = / dz' =c | dt’ “
) to V "12 + (Cth/)2
Introduce
z=(cqBt)? = dz=2(cqE)*t dt,
Then
e PGERCTIE
x(t) = dz————= =29+ — /K> + (cqL't
2¢qE ) (cqity)? N ° b

For large times, cqEt > k, we have

V K2+ (cqEt)? ~ |cqFEt|, = x(t) ~ xo + ct,

so the particle asymptotically approaches the speed of light.
Inverting the last results allows to find ¢(z) :

cqFt = \/@?F%(x — x0)? — K2
The Transverse motion y(t), can be treated similarly.

We are mostly interested in the Trajectory z(y). First, write :

dx
dr _ at
dy_dy

dt
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Relativistic motion in a constant electric field

where we had :
dx cqEt

k2 + (cqEL)?

= =

dy p)

dt /et (cqEt)?

Which yields :

dr  cqEt 1

\/qZEZ(x _ %)2 — K2

dy ol o

Introduce w = qF(z — xy), dw = qEdx :
dx

1
B —\/q2E2(x—x0)2 — k2= /w2 — g2
dy  cp, cpy)
Thus . .
c C d
dy = —Pv gy =Py W
w? — K2 B w? — k2

To integrate this, set

w = kcosh a, dw = ksinh a da, Vw? — k2 = ksinh o.

Then . .
cp, ksinhada ¢
gy P msivhada _ah
qF ksinha qF
Integrating:
Py
y= .k @+ Yo-
Hence
qF
o= —O(y — %)
cpy)
Since

w = kcosha = qE(r — o),

we obtain the trajectory

K qF
z(y) = w0 + E COSh(@(’y - ZJO)) .

q
Explicitly,
1 E
z(y) = o + q—E\/m2C4 + (py)?c? Cosh(z?g(y — yo)) )
For large y:
cosh(Cy) ~ %eCy, z ~ Oy el 1B/ePy)y,
Thus
o1
y ~ logz, Y~ =

t
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8.6 Relativistic motion in a constant magnetic field

We consider a relativistic particle of charge ¢ and mass m in a uniform magnetic field, with
no electric field :

E =0, B =108,z
The Lorentz force gives :

E:qva,

and since £2 = m?c* + p?c?, we find that :
¢ & dp &
G EP e
Which implies that £ and therefore |v| are constant.
Using p = ymv with v = £/(mc?), we find that :

d B Bc?
—V:ivazvow, wB:q—:qC,
dt  ~ym ym &

qp-(vxB)=0,

Where we have defined the relativistic cyclotron frequency wg. The equations of motion are
the same as in Galilean mechanics :

dv, du, dv,

dt =Y, dt = WRYy, —, — —wWBU,
They describe a uniform rotation in the (x,y) plane.
For completely general initial conditions :

z(0) = xg v2(0) = g0
y(0) = yo vy (0) = vyo
2(0) = zo v,(0) = vy

The solution reads :
V(1) = 40 cos(wpt) + vyo sin(wpt)

vy (t) = vyo cos(wpt) — vy sin(wpt)
v,(t) = v,
and, after integration :

z(t) = mo + 0 sin(wpt) + @(1 — cos(wpt))
wp wp

y(t) = yo + v sin(wpt) — @(1 — cos(wBt))
wp wp

2(t) = 2o + vsot
The motion is therefore a circular orbit in the (x,y) plane with constant angular frequency.
4B, B 1
- ym’ 7_\/1_1)32604—1}504—1}207
2

wB

determined entirely by the initial velocity. The Larmor radius now reads :

/.2 2
VL Uzo T Yyo Ymuv

pL = — =
wp wpB qB.
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8.7 Radiation of a Moving Charge

We start from the non-relativistic Larmor formula (see Chapter 5), which gives the instan-
taneous radiated power of an accelerated charge :

2

q -2 0
d€ = dT = cd
6megc® woar = edp

where u = dx/dr is the spatial part of the four—velocity.

Relativistic generalization To obtain a covariant expression valid for any velocity, it is
natural to promote the Larmor formula to a four—vector relation. The only Lorentz—invariant
scalar one can form from the four-acceleration a* = du*/dr is:

du* du,,
dr dr -’

The radiated four-momentum must therefore be proportional to this invariant times the
four—displacement dz*. This leads to the compact relativistic Larmor formula:

2 v
q du” du,
dpt = '
b 6meoc? <d7’ dT) ’

B
a’a, =

This expression reduces to the usual Larmor formula when v < ¢, and it immediately implies
that the radiated four-momentum is parallel to the particle’s four—velocity.

To make contact with the three-dimensional formulation, we now compute explicitly the
invariant a”a,.

Recall :
i dut dut
a = — = —_
dt dt
We first compute :
dy d _ .
i 5(1—52) =58
Thus Jut
r :C(% ’75+’Y,3)

and multiplying by the factor v :

v = (1. 18+26)

We now evaluate the invariant :
12
da, = [—% + |18+48| }

Usingy =2 (83 - B), one arrives, after simplification, at the identity:

ata, =" [62 — (B x [3)2} .
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This is the key relativistic generalization of the non-relativistic acceleration squared.

Plugging this result into the covariant radiation formula gives the total radiated power:
_dE ¢
dt 6reycd

o [52 — (B x 5’)2] -

This is known as the Liénard formula. It reduces to the familiar Larmor expression in the
non-relativistic limit § < 1, for which v — 1 and 8 ~ v/c.
A full derivation using the Liénard—Wiechert potentials yields the radiated power per solid
angle:
.12
de 2 |nx -8 x4
dQdt  16m2g,c (1—n-B)°

Here n is the direction to the observer. Integrating this expression over €2 reproduces the
total radiated power P above.

Using the Lorentz force g " u,,, one can make use of Newton’s second law to rewrite the
c
Larmor formula as :

d(c/' q2 " q4

—=—ata, = ————— F*u, F,u’
dt  6mepcd " 6megm2c® He

8.8 Electromagnetic stress-energy tensor

We define the Electromagnetic stress-tensor as the following quantity :

1
T" = & (F“O‘F”a — Z77W1:’aﬁzwﬁ)

This symmetric tensor encodes four conservation laws (one for energy and three for momen-
tum). To see this, we first look at its components in terms of E and B.
A straightforward calculation gives :

700 — %O(E2 + *B?) = Uem
. 1 1
TOz: _S’i: —(EXB)l
c e

Tij = —&p (ElE] + CQBZ‘B]' — %613(E2 + 02B2)> = —0ij
where S = #io E x B is the Poynting vector (energy flux density) and .y, is the electromag-
netic energy density. Thus :

o 7% is the energy density

o TY% (or T™) is the energy flux density (Poynting vector) along spatial direction i
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e T is the Mazwell stress tensor, describing momentum flow and mechanical stresses

carried by the field.
We can reduce the stress-energy tensor to :

w [ Uem S/c
= ( S/c —oy )

Using Maxwell’s equations in covariant form :
Jl/
O " = ——
CEp
as well as the Bianchi identity :

O FP 4+ 9°FP + 9P v =0

One can find through some lines of algebra that the conservation laws reads in a compact
form :

v 1 v — v
OuTH = ~JuF™ =~ f

Where the right—hand side is minus the Lorentz force density f¥ = —J,F"*, whose compo-
c

nents are : )
Work done on charges : f°=-J-E
c

Lorentz force density : f' = pE; + (J x B);

Let’s see explicitly the conservation laws by computing each components.

-Forv=20:

OUem

S+ J.E=
5 +V.-S+ 0

which is the Poynting theorem /energy conservation law : the variation of electromag-
netic energy density is due to the flux of energy density (Poynting vector) and the dissipation
of energy via Joule effect (work done on charges).

-Forv=u:
1 0S;
Which can be written :
OPem

5% —V.0+pE+JxB=0
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with Po, = S/c? is the electromagnetic momentum density. This law corresponds to a
momentum conservation law : the time variation of the electromagnetic momentum
density is exactly balanced by the divergence of the Maxwell stress tensor and by the Lorentz
force density acting on charges and currents.

8.9 Transformations of EM fields under Lorentz boosts

To conclude this chapter, we now want to understand how the electric and magnetic fields
transform from one inertial frame to another. Recall the antisymmetric field tensor :

o -E, —-E, -—L.
E, 0 cB, —cB,
E, —cB, 0 cB,
E, ¢B, —cB, 0

E,, =

Under a Lorentz transformation A*, the tensor transforms as :
FW —y FIM = NF N g FOP.

Let us consider a Lorentz boost in the x—direction. For a boost with velocity v = f¢, the
matrix reads :

v =8 0 0

s |8 v 00
A = 0 0 10
0 0 0 1

As an example, let us compute F"! explicitly:
F/Ol — AoaAlgFaﬁ — 72(1 . ﬁ2)F01 — FOI.

Thus :
E =F,.

xT

Repeating the calculation for the other components of F),, gives the well-known transfor-
mation laws:

E| =E|,
E|, =~v(E, +c¢BxB),
B, =By,

1
,L:'Y(BL_EﬁXE>-

A few comments :
e Components parallel to the boost remain unchanged.

e Perpendicular components mix electric and magnetic fields.
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e A purely electric field in one frame generally appears as a mixture of E and B in
another.

This mixing is a direct consequence of the fact that F),, is the “unified” relativistic ob-
ject containing both fields. A Lorentz transformation acts on F),, linearly, and the usual
3—vector formulas follow automatically. Notice that the structure of these transformations
is essentially the same as for space-time coordinates under a Lorentz boost.



Chapter 9

Action principle in classical
electrodynamics

We now want to formulate our classical electrodynamics laws from a single object : the
action. The idea is simple : write down the most general Lorentz-invariant and gauge-
invariant quantity, our action, and derive both Maxwell equations and the Lorentz force
from a variational principle. Recall the definition of the action :

S:/dtﬁ, Ez/d%L

Where L is the Lagrangian density and L the Lagrangian. In this chapter, the action will
be derived mainly from symmetry considerations. First, we split the total action as :

S:Sf+Sm+Smf

where:
o S; : free electromagnetic field
e S,, : matter part (we take a single relativistic point charge)

e S,s : interaction between charge and field

9.1 Action of a point charge 5,
Consider a point particle of mass m moving along a worldline :
aH(N), w=0,1,2,3
Here A is just a parameter labeling the points along the trajectory. It has no real physical
meaning. We could choose A = t, the coordinate time, or the proper time 7, or any weird

parametrization like A = tan(t), the physics cannot depend on this choice. This is called
reparameterization invariance.

87
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Recall the (invariant) length of an infinitesimal displacement in spacetime given by :
ds® = —c*dr? = 1, dz"dz",

where 7 is the particle’s proper time.

For a timelike trajectory,
1

dr = —\/—ndarda”.

c
Thus, the total proper time experienced by the particle is

1
/dT: —/\/—nlwdx“dx%
c

The action for a free relativistic particle must satisfy two constraints:
1. Lorentz invariance : It must be built from invariant scalars such as ds = /—dx*dx,,.

2. No preferred parametrization : The action cannot depend on how we choose A to
run along the worldline.

The only scalar quantity with the right physical dimension is the invariant proper length of
the worldline, so the natural choice is :

S — —mc/dT.

The minus sign is standard (it gives the correct Newtonian limit L = T'— V' when expanded
for small velocities).
If the trajectory is written as x*(\), then :

B dxt

drt = i d\ o 27
T T , T Y

Using dr = 1\/—nudatds? = L\/—i#i, dX, the action can be written equivalently as:

S = —mc/dr = —mc/d)\ \/ —ThT,.

This rewriting makes it clear that the action does not depend on the specific choice of .
If we change the parametrization :

A — X = V),

g Bt dat_datdh L (dA
d) CdN dhdN ax )’

Vi AN [t AN = /=i, dA.

then :

Thus :
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So the integrand transforms in such a way that the product \/—i#%,d)\ stays invariant.
Therefore the action does not change:

S = Sp.

This proves the reparameterization invariance. So the action we wrote down is indeed the
right one for the assumptions we started from.

9.2 Field Action Sy

For the electromagnetic field, we want an action that is Lorentz invariant, gauge invariant,
and involving the minimal number of derivatives. Since A, is not gauge invariant, the action
must be built from the field strength tensor F},,, which is both Lorentz covariant and gauge
invariant.

At leading order, the only Lorentz scalar we can form is F),, F*” (the other possible scalar
e F,, F,y is a total derivative and does not affect the equations of motion).

Therefore the field action is uniquely fixed (up to an overall constant) as:

5= 2 [ ok,

with
F., =0,A, —0,A,.

The normalization is chosen so that the usual energy density E70(E2 + ¢2B?) is recovered.
Indeed, expanding the invariant :

F,F* =2(*B* — E?),

the action becomes

Sg = % d*x (E2 — CQBQ) .

With this convention,

L, = Z—O(EQ —2BY),

g

which yields the correct energy density :
_S0/m2 2p2
Uem = E(E +c B ),

and reproduces Maxwell’s equations with the standard definitions of E, B, and the Poynting
vector.

This fixes the coefficient —e(/4 in front of F,,F*” and ensures full consistency with the
dynamical and energetic quantities introduced earlier.



90 9.4 Maxwell’s equations and Lorentz force from least action principle

9.3 Interaction Action S,

To couple the particle to the electromagnetic field, the action must again respect Lorentz
invariance, gauge invariance, and involve the lowest number of derivatives. Since the particle
follows a worldline 2#()), the only available 4-vector at that point is the gauge potential A,
evaluated along the trajectory. The natural Lorentz scalar we can form with one derivative
along the worldline is therefore A,z*.

This leads to the interaction action

S = —Q/AH@;(A)) i dA,

c

The factor g/c is the correct normalization ensuring that, after variation, the equation of
motion contains the Lorentz force ¢F),,#"/c and matches standard electromagnetism. This
is the unique lowest-order coupling consistent with dimensions and symmetries.

Under a gauge transformation A, — A, + J,«, the action transforms as :
Smf — Smf — /(8 Oé) H d\.
c

But along the worldline,
da Oz*  da

o 0o Dzt da
(Ou)3" = 5 N = av

so the variation becomes :
[ an= =2 a0 - a0h)]

Since the endpoints of the variation are fixed, this boundary term does not contribute.
Therefore,

This shows that the interaction action is manifestly gauge invariant, as expected for a con-
sistent coupling between matter and the electromagnetic field.

9.4 Maxwell’s equations and Lorentz force from least
action principle

9.4.1 Variation with respect to the trajectory x*(\)

We now vary the combined action S, + S, with respect to the worldline z#(\), keeping the
gauge field A, (x) fixed. This will give the relativistic equation of motion, i.e. the Lorentz
force law.
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Variation of the matter action

Starting from :

S = —mc/d/\ V=12,

We vary with respect to x#(\). Since the integrand depends on z* only through i*, the
variation gives

y
/—i2

Integrating by parts (and using dz#(\;) = 0z#(As) = 0), we obtain

0S,, = —mec [ d\

ozt.

The quantity
dzt Tt

? < —_3‘32

is the 4-velocity, so the term above will later become m du,,/dr.

ut =

Variation of the interaction action

The interaction part is :

Cc

Snp = —Q/Au(:c) @ d).

Varying this with respect to x* gives two contributions :
58y = —1 / (0, A,)i" 627 + A, 6] dA.
c

Integrating the second term by parts yields :

6 mf = —2 / [ayAﬂ P — ddf;“] 5a” dA.

C

Using :
dA,

0,A, il — —— = F,,a",

d\
we obtain the compact form :

§Sms = —% / F,,i" 62" d).

Equation of motion

Adding both variations gives :

B d T, q | v
(Sm + Smyr) —/d)\ {mcd)\(\/__x?) Cwa } ox”.
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Since dz” is arbitrary, the term in brackets must vanish:

d T, qr
mca <\/—_x2> = EFW:E .

Switching from A to the proper time 7 gives the standard, manifestly covariant Lorentz force

du, q L
m = =Iy,u”.

dr c

9.4.2 Variation with respect to the gauge field A,(x)

We now vary the action with respect to the gauge potential A,,. This will give the inhomo-
geneous Maxwell equations.

Variation of the field part

Starting from :

Sy == [ da b,
and using :

0F,, = 0,04, —0,04,,
integration by parts gives :

5S; = e / &'z (0,F"™) 5 A,.

Variation of the interaction part

From :

Suy == [ ar a7,

Cc

we obtain :

§Sums = —% /dAx’“éAu(x()\)) - —%MM(J;)J# _ ! /d%; J¥(x) 5 A,,

Cc

with the 4-current :

J'(x) = q/d)\ i 6W(x — z(N)).

Maxwell equations

Setting d(Sf + Spy) = 0 for arbitrary 0A, gives:

1
O Fm = — J¥.
(&9N))
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These are the inhomogeneous Maxwell equations. The homogeneous equations
P9, Fg, =0

follow automatically from the definition of F},, (Bianchi identity).



Chapter 10

Dispersion and Kramers-Kronig
relations

10.1 Linear response in a dispersive medium

In this chapter we come back to EM fields in matter, but now at a more advanced level. We
want to understand:

absorption of EM waves (imaginary part of the response),

non-locality in time and dispersion in frequency,

analytic properties of the dielectric function e(w),
o Kramers—Kronig relations,
e an example: resonant absorption on a single transition.

We start from the microscopic picture of a dielectric medium : charges are bound in atoms
or molecules and develop electric dipole moments in response to an applied field. Averaging
over many microscopic dipoles leads to the polarization :

P(X) = Zdn f(X - Xn)7

where d,, is the dipole moment of the n-th particle and f is a smearing function that averages
over microscopic structure.
The averaged (macroscopic) charge density is

(m(x) = ps(x) = V- P(x),

where py is the free charge density. From this we get the macroscopic/averaged Maxwell

equations :
V -D = py, D=¢E+P.

Similarly, for magnetism we define the magnetization M and write

H:iB—M.
Ho

94
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In terms of D and H, Maxwell’s equations become

V.-B=0,
0B
VxE=_-2
X ot
oD
VxH=J, 4+ —
% It o0

where J; is the free current density.
To solve concrete problems we need constitutive relations connecting D, H to E, B.

Linear, isotropic, static response In the simplest case of a linear, isotropic, homoge-
neous medium (and for static fields) we assume

D=cE, B=uH,

with constant €, u. This is the standard story used for electrostatics and magnetostatics.
However, for time-dependent fields (EM waves in matter) this simple local, instantaneous
relation is not enough. Two new effects appear :

e absorption : ¢ and/or p acquire an imaginary part, the wave loses energy in the
medium.

e dispersion : the response is non-local in time, the field at time ¢ depends on the field
at earlier times ¢’ < ¢.

These two effects turn out to be closely related.
General linear response in time domain We now assume a linear, homogeneous

medium and focus on the electric response (we keep p real and constant for simplicity).
The most general linear, causal relation between D and E is

D(t) = o E(t) + o /OOOdT X(T)E(t — 1),

where x(7) is the electric susceptibility in the time domain.
Key points:

e The integral starts at 7 = 0 (no dependence on future times): this is causality.
e We still assume locality in space (no spatial convolution), but not in time.

We now go to frequency space. We define the Fourier transforms :

B(t) - % /Oo Bw)e ™ dw, D) = % /OO D(w) e du,

and similarly for other fields.
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Using the convolution structure in time, the Fourier transform of D(t) gives :

< dt

D(w) = &, > E(t) e“' + ¢ /000 dr /_OO % X(TE(t — 7)™
= s0E(w) + eoE(w) /000 dr x(7) ™™

We can write in a more compact way :

where

e(w) = £ {1 + /0 () eiw] |

Thus the medium is characterized by a frequency-dependent dielectric function e(w).
We can write :
e(w) =¢&(w) +ie"(w),

with real and imaginary parts ¢ and &”.
Because x(7) is real, one finds

so that
£'(—w) = &'(w), g'(—w) = =" (w).

In dielectric media, the static limit w — 0 corresponds to the usual real static susceptibility:

5(0) = &0 Estat with Estat € R.

Analyticity in the upper half-plane We now treat e(w) as a complex function of w.
Because the integral defining e(w) starts at 7 = 0 and is damped for large 7 (finite memory),

the integral :
/ x(7) €™ dr
0

converges for all complex w with Imw > 0:

WT eiRewT —ImwT

(& €

Hence e(w) is analytic in the upper half-plane. For very large real frequencies, the external
electric field oscillates so fast that the bound charges in the medium cannot follow its motion.
Physically, the electrons behave almost like free particles : the restoring forces inside atoms
do not have time to act during one period of the oscillation.

To see this more explicitly, consider the simple equation of motion for a charged particle of
charge e and mass m driven by a high-frequency field E(t) = Eye ™

mi = eFEge “".
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For large w we can neglect all slower dynamics inside the atom (binding forces, damping,
etc.), and solve (integrate over time twice) :

eEg iwt
T t Y w
(t) =———
The induced dipole moment is p = —ex o< Ey/w?, and the macroscopic polarization scales
the same way:
1
P(w) x " E(w)

or equivalently

elw const
o) g comt
€0 W
Thus the medium becomes “transparent” at very high frequencies, and the dielectric function
approaches its vacuum value with a universal 1/w? tail.

10.2 Cauchy’s principle value

Before deriving the Kramers-Kronig relations, we make a little mathematical interlude that
will be useful later. We define Cauchy’s principle value as the following quantity :

P/dxif(@:g% {/__6dxéf(x)+/6mdxif(x)}

e}

Without going deeper in the details, this limit exists for any smooth functions f.
We now introduce the distributions :
1 1

) and x —id’

with & > 0, and study their behaviour as 6 — 0%. These objects appear naturally when
evaluating integrals slightly above or below the real axis in complex analysis.
Consider first the following combination :

oo T EIO
We can rewrite the denominator as :
1 T Fid x )

= = 7 .
xtid  x?+4 2 x2+52:F % 462
Both terms have a well-defined distributional limit. The first one approaches the principal

value :

1
—P-.
T

11m ——-
60 12 + 02
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The second term tends to a representation of the Dirac delta :

1 46
m - ———-
60 7 12 4+ 42

= 0(z).

Up to the constant 7, the imaginary part thus becomes a delta function.
Putting everything together, we find the fundamental identity:

This identity is essential when taking limits from the upper or lower half-plane in contour
integrals. It tells us that:

e the real part of 1/(x £1i0) gives the principal value contribution,
e the tmaginary part produces a delta peak at z = 0,

e choosing +:0 or —i0 determines the sign of this delta function.

10.3 Kramers—Kronig relations

Because £(w) is analytic in the upper half-plane (causality) and decays as 1/w? for large |w|,
we can apply Cauchy’s theorem to relate its values on the real axis. Introduce the function :

Pz = S g

€0

and consider the Cauchy integral :

+oo
I(z) = L/ () dx, Imz > 0.

211 r—z

[e.9]

Since F'(z) is analytic for Imz > 0 and falls at least as 1/22, the contribution of the large
semicircle in the upper half-plane vanishes. Closing the contour above the real axis therefore
gives, by Cauchy’s theorem,:

I(z) = F(z) (Imz > 0).

To obtain the limit on the real axis, take z — w + i0 with w € R. Using the identity found
above :

1 1
P

— = —ird(r —w),
r—w+10 T —w

we get :

F(w +i0) = 2% [P/Z fi‘i dz — inF(w)] .

Separating real and imaginary parts and using
e(w)

F(w) = . = F'(w) 4+ iF"(w),
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we obtain the Kramers—Kronig relations:

5( 77/ .I‘/éo o

5”(60) _ _173\/ £ (l’)/é’o -1 de.

€0 s r—w

Using the symmetry ¢(—w) = €*(w), one can also rewrite them as integrals over positive

frequencies only:
( xa” ze'(x)/e0 €0
=1+- 77 — 5 dz,
—w

( /80—1
73/ 22 dx.

Physical meaning. These relations tell us that:

e If we know the absorption spectrum £”(w) at all frequencies, we can reconstruct the
full dispersion £'(w).

e Conversely, a measured dispersion law fixes the absorption.

This is a direct consequence of causality.

10.4 Example : resonant absorption on a single line

A standard model for a resonant transition is :
e(w) A
€0 wi —w? —iyw’

with resonance frequency wy, damping rate v and oscillator strength .
Separating real and imaginary parts :
e'(w) wi — w? e'(w) \ W

T R 1

with D(w) = (wi — w?)? + (yw)?. Let’s assume that we are close to the resonance frequency
of the transition, i.e. for w = wy + A with |A] € wy and v < wy :

wp — w? ~ —2wpA, D(w) ~ wj (4A% ++7),
so that the absorption curve has a Lorentzian form :
e'w) A /4
g0 wo A%+ (y/2)%
and the dispersive curve our usual shape :

e'(w) oA A
£0 T 2wy A%+ (v/2)%
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Check of Kramers—Kronig We already computed ¢'(w) and ¢”(w) algebraically. We
now check that the Kramers—Kronig relation indeed reproduces the dispersive shape of &/(w)
from the absorptive Lorentzian peak.

Close to the resonance, the imaginary part is sharply peaked at = wg. Thus the KK
integral is dominated by values of x near wy, so we approximate

e(x) A v/4
g0 wo (T —wp)?+ (7/2)%

Insert this into

r—Ww

)y Lp [Ty,

o

Since only values close to wy matter, we set
=T — wp, A =w — wy,
and approximate all slowly varying factors by their value at the resonance. The integral

becomes
£ (w) Ay /°° 1 1
—1l>~——P dy.
e P (7/2)Py— A

The remaining integral is the principal value of a Lorentzian divided by y — A. It is well
known (and easily checked by contour integration) that

< 1 dy AN
- Y _ T =2 > 0.
73/_00342—i-a?y—A a A? + q?’ a4

With a = ~/2, this gives

gw) L~ A A
€0 T 2wy A%+ (v/2)¥

which is exactly the dispersive curve obtained earlier.

Thus the Lorentzian absorption peak £”(w) produces the correct dispersion of '(w) through
the Kramers-Kronig relation, as required by analyticity.

Thus the Lorentz oscillator model satisfies the Kramers—Kronig relations: the absorptive
part €’ produces the characteristic dispersive behavior of ¢ around the resonance. Both
curves are plotted in Fig.10.1
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57 — €(w)leo
£"(w)/eg

e(w)leg
N

02 04 06 08 10 12 14 16 18
w/wo

Figure 10.1: Real and imaginary parts of the dielectric constant € as a function of the
frequency w.

10.5 Plane waves, refractive index and group velocity

Consider a monochromatic plane wave in a medium :
E(X ) _ Eei(k-x—wt)
, .
E

t
For an isotropic medium with D(w) = ¢(w)E and B(w) = u(w)H, Maxwell’s equations in
Fourier space give the dispersion relation :
2
w
k? = e(w)p(w) 2
We can define the (complex) refractive index n(w) via k = n(w)w/c, with n?(w) = e(w)u(w).

If e(w) and p(w) are real (in general, u(w) =~ const € R), then n(w) is real and the wave
propagates without absorption. The group velocity is :

Cdw (in(w)w)_l _ c

Ug_%_ dw ¢ n(w)—l—wg—z'

If £(w) has an imaginary part, then n(w) is complex :
n(w) = '(w) +in"(w),
and the wavevector :
k= (n(w) +in"(w)) =
acquires an imaginary part. The field then decays exponentially in space :

‘E(X)‘ ~ efn”(w)wx/c’

where n”(w) is the extinction coefficient.
Kramers—Kronig-like relations can also be written directly for n'(w) and n”(w), expressing
again that dispersion and absorption are two sides of the same (causal) response function.



Chapter 11

Radiation in a medium

When a charged particle propagates through a material medium, it can emit electromagnetic
radiation due to its interaction with the microscopic charges of the medium. Several radiation
mechanisms exist, depending on the physical origin of the interaction and the kinematic
regime of the particle. The main radiation mechanisms in matter are :

e Bremsstrahlung (braking radiation)

e Synchrotron radiation

Cyclotron radiation

Cherenkov radiation

Transition radiation

Bremsstrahlung Bremsstrahlung is radiation emitted when a charged particle is accel-
erated or decelerated due to electromagnetic interactions, typically in the electric field of
atomic nuclei. Even in the absence of external electric fields, a charged particle moving
through a medium polarizes its surroundings, which leads to a deceleration and hence radi-
ation emission. This can be directly seen through our usual Larmor formula :

e ¢
dt  6megcd

2 (18 - 18 x B1)

Synchrotron and Cyclotron Radiation These types of radiation occur when charged
particles move in magnetic fields. Cyclotron radiation corresponds to the non-relativistic
regime, while synchrotron radiation refers to the relativistic regime. This is represented by
the Larmor formula but with 3 L 3 :

e ¢
dt  6megcd

7182

Cherenkov Radiation Cherenkov radiation occurs when a charged particle propagates
in a medium with a velocity exceeding the phase velocity of light in that medium.

102
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Transition Radiation Transition radiation is emitted when a charged particle crosses an
interface between two media with different dielectric properties.

11.1 Bremsstrahlung radiation and braking force

We now focus on the energy loss mechanism associated with Bremsstrahlung radiation in the
non-relativistic regime. The goal is not to derive the full spectral radiation power, but rather
to understand how energy loss arises from the electromagnetic self-interaction mediated by
the medium.

One of Maxwell’s equations for the scalar potential ¢ in a medium reads :

1
v2¢(X, t) = _gpext(x7 t)?
where the external charge density for a particle of charge ¢ moving with velocity v is :
Pext(X, 1) = qd(x — vt).

Because the medium response is non-local in time, the potential is related to the source by
a convolution in time.
We introduce the spatial Fourier transform :

o) = [ s o),

and similarly for the charge density:

Pk -
Pext (X, 1) :/ka(t) e,

Using the definition of the delta function, we obtain

d3X —ik-x
pk<t) :/Wpext(xv t>€ 5

d’x —ikx
- q/ 2n)37 d(x—vt)e

Applying the Laplacian to the Fourier expansion yields :

Violet) = [ G () ault) e,

where k = |k|.
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Equating both sides of Poisson’s equation mode by mode, we obtain :

K elt) = = pult),

which gives

¢ vt 1
t) = —
wl) =z Gnpn

This shows that each Fourier mode oscillates at a single frequency

w=k-v.
Recall that in this picture, the permittivity is frequency-dependent € = e(w =k - v).

The electric field is related to the scalar potential by :
E(x,t) = =Vo(x,1).

In Fourier space, this becomes :
Ey(t) = —ik ¢k (1),

so that A .
Ex(?) ek* — ik o (t) kX,

Finally, the real-space electric field reads :

E(x,t) = / %Ek(t) ikx,

Braking force The braking force F acting on the particle is given by the Lorentz force.
In the present non-relativistic treatment, only the electric field contributes :

F=qE

Using the Fourier representation of the electric field and evaluating it at the particle position
x(t) = vt, we obtain :

F(t) = q/ % Ey(t) e,

Which gives, using the previous results,

Pk k
F = —ig’
" /(2@3 ek v)’

which is time-independent, as expected for a particle moving at constant velocity. Take
V = v ey, we can parametrize the argument of the integral in cylindrical coordinates as :

2 d
koo=w, Q= /k2+#k, k2:%+Q2, d%:%d@%’

Which gives, using that F' = Fey :
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] e

The integral is divergent. The cutoff () is a short-distance scale, reflecting the fact that the
polarization fields from which this force derives are screened at short distances. As a result,
one finds F' ~ In Q).

Let us now study the divergence in the w integral. Indeed, for large w = k - v, the dielectric
function approaches its high-frequency limit,

g(w) — eo,

and its imaginary part vanishes,
Ime(w) — 0.

This contribution is therefore not important, since it corresponds to the high-frequency
regime where the medium cannot absorb energy. It can be subtracted using a principal
value prescription. Only the imaginary part of 1/e (odd in w) contributes.

Relativistic case We now consider the relativistic case. Here we need both the scalar
potential ¢ and the vector potential A. In the same gauge as before, they satisfy the wave
equations

2
9 e °A  qv
VA — C_QW = —75(r—vt),
and 82¢>
2 q
Vip— = 292 ——gé(r—vt).
Again, we perform a spatial Fourier transform. Taking the Fourier components, we obtain :
) 1 .
Ak — g V2 e—zwt, ¢k — (q ) § 6—1(1.)157
c w e(w w
k2 — gg( ) k2 — ga(w)

where again w =k - v.
The Fourier component of the electric field is :

Ex = = Ay — ik 6.
c
The force acting on the particle is given by
F=qE.

Proceeding as in the non-relativistic case and taking v = ve,, we obtain, using the same

parametrization :
1 elw

ELl )

v? c?

In the limit ¢ — oo, this expression reduces to the non-relativistic result.
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11.2 Cherenkov radiation

This force decelerates the particle and its energy gets transmitted into exciting the energy
levels of molecules in the medium (set ;1o = 1 here). However, when

that is, the particle is moving faster than the speed of light in the medium, there is a new
interesting effect.

We know that a moving particle produces an electric field with
w = vk, or k, = —.

If v > ¢/n, we can find a plane wave solution with

k= (kpki), w=uvk, =_|K|
n

Therefore

cosf = — =
k| n(w)v

and since n = n(w) we have § = 0(w).
This means that there is a plane wave solution that is compatible with a motion of a fast
particle at a constant velocity.
This type of radiation is called Cherenkov radiation. It was discovered experimentally by
Cherenkov in 1934 and explained theoretically by Frank and Tamm in 1937, for which they
shared a Nobel prize in 1958.

Power of Cherenkov radiation Let us derive the power of Cherenkov radiation. The
total energy loss in a frequency range dw and per distance dx traveled is

d€ iq? 1 1 Qo Q dQ
— =dF = —dw—; = - — .
dx d dw47T2 Z “ <c2 51}2) /0 e 1
w==E|w| Q2 — CL)2 - T 3
2 v

The condition v > ¢/4/c ensures that there is a pole. This pole crosses our integration
contour and corresponds to emitted plane waves. (Here Q = |k, |)

Let us introduce the variable
0> o (elw) 1
¢ ( c? 1)2) '

We can then write :
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And the singular point ¢ = 0 corresponds to Q* + k2 = |k|?.
Although we take e(w) real (transparent medium), we introduce an infinitesimal imaginary
part Ime = ¢” to fix the prescription by bypassing the pole:

g’ (w) > 0 for w > 0, g"(w) < 0 for w < 0.

Accordingly, the contour lies slightly below or above the real (-axis, when it is brought back
onto the real axis, it must therefore bypass the pole at ¢ = 0 from below (for w > 0) or from
above (for w < 0). Indenting the contour with infinitesimal semicircles, the principal value
parts cancel in the sum and we get

2[5 -{]5- [4)-nee

Therefore
q° c? 2
dF me U v w dw, (n*(w) = e(w))
Finally,
& &
% & _yar
it~ dw "

Recall that the radiation is emitted at an angle 6(w) with respect to the direction of motion,
such that cosf(w) = ¢/n(w)v, which gives :

c dn

df = dw.

vn?sinf dw
We thus obtain the radiated power per unit frequency, together with the corresponding
emission angle 0(w), as n(w) varies with w, the radiation is distributed over angles according
to cos f(w) = —< while the total power follows from integrating % = v dF over the relevant

vn(w)
frequency range for which the medium is transparent.



