
Quantum physics II
Prof. Zoë Holmes — EPFL

Notes by Joachim Favre

Quantum science and engineering master — Semester 1
Autumn 2024





I made this document for my own use, but I thought that typed notes might be of interest to others.
There are mistakes, it is impossible not to make any. If you find some, please feel free to share them with
me (grammatical and vocabulary errors are of course also welcome). You can contact me on Telegram:

@JoachimFavre

If you did not get this document through my GitHub repository, then you may be interested by the fact
that I have one on which I put those typed notes and their LATEX code. Here is the link (make sure to
read the README to understand how to download the files you’re interested in):

https://github.com/JoachimFavre/UniversityNotes

Please note that the content does not belong to me. I have made some structural changes, reworded some
parts, and added some personal notes; but the wording and explanations come mainly from the Professor,
and from the book on which they based their course.
I think it is worth mentioning that in order to get these notes typed up, I took my notes in LATEX during
the course, and then made some corrections. I do not think typing handwritten notes is doable in terms
of the amount of work. To take notes in LATEX, I took my inspiration from the following link, written by
Gilles Castel. If you want more details, feel free to contact me on Telegram, as mentioned hereinabove.

https://castel.dev/post/lecture-notes-1/

I would also like to specify that the words “trivial” and “simple” do not have, in any course, the definition
you find in a dictionary. We are at EPFL, nothing we do is trivial. Something trivial is something that a
random person in the street would be able to do. In our context, understand these words as “simpler than
the rest”. Also, it is okay if you take a while to understand something that is said to be trivial (especially
as I love using this word everywhere!).
Since you are reading this, I will give you a little advice. Sleep is a much more powerful tool than you
may imagine, so do not neglect a good night of sleep in favour of studying (especially the night before an
exam). I wish you to have fun during your exams.

Version 2025–08–03–official

https://github.com/JoachimFavre/UniversityNotes
https://castel.dev/post/lecture-notes-1/




To Gilles Castel, whose work has
inspired me this note taking method.

Rest in peace, nobody
deserves to go so young.





Contents

1 Summary by lecture 11

2 Basics 15
2.1 Qubits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Time evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3 Measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Composite systems and entanglement 21
3.1 Tensor product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2 The quantum eraser . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3 Bell inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Density operators 33
4.1 Pure states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Mixed states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3 Reduced states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5 Measurement problem 41

6 Identical multi-particle systems 45
6.1 Two identical particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
6.2 Multiple identical particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6.3 Second quantisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

7 Perturbation theory 53
7.1 Non-degenerate and time-independent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
7.2 Degenerate perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
7.3 Dyson series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
7.4 Interaction picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

8 Variational principle 69

9 Groups and representation theory 71
9.1 Motivational examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
9.2 Introduction to groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
9.3 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
9.4 Irreducible representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
9.5 Block diagonalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
9.6 Finding the number of irreps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
9.7 Group Averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
9.8 Petit orthogonality theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

10 Lie algebras and angular momentum 93
10.1 Rotations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
10.2 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
10.3 Addition of angular momentum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

7



Quantum physics II CONTENTS

8



List of lectures

Lecture 1 : Recalls — Monday 9th September 2024 . . . . . . . . . . . . . . . . . . . . . . . . . 15

Lecture 2 : Star Trek goes brrr — Monday 23rd September 2024 . . . . . . . . . . . . . . . . 23

Lecture 3 : Hidden variables are not a valid model — Monday 30th September 2024 . . . . 28

Lecture 4 : Philosophy feat. Outer Wilds — Monday 7th October 2024 . . . . . . . . . . . . 35

Lecture 5 : The most Physicsy lecture of the semester — Monday 14th October 2024 . . . 45

Lecture 6 : Perturbation theory — Monday 28th October 2024 . . . . . . . . . . . . . . . . . 53

Lecture 7 : Penpineappleapplepen — Monday 4th November 2024 . . . . . . . . . . . . . . . 58

Lecture 8 : Dodgy bit of Physicist math — Monday 11th November 2024 . . . . . . . . . . . 64

Lecture 9 : Group definition time — Monday 18th November 2024 . . . . . . . . . . . . . . . 69

Lecture 10 : Diagonalising matrices, slowly but Schur-ly — Monday 25th November 2024 . 76

Lecture 11 : Integrating over groups — Monday 2nd December 2024 . . . . . . . . . . . . . . 82

Lecture 12 : The climax — Monday 9th December 2024 . . . . . . . . . . . . . . . . . . . . . . 88

Lecture 13 : Ah yes, so(3) = SO(3) — Monday 16th December 2024 . . . . . . . . . . . . . . 96

9



Quantum physics II LIST OF LECTURES

10



Chapter 1

Summary by lecture

Lecture 1 : Recalls — Monday 9th September 2024 p. 15

• Definition of qubit.
• Explanation of the time evolution axiom.
• Definition of Pauli matrices, and explanation of their properties.
• Explanation of the measurement axiom.
• Definition of tensor product.
• Explanation of the composite system axiom.

Lecture 2 : Star Trek goes brrr — Monday 23rd September 2024 p. 23

• Explanation of global and local measurement.
• Explanation of the quantum eraser.
• Explanation of the no-signaling theorem.
• Explanation of the quantum psychics game.

Lecture 3 : Hidden variables are not a valid model — Monday 30th September 2024 p. 28

• Explanation of the CHSH inequality.
• Explanation of Bell’s inequalities.
• Definition of density operator, pure state, and mixed state.

Lecture 4 : Philosophy feat. Outer Wilds — Monday 7th October 2024 p. 35

• Proof of the properties of density operators.
• Definition and justification of reduced states.
• Definition of partial trace, and explanation of its properties.
• Proof of the no-signaling theorem.
• Explanation of the measurement problem, the collapse postulate and decoherence.

Lecture 5 : The most Physicsy lecture of the semester — Monday 14th October 2024 p. 45

• Definition of Fermions and Bosons.
• Derivation of a basis for the wavefunction of identical Fermions and identical Bosons.
• Explanation of the second quantisation.
• Explanation of the Hong-Ou-Mandel effect.

11



Quantum physics II CHAPTER 1. SUMMARY BY LECTURE

Lecture 6 : Perturbation theory — Monday 28th October 2024 p. 53

• Proof of the formulas for non-degenerate time-independent perturbation theory.
• Explanation of sufficient conditions for first order non-degenerate time-independent perturbation theory.

Lecture 7 : Penpineappleapplepen — Monday 4th November 2024 p. 58

• Proof of the degenerate perturbation theory first order results.
• Application to the Stark effect.
• Proof of the Dyson series.
• Definition of the interaction picture, and proof of its evolution laws.

Lecture 8 : Dodgy bit of Physicist math — Monday 11th November 2024 p. 64

• Examples of application of the interaction picture to compute transition probabilities.

Lecture 9 : Group definition time — Monday 18th November 2024 p. 69

• Proof and explanation of the variational principle.
• Motivation of groups.
• Definition and examples of finite groups and lie groups.
• Definition of homomorphism, isomorphism, and representation.

Lecture 10 : Diagonalising matrices, slowly but Schur-ly — Monday 25th November 2024 p. 76

• Definition of irreducible representation.
• Explanation of Schur’s lemmas.
• Application of Schur’s lemma to the block diagonalisation of Hamiltonians.

Lecture 11 : Integrating over groups — Monday 2nd December 2024 p. 82

• Definition of conjugacy classes, and explanation that the number of conjugacy classes of a group is its
number of irreps.

• Explanation of Burnside’s lemma.
• Explanation of the grand orthogonality theorem.
• Application to group averaging.

Lecture 12 : The climax — Monday 9th December 2024 p. 88

• Definition of representation character.
• Proof of the Petit orthogonality theorem.
• Proof of a necessary and sufficient condition for a representation to be an irreducible representation.
• Definition of lie algebra, and structure constants.
• Example with the group of rotations.

12



Notes by Joachim Favre

Lecture 13 : Ah yes, so(3) = SO(3) — Monday 16th December 2024 p. 96

• Construction of irreps for so(3).
• Explanation and examples of the Clebsch-Gordan decomposition.

13



Quantum physics II CHAPTER 1. SUMMARY BY LECTURE

14



Monday 9th September 2024 — Lecture 1 : Recalls

Chapter 2

Basics

2.1 Qubits

Definition:
Qubit

A qubit is a 2-level quantum system.
Its state can therefore always be written as |ψ〉 = α|0〉+ β|1〉, where α, β ∈ C and
|α|2 + |β|2 = 1.

Examples For instance, an electron’s spin {|↑〉, |↓〉}, the polarisation of a photon
{|H〉, |V 〉}, the two enegy levels of any atom or molecule {|G〉, |E〉}
and a photon in different arms of a beamsplitter {|L〉, |R〉} are
examples of such 2-level systems.

Theorem: Bloch
sphere

Let |ψ〉 be the state of some q-bit.
Then, there exists a θ ∈ [0, π] and a ϕ ∈ [0, 2π[ such that we can write:

|ψ〉 = cos
(
θ

2

)
|0〉+ eiϕ sin

(
θ

2

)
|1〉.

Intuition (θ, ϕ) can be interpreted as coordinates on a sphere. In other words,
we can visualise is using the following unit vector:

~v =
(
sin(θ) cos(ϕ) sin(θ) sin(ϕ) cos(θ)

)T
.

Remark When we will later look at density matrices, the fact that θ is divided
by 2 will appear naturally.

Proof This directly comes from the fact that the general phase does not
matter (i.e. eiδ|ψ〉 ≡ |ψ〉 for all δ ∈ R), and that |α|2 + |β|2 = 1.

2.2 Time evolution

Axiom: Time
evolution

Let H be the Hamiltonian of a system, and |ψ0〉 be the initial state of the system.
We can get the state of a system at any time t, |ψ(t)〉, by solving the equation:

∂|ψ(t)〉
∂t

= H

i
|ψ0〉.

This is also known as Schrödinger’s equation.
Remark Note that, formally, H = H′

~ , and H ′ is the real Hamiltonian of the
system. Our convention allows to simplify notations. Note moreover
that H = H ′ in natural units (but natural units are really awful).
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Definition: Unit-
ary operator

Let U be an operator in some Hilbert space. It is said to be unitary if:

UU† = U†U = I.

Properties • Unitary operators are reversible: given |ψ′〉 = U |ψ〉, we can find
|ψ〉 = U†|ψ′〉.
• They preserved lengths: given |ψ′〉 = U |ψ〉, we have

〈ψ′|ψ′〉 = 〈ψ|U†U |ψ〉 = 〈ψ|ψ〉 = 1.

• As all operators, they are linear:

U(α|ψ〉+ β|ϕ〉) = αU |ψ〉+ βU |ϕ〉.

Theorem: Unit-
ary evolution

There always exists a unitary U(t) that solves Schrödinger’s equation:

|ψ(t)〉 = U(t)|ψ(0)〉.
Example For instance, if H is time-independent:

U(t) = e−iHt.

Definition: Pauli
Matrices

The Pauli matrices are defined by:

σ0 = I =
(

1 0
0 1

)
, σ1 = σX = X = NOT =

(
0 1
1 0

)
,

σ2 = σY = Y =
(

0 −i
i 0

)
, σ3 = σZ = Z =

(
1 0
0 −1

)
.

The different notation can be used interchangeably. Those matrices are both
Hermitian and unitary.

Pauli vector We can write the (X,Y, Z) Pauli matrices as a pseudo-vector:

~σ =
(
σ1 σ2 σ3

)T
.

This is useful to use dot-products as a short-hand notation:

~σ •
(
α β γ

)T = ασ1 + βσ2 + γσ3.

Properties Pauli matrices have properties that can save a lot of time.
1. Tr(I) = 2 and Tr(X) = Tr(Y ) = Tr(Z) = 0.
2. Squaring a Pauli gives identity and multiplying two different

Paulis gives the third one up to a constant factor. In other words,
for i, j ∈ {1, 2, 3}:

σiσj = δijI + iεijkσk,

where εijk is the Levi-Civita symbol, and where we use Einstein’s
summation notation.

3. For i, j ∈ {1, 2, 3}:

[σi, σj ] = 2iεijkσk.

4. For i, j ∈ {1, 2, 3}:
{σi, σj} = 2δijI.

5. Pauli matrices form an orthogonal basis. In other words, for
i, j ∈ {0, 1, 2, 3}:

Tr(σiσj) = 2δij .

All properties directly come from the two first.

16
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Remark: Paulis
are gates

Since Paulis are unitary, they can be used as gates (i.e. discrete time evolution).
For instance:

X|0〉 = |1〉, X|1〉 = |0〉.

This justifies this gate can be called the NOT gate.
Theorem Let H be an operator such that H2 = I.

Then:
exp(iαH) = cos(α)I + i sin(α)H.

Proof This directly comes from the definition of the exponential of an
operator. It will be proven in the first exercise series.

Remark: Pauli
are generators

Since Paulis are Hermitian, they can be used as Hamiltonians. In fact, since they
form a basis, any single-qubit Hamiltonian can be expressed as a sum of Paulis:

H =
3∑
i=1

ωniσi = ω(n1X + n2Y + n3Z) = ω~n • ~σ,

where ω ∈ R is arbitrary, and
(
n1 n2 n3

)T ∈ R3 is a unit vector.
Note that the sum ranges from 1 to 3, skipping σ0 = I. Indeed, the corresponding
unitary is U(t) = exp(−iHt), but once we take the exponential, any identity term
would become a global phase:

exp(iθI + iϕB) = exp(iθI) exp(iϕB) = exp(iθ)︸ ︷︷ ︸
global

exp(iϕB).

Recall that global phases do not matter in quantum physics. Therefore, using our
theorem above, any arbitrary qubit unitary can be written as:

U = exp(−iHt) = exp(−iω~n • ~σt) = cos(ωt)I − i sin(ωt)~n • ~σ.

It can be proven that this induces a rotation on the Bloch sphere around the ~n axis
at a rate of 2ωt.

Example Let us consider:

~n = ~nz =

0
0
1

 =⇒ ~nz • ~σ = σz.

Then, we have:

e−iω~n•~σt|ψ〉 = e−iωσzt

(
cos
(
θ

2

)
|0〉+ eiϕ sin

(
θ

2

)
|1〉
)

= cos
(
θ

2

)
e−iωt|0〉+ sin

(
θ

2

)
eiϕeiωt

= e−iωt
(

cos
(
θ

2

)
|0〉+ sin

(
θ

2

)
ei(ϕ+2ωt)|1〉

)
.

We then have θ(t) = θ and ϕ(t) = ϕ+ 2ωt. Therefore, U makes |ψ〉
rotate on the Bloch sphere around the z-axis at a rate of 2ωt, as
expected.
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2.3 Measurements

Definition: Ob-
servables

An observable is an Hermitian operator M .

Property By using the spectral theorem, M can always be orthodiagonalised
with real eigenvalues:

M =
∑
k

λk|λk〉〈λk|, λk ∈ R,

〈λi|λj〉 = δij .

Definition: Ex-
pectation

The expectation of an observable M in state |ψ〉 =
∑
k αk|λk〉 is:

〈M〉 =
∑
k

|αk|2λk.

This is moreover equal to:
〈M〉 = 〈ψ|M |ψ〉

Intuition This is indeed an expectation: the |αk|2 are probabilities of different
observation result, and the λk are the value measured from those
observations.

Proof This is a direct equality:

〈M〉 = 〈ψ|M |ψ〉 =
∑
k,k′,j

αkα
∗
k′ 〈λk|λj〉︸ ︷︷ ︸

δkj

〈λj |λk′〉︸ ︷︷ ︸
δjk′

λk =
∑
k

|αk|2λk.

�

Definition: Pro-
jector

The projector on the kth outcome of an observable M is defined by:

Πk = |λk〉〈λk|.

The probability of getting the outcome k is given by:

pk = 〈ψ|Πk|ψ〉.

Moreover, in the case of an ideal measurement, the state after measurement is said
to collapse to:

|ψ′〉 = Πk|ψ〉√
pk

.

Remark The last claim has many issues. We will come back to it when we
will see the measurement problem. The idea is that, after measuring
a state, it may collapse to a lot of different states; although, in the
end, it does not really matter.

Thought experi-
ment

We consider the four following experiments, where we start with some state, let
it evolve for some time (all experiments evolve under the same Hamiltonian), and
measure it. All four experiments are possible to make in a lab.
1. We start with a system in state |0〉. We then wait half an hour and measure it,

measuring |0〉 half of the time and |1〉 the other half.
2. We start with a system in |1〉. We then wait half an hour and measure it,

measuring |0〉 half of the time and |1〉 the other half.
3. We start with a system in state |0〉. We then wait half an hour, and measure it.

We wait another half hour and measure. For both measures, we get |0〉 half of
the time, and |1〉 the other half.
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4. We start with a system in state |0〉. We then wait a full hour, and measure. We
always measure the result to be in state |0〉.

Let us explain those experiments mathematically.
1. Experiment 1 can be described as:

|0〉 wait 30 min−→ |0〉+ |1〉√
2

.

In other words:
U(30 min)|0〉 = |0〉+ |1〉√

2
.

2. For experiment 2, we need to get a state that is orthogonal to |0〉+|1〉√
2 after waiting

(because unitary transformations map orthogonal states to orthogonal states), so
we can take:

|1〉 wait 30 min−→ |0〉 − |1〉√
2

.

3. Since measuring a state collapses its state to |0〉 or |1〉, the third experiment is
like chaining the first and second experiments.

4. Merging the idea of the first and second experiment, we have, for the fourth
experiment:

|0〉 wait 30 minutes−→ 1√
2

(|0〉+ |1〉) wait 30 minutes−→ 1√
2

(
|0〉+ |1〉√

2
+ |0〉 − |1〉√

2

)
= |0〉.

Takeaway mes-
sage

This shows the very unintuitiveness of quantum mechanics: the
measure in experiment 3 had an impact.
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Chapter 3

Composite systems and entanglement

3.1 Tensor product

Definition:
Tensor product

Let HA be a Hilbert space spanned by {|µ1〉, . . . , |µdA
〉} and HB be a Hilbert space

spanned by {|ν1〉, . . . , |νdB
〉}.

The tensor product (also called Kronecker product) of HA and HB, written
HA ⊗HB , is a space spanned by:

|λij〉 = |µi〉 ⊗ |νj〉, i ∈ {1, . . . , dA}, j ∈ {1, . . . , dB}.

It has dimension dAB = dAdB . The inner product on basis elements of this Hilbert
space is:

〈λij |λk`〉 = 〈µiνj |µiνj〉 = 〈µi|µk〉〈νj |ν`〉.

Moreover, the tensor product of vectors is defined in such a way that it follows the
two following properties:
• (Linearity) a(|ν〉 ⊗ |ω〉) = (a|ν〉)⊗ |ω〉 = |ν〉 ⊗ (a|ω〉).
• (Distributivity) (|ν1〉+ |ν2〉)⊗ |ω〉 = |ν1〉 ⊗ |ω〉+ |ν2〉 ⊗ |ω〉.

Properties Let |ϕ〉 =
∑
ij bij |λij〉 and |ψ〉 =

∑
ij cij |λij〉 be any arbitrary

element of HAB . Then, their inner product is given by:

〈ϕ|ψ〉 =
∑
ijk`

b∗
ijck`δikδj` =

∑
ij

β∗
ijcij ,

just like we would expect from any basis.
Similarly, the identity can simply be written as:

IAB = IA ⊗ IB =
∑
ij

|λij〉〈λij |.

Remark We can chain tensor products to consider larger systems, such as
HABC = HA ⊗HB ⊗HC . This has dimension dABC = dAdBdC .

Notation It is typical to drop the ⊗ when we write tensor products, or even
merge them into the same ket:

|µi〉 ⊗ |νj〉 = |µi〉|νj〉 = |µiνj〉.

Composite sys-
tem

Let A,B be two systems living in Hilbert spaces HA and HB , respectively.
The composite system AB lives in a Hilbert space HAB = HA ⊗HB , where ⊗ is a
tensor product (also called Kronecker product).

Example Let us consider A and B to be single qubit systems, i.e. AB is a
two-qubit system. Both A and B are spanned by {|0〉, |1〉}, so AB

21
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is spanned by:

|0〉 = |0〉 ⊗ |0〉, |1〉 = |0〉 ⊗ |1〉, |2〉 = |1〉 ⊗ |0〉, |3〉 = |1〉 ⊗ |1〉.

Any state can then be expressed as:

|ψ〉 = c0|0〉+ c1|1〉+ c2|2〉+ c3|3〉.

We can for instance consider:

|ϕ〉 = |01〉 − |10〉√
2

= |1〉 − |2〉√
2

.

It is indeed normalised since the sum of the modulus squared of its
coefficient is 1. More formally:

〈ϕ|ϕ〉 =
∣∣∣∣ 1√

2

∣∣∣∣2 +
∣∣∣∣− 1√

2

∣∣∣∣2 = 1.

Operators in
composite sys-
tems

Let TA and TB be operators acting on their respective systems. The resulting joint
operator on AB, written TA ⊗ TB , is defined such that:

(TA ⊗ TB)(|ϕ〉A ⊗ |ψ〉B) = (TA|ϕ〉A)⊗ (TB |ψ〉B).

TA ⊗ IB and IA ⊗ TB are called local operators.
Property Local operators that act on different systems always commute:

(TA ⊗ IB)(IA ⊗ TB) = (TAIA)⊗ (IBTB)
= TA ⊗ TB
= (TA ⊗ IB)(IA ⊗ TB).

Notation When we have indices that denote on which system an operator
acts, we may drop identities. That way, we note:

TA ⊗ IB ≡ TA.

This moreover allows us to write TA ⊗ TB more easily:

TATB = (TA ⊗ IB)(IA ⊗ TB) = TA ⊗ TB .

Explicit vector
and matrix rep-
resentation

Up to an isomorphism, it is possible to show that, given any vector |v〉:a1
...
an

⊗ |v〉 =

a1|v〉
...

an|v〉

.
Similarly, given any matrix A: a1 · · · a1n

...
. . .

...
an1 · · · ann

⊗A =

a11A · · · a1nA
...

. . .
...

an1A · · · annA

.
Example For instance:

(
a
b

)
⊗
(
α
β

)
=

a
(
α
β

)
b

(
α
β

)
 =


aα
aβ
bα
bβ

.
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Monday 23rd September 2024 — Lecture 2 : Star Trek goes brrr

Definition: En-
tangled state

A state |Ψ〉 is said to be entangled if and only if it cannot be written as a product
state:

|Ψ〉 6= |ϕ〉|ψ〉
Example For instance, the following is an entangled state:

|00〉+ |11〉√
2

.

However, the following are two product states:

|0〉|1〉, |00〉+ |01〉+ |10〉+ |11〉
2 = |0〉+ |1〉√

2
⊗ |0〉+ |1〉√

2
.

Axiom: Global
measurement

On an arbitrary composite system, a measurement is represented by a Hermitian
operator MAB =

∑
i λi|λi〉〈λi|. This type of measurement is said to be global.

Remark This is exactly what we had before for arbitrary quantum systems.

Axiom: Local
measurement

A measurement on a single subsystem A of a composite system AB is represented
by MA ⊗ I, where MA is a Hermitian operator. This type of measurements is said
to be local.

Remark Let us verify this makes sense for expected values. We decompose
MA =

∑
i µi|µi〉〈µi| and |Ψ〉 =

∑∞
i,j αij |µiνj〉. Then:

〈MA ⊗ I〉 =
∑
ij

|αij |2µi =
∑
i

∑
j

P(µiνj)

µi =
∑
i

P(µi)µi.

This is exactly what we want the expected value to be when we
measure on the subsystem A.

3.2 The quantum eraser

Thought ex-
periment: The
quantum eraser

We will consider four experiments, which are variations of the double-slit experiment.
The idea is that the photon will behave as a wave (making interference pattern) if
and only if we have no way of knowing through which slit it went through.

Experiment 1 We consider the regular double-slit experiment: we send a photon toward a wall that
has two small holes, and with a screen behind. We moreover consider the photon to
be horizontally polarised.
Then, we have interference patterns: photons behave as waves.

Proof Let |Ψ1(x, t)〉 be the wave function of the photon on that went
through the first slit on the screen, and |Ψ2(x, t)〉 be the one of the
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second. The wave function at the screen is simply:

|Ψ(x, t)〉 = |Ψ1(x, t)〉+ |Ψ2(x, t)〉√
2

⊗ |H〉.

The screen measures the position. In other words, our measurement
is |x〉〈x|, giving that the probability to the photons is measured on
any given position x on the screen is:

P(x) = 〈Ψ(x, t)|(|x〉〈x| ⊗ I)|Ψ(x, t)〉

= 1
2 〈Ψ1(x, t) + Ψ2(x, t)|x〉〈x|Ψ1(x, t) + Ψ2(x, t)〉〈H|H〉

= |Ψ1(x, t) + Ψ2(x, t)|2

2 .

This does rise to interference pattern. They are very high and
destructive at places where Ψ1(x, t) ≈ −Ψ2(x, t), in which case:

P(x) ≈ 0.

On the other hand, they are very high and constructive at places
where Ψ1(x, t) ≈ Ψ2(x, t).

�

Experiment 2 We consider the same experiment setup as the first experiment, except that we add a
90◦ polarisation rotator (that turns the horizontally polarised photon to a vertically
polarised one) behind one of the holes.
This time, we no longer have any interference. In other words, there are two regions:
photons behave as particles.

Proof We use the same notations as in the first experiment.
The first photon going through the first slit has a vertical polarisa-
tion, so:

|Ψ(x, t)〉 = 1√
2

(|Ψ1(x, t)〉|V 〉+ |Ψ2(x, t)〉|H〉).

Then, the probability to measure the photon at any place on the
screen, and writing |Ψ(x, t)〉 = |Ψ〉 for a lighter notation:

P(x) = 〈Ψ|(|x〉〈x| ⊗ I)|Ψ〉

= 1
2(〈Ψ1|〈V |+ 〈Ψ2|〈H|)(|x〉〈x| ⊗ I)(|Ψ1〉|V 〉+ |Ψ2〉|H〉)

= 1
2(〈Ψ1|x〉〈x|Ψ1〉+ 〈Ψ2|x〉〈x|Ψ2〉)

= |Ψ1(x, t)|2 + |Ψ2(x, t)|2

2 .
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This does not leave the room for any interference.

�

Experiment 3:
Quantum eraser

We consider the same experiment setup as the second experiment, except that we
add a 45◦ polarisation filter between the holes and the screen.
We now get some interference patterns; photons behave as waves. The interference
patterns are however half the intensity as the ones of the first experiment.

Remark This experiment is named the quantum eraser since, by adding some
more measurement later in the experiment, we managed to change
the behaviour at the slit. In the second experiment it behaved as a
particle, but adding some polarisation filter in this third experiment
makes it believe again as a wave.

Proof The state after the polarisation rotator is the same as the second
experiment:

|Ψ(x, t)〉 = |Ψ1〉|V 〉+ |Ψ2〉|H〉√
2

= |Ψ1〉(|↗〉 − |↙〉)
2 + |Ψ2〉(|↗〉+ |↙〉)

2 .

The polarisation filter only keeps the state |↗〉 = |H〉+|V 〉√
2 . There-

fore, the photon goes through the filter with probability 1
2 , in which

case it collapses to:∣∣∣Ψ̃(x, t)
〉

= |Ψ1〉+ |Ψ2〉√
2

|H〉+ |V 〉√
2

.

When computing the probabilities, we only need to be careful about
the fact that the polarisation filter lets through half of the photons.
Therefore, we get the same result as in the first experiment, but
with an extra 1

2 factor:

P(x) = |Ψ1 + Ψ2|2

4 .

This therefore again gives rise to interference patterns.

�

Experiment
4: Delayed
quantum eraser

We go back to something closer to the double-slit experiment. The photon is no
longer polarised, but behind the first hole, we put an atom. If the photon goes
through the slit behind which there is this atom, it will change the state of the atom
from |↑〉 to |↓〉, without being absorbed. We observe the atom before the photon
hits the screen, either in the basis {|↑〉, |↓〉} or in the basis {|↗〉, |↙〉}.
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Depending on the choice of the basis and its outcome, we get different patterns:
• If we measure |↑〉, we have a pattern P↑(x) = |Ψ1(x)|2.
• If we measure |↓〉, we have a pattern P↓(x) = |Ψ2(x)|2.
• If we measure |↗〉, we have a pattern P↗(x) = 1

2 |Ψ1(x) + Ψ2(x)|2.
• If we measure |↙〉, we have a pattern P↙(x) = 1

2 |Ψ1(x)−Ψ2(x)|2.
In particular, in the first and second cases, the photon behaves a particle; in the
third and fourth cases, the photon behaves as a wave, giving rise to interference
patterns.

Remark This is named the delayed quantum eraser because we can choose
very late to measure the atom in the basis {|↑〉, |↓〉} for the photon
to behave as a particle, or in the basis {|↗〉, |↙〉} for the photon
to behave a wave.

No-signaling the-
orem

It is not possible to make a quantum protocol that allows to send information faster
than the speed of light.

Remark This is very important for quantum physics to be coherent with
special relativity.

Proof We will see a proof of this theorem when we consider density matrices
later in the class.

Theorem:
Delayed
quantum eraser
signaling

Let us consider the following faulty protocol. Bob sends to Alice a photon that when
through the double-slits and atom of the fourth experiment (the delayed quantum
eraser). Bob waits until just before Alice measures the photon with her screen. If
Bob wants to send a 0, he measures the atom in {|↑〉, |↓〉}. If he wants to send a 1,
he measure the atom in the basis {|↗〉, |↙〉}. Alice can then decode the information,
using whether she sees interference patterns or not.
This protocol does not work.

Proof This is a direct consequence of the no-signaling theorem. However,
let us get some physical intuition on why.
The idea is that, to see a pattern P(x), Alice needs to receive many
photons on her screen and average the positions. Suppose that Bob
wants to send a 0. In this cases, he measures the atom in the basis
{|↑〉, |↓〉}, and has a 1

2 probability to get either case. However, Alice
does not know which was his result, so all she can measure is:

P0(x) = 1
2P↑(x) + 1

2P↓(x) = |Ψ1(x)|2 + |Ψ2(x)|2

2 .

There is no interference pattern, as expected.
Similarly, if Bob wants to send a 1, all Alice can measure is the
average of the two interference patterns P↗(x) = 1

2 |Ψ1(x) + Ψ2(x)|2

and P↙(x) = 1
2 |Ψ1(x)−Ψ2(x)|2:

P1(x) = 1
2

(
|Ψ1(x) + Ψ2(x)|2

2 + |Ψ1(x)−Ψ2(x)|2

2

)
.
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However, it is possible to show using analysis tools that 1
2 |z1 + z2|2 +

1
2 |z1 − z2|2 = |z1|2 + |z2|2 for any z1, z2 ∈ C. This implies that
P1(x) = P0(x). In other words, when Bob wants to send 1, the
interference patterns average out to give no interference pattern at
all. Alice can therefore not distinguish the case Bob sends a 0 or a
1.

�

3.3 Bell inequalities

Quantum psych-
ics game

Alice and Bob pretend to be psychics, and Spock and Kirk try to find out if this is
true. They make an experiment to decide this. They put Alice and Bob in separate
boxes, preventing them from communicating. The only communication medium is
that Alice can speak to Spock, and Bob can speak to Kirk.
Both Spock and Kirk toss a coin, and get either heads or tails, and tell the result to
their participant (Spock to Alice, and Kirk to Bob). Alice and Bob must say 1 or
−1, depending on the protocol and the result of their coins. The goal of Spock and
Kirk is to make a protocol that allows to verify they are indeed psychics.
Alice and Bob are allowed to make a strategy before the game starts, but cannot
communicate as soon as it started.

Experiment 1 We consider the protocol where Alice and Bob must give the same answer if and
only if the two coins gave the same result.
This is a bad protocol.

Proof Alice and Bob can just give 1 when they hear “Head”, and −1 when
they hear “Tail”. This respects the protocol with probability 1, even
though they do not need to be psychics.

�

Experiment 2 We consider the protocol where Alice and Bob must give the same answer if and
only if the two coins gave a different result.
This is again a bad protocol.

Proof Alice can do like in the first experiment, and Bob the other way
around. This again, this respects the protocol with probability 1,
even if they are not psychics.

�

Experiment 3 We consider the protocol where Alice and Bob must give a different answer if and
only if both coins give H.
Then:

1. If Alice and Bob only use classical physics, they have a 3
4 probability of success

and hence this is a good protocol.
2. However, if they share a Bell state |Φ+〉 = 1√

2 (|00〉+ |11〉), they can get a
higher probability of success (which is 2+

√
2

4 ), and fool Kirk and Spock.
Remark Note that they are not transmitting any information, they just

manage to get a higher correlation on their guesses. Moreover, this
is what we call a “Bell inequality”. We will formalise this right
after, but the idea is that it shows hidden variables cannot explain
quantum physics.

Proof 1 We define AH ∈ {1,−1} to be what Alice says when she hears
“Head”, and similarly for BH , AT , BT . Note that this means Alice
and Bob have deterministic strategies. Using this deterministic case,
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it is possible to extend this argument to the more general case where
(AH , AT ) and (BH , BT ) are independent random variables, i.e. to
the case where Alice and Bob have randomised strategies. The rules
of the experiment ask for:

AHBH = −1, ATBT = 1, ATBH = 1, ATBT = 1.

Multiplying all four equations together, we get:

A2
HB

2
HA

2
TB

2
T = −1.

This is impossible, we always have A2
HB

2
HA

2
TB

2
T = 1. Therefore, all

equations cannot be fulfilled at the same time, and Alice and Bob
cannot find a strategy that works all the time. The best they can do
is fulfil three of those equations at any time. Since Kirk and Spock
look at exactly one of those four equations with uniform probability,
no matter their strategy, Alice and Bob cannot win more than 3

4 of
the time.

Proof 2 The idea is that quantum allows to make the random variables
(AH , AT ) and (BH , BT ) dependent, without communicating. This
can be considered to be some form of telepathy.
We consider the following protocol.
• If Alice gets told “Head”, she measures in the Z-basis and

says 1 on getting |0〉 and −1 on |1〉.
• If Alice gets told “Tail”, she measures in the X-basis, and

says 1 on getting |+〉 and −1 on |−〉.
• If Bob gets told “Head”, he measures in the basis

{
|h〉,

∣∣h〉},
and says 1 on getting |h〉 and −1 on

∣∣h〉, where:

|h〉 = sin
(π

8

)
|0〉+cos

(π
8

)
|1〉,

∣∣h〉 = cos
(π

8

)
|0〉−sin

(π
8

)
|1〉.

• If Bob gets told “Tail”, he measures in the basis
{
|t〉,
∣∣t〉}, and

says 1 on |t〉 and −1 on
∣∣t〉, where:

|t〉 = cos
(π

8

)
|0〉+sin

(π
8

)
|1〉,

∣∣t〉 = sin
(π

8

)
|0〉−cos

(π
8

)
|1〉.

We will check in the third exercise series that the probability they
succeed is:

p = cos
(π

8

)2
= 2 +

√
2

4 ≈ 0.854,

hence beating the sceptic.

�

Monday 30th September 2024 — Lecture 3 : Hidden variables are not a valid model

CHSH inequality We consider the following value, the total coalition coefficient:

C = 〈ATBT 〉+ 〈AHBT 〉+ 〈ATBH〉 − 〈AHBH〉,

where, for instance, 〈AHBH〉 is the average value of the product of the two values
Bob and Alice say if they both get head:

〈AHBH〉 = (−1)P(AH = 1, BH = −1 | H,H) + (−1)P(AH = −1, BH = 1 | H,H)
+ P(AH = 1, BH = 1 | H,H) + P(AH = −1, BH = −1 | H,H).

Then:
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1. In the classical world, we always have C ≤ 2.
2. In the quantum world, it is possible to reach C = 2

√
2.

Remark This is just a rephrasing of the third quantum psychics experiment
above, in a more mathematical but less intuitive phrasing. There is
a direct link between the probability of winning and the coalition
coefficient C. Note however that this is typically phrased this way
in literature, which we typically refer to as the CHSH inequality.

Proof Our goal is to link the probability of winning in the third experiment
to the coalition coefficient. The inequalities will then come from
our previous results.
We can now express their probability of winning, i.e. the probability
that they give different answers if and only if both coins give head,
is given by:

P(win)

= 1
4P(AH = 1, BH = −1 | H,H) + 1

4P(AH = −1, BH = 1 | H,H)

+ 1
4P(AH = 1, BT = 1 | H,T ) + 1

4P(AH = −1, BT = −1 | H,T )

+ 1
4P(AT = 1, BH = 1 | T,H) + 1

4P(AT = −1, BH = −1 | T,H)

+ 1
4P(AT = 1, BT = 1 | T, T ) + 1

4P(AT = −1, BT = −1 | T, T ).

Now note that, since the probabilities sum to one, we can write:

〈AHBH〉 = 1− 2P(AH = 1, BH = −1 | H,H)
− 2P(AH = −1, BH = 1 | H,H).

We can find something similar for all other terms. Doing some
algebra, we can express the probability of winning as:

P(win) = 1
2 + 1

8(−〈AHBH〉+ 〈AHBT 〉+ 〈ATBH〉+ 〈ATBT 〉)

= 1
2 + C

8 .

In other words:
C = 8P(win)− 4.

Let us now consider the classical and the quantum case.
1. In the classical case, we found that P(win) ≤ 3

4 . This gives
that:

C ≤ 8 · 3
4 − 4 = 6− 4 = 2,

as expected.
2. We found that it is possible to reach P(win) = 2+

√
2

4 in the
quantum case, giving, in this case:

C = 8 · 2 +
√

2
4 − 4 = 4 + 2

√
2− 4 = 2

√
2.

�

Bell’s inequality Let us be more formal and more general. We consider a very similar scenario,
where we have some source that sets up the experience. Alice and Bob both have
a measurement device that can measure in two different bases, A,A′ for Alice and
B,B′ for Bob.
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We take the following hypotheses, which intuition are explained after:
1. (Setting independence) We suppose that there exists some λ so that:

P(` | L,B, λ) = P(` | L,B′, λ).

where L ∈ {A,A′} represents which measurement device was used by Alice.
2. (Outcome independence) We also suppose that the following is true:

P(` | L,R, r, λ) = P(` | L,R, r′, λ).

where L ∈ {A,A′} and R ∈ {B,B′} represent which measurement device was
used by Alice or Bob, respectively.

3. (Single outcome assumption) There is only one outcome obtained on each
device.

4. (No conspiracy assumption) It is fair to calculate C by averaging over many
runs of the experiment. In other words, in some sense, there isn’t a superior
being tricking the probabilities giving us absurd statistical results.

We consider the following correlation coefficient:

C = |〈LR〉 − 〈LR′〉|+ |〈LR〉+ 〈L′R〉|,

where, for instance:
〈LR〉 =

∑
`,r∈{−1,1}

`rP(`, r | L,R).

Then, C ≤ 2. It is possible to make an experiment where C = 2
√

2, so one of the
four hypotheses must be wrong.

Hypotheses
intuition

Let us get some intuition on our hypotheses.

1. The first hypothesis states that Alice’s result does not depend
on Bob’s choice of measurement device. She might get different
probabilities depending on the results Bob gets, but it must
depend on the result, not just the choice of the basis (similarly
to what we discussed for using the delayed quantum eraser for
signalling).

2. The second hypothesis is the most important one. It states that
Alice’s result does not depend on Bob’s result, but only on some
hidden variable λ, i.e. something that summarises all the shared
history of the two qubits. In other words, we suppose that, when
the source created the two qubits, it annotated some value λ in
it, that the qubits use on measurement. This supposes in some
sense that the value is decided upon creation of the qubits, not
on their measurement.
Another way to understand the first and second hypothesis is by
noticing that that they together imply that:

P(`, r | L,R, λ) = P(` | L,R, λ)P(r | L,R, λ)
= P(` | L, λ)P(r | R, λ),

where we used first outcome independence and then setting
independence. This property is named factorisability.
This property means that `|L and r|R are both independent ran-
dom functions of the same λ. This is exactly the hypothesis that
local hidden variable theories use: they suppose the behaviour
of one qubit is not determined by the measurement of the other,
but instead of some shared common λ.
Note that this does not mean `|L and r|R are not independent
(just like the number of people in the subway in Lausanne and
in Paris at any given time are very dependent random variables,
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but one being big does not cause the other to be big, they are
independent random functions of the time t).

3. The third hypothesis is quite unquestionable.
4. The fourth hypothesis basically states that we can estimate an

expected value by averaging values obtained in a lab. Questioning
this hypothesis would be a big issue for the scientific method.

Implication Since it is possible to make an experiment where C = 2
√

2, one of
the four hypotheses must be wrong. We do not want to question
the third or the fourth. Moreover, the first hypothesis would break
the no-signaling theorem: Bob could choose B or B′ depending on
the value he wants to send to Alice.
This necessarily means that the second hypothesis, outcome inde-
pendence, has to be violated. Note that this is more general than
just quantum mechanics. No matter the physical model, the exper-
iments we did that show C = 2

√
2 are valid. Therefore, outcome

independence will never be possible, even in successors of quantum
physics.
This notably shows that local hidden variables theory are not valid
and will never be.

Contextuality Let us consider the following matrix of operators, named the Peres-Mermin square:A B C
a b c
α β γ

.
We moreover consider the following value:

〈PM〉 = 〈ABC〉+ 〈abc〉+ 〈αβγ〉+ 〈Aaα〉+ 〈Bbβ〉 − 〈Ccγ〉.

In the classical case, we have |C| ≤ 4. With quantum, it is possible to choose the
operators so that C = 6.

Remark This is a result which is very analogous to Bell’s inequalities. The
fact that |C| ≤ 4 in the classical case means that the measure of
some property does not depend on its context, i.e. it does not
change because of the measure of other properties.
The fact that C = 6 is reachable with quantum means that this is
not true for quantum physics.

Proof We only prove the quantum case, the classical case can be argued
in a very similar way to the quantum psychic game. We consider
the following Peres-Mermin square:Z ⊗ I I ⊗ Z Z ⊗ Z

I ⊗X X ⊗ I X ⊗X
Z ⊗X X ⊗ Z Y ⊗ Y

.
Notice that all elements in a single row and all elements in a single
column commute and are therefore jointly measurable. Computing
one of the terms, we notice:

〈ABC〉 = 〈ψ|(Z ⊗ I)(I ⊗ Z)(Z ⊗ Z)|ψ〉 = 〈ψ|ψ〉 = 1.

The product of every row and column gives identity, except for the
last column which gives −I. This means that:

〈PM〉 = 1 + 1 + 1 + 1 + 1− (−1) = 6.

�
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Chapter 4

Density operators

4.1 Pure states

Definition: Dens-
ity operator

Let |ψ〉 be some state.
Its corresponding density operator is ρ = |ψ〉〈ψ|.

Example For instance, if |ψ〉 = |1〉 =
(
0 1

)T , then:

ρ =
(

0 0
0 1

)
.

Similarly:

|ψ〉 = |01〉 − |10〉√
2

= 1√
2


0
1
−1
0

 =⇒ ρ = 1
2


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

.
Finally, for an arbitrary qubit |ψ〉 = cos

(
θ
2
)
|0〉+ eiϕ sin

(
θ
2
)
|1〉:

ρ =
(

cos2( θ
2
)

cos
(
θ
2
)

sin
(
θ
2
)
e−iϕ

cos
(
θ
2
)

sin
(
θ
2
)
eiϕ sin2( θ

2
) )

.

Proposition: Ex-
pected value

Let ρ be a density operator, and O be an observable.
Then, the expected value of O under the state ρ is defined by:

〈O〉 = Tr(ρO).
Proof This is a direct proof, using properties of the trace:

〈O〉 = Tr(ρO) = Tr(|ψ〉〈ψ|O) = Tr(〈ψ|O|ψ〉) = 〈ψ|O|ψ〉.

�

Theorem: Arbit-
rary single qubit
state

Let |ψ〉 be an arbitrary qubit, and ρ be its corresponding density matrix. Moreover,
let ~v be the unit vector on the Bloch sphere that represents |ψ〉.
Then:

~v =

〈X〉〈Y 〉
〈Z〉

, ρ = 1
2(I + ~σ • ~v).

Proof Since ρ is a Hermitian matrix, we can represent it in the Pauli basis:

ρ = u0I + uxX + uyY + uzZ.
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Since moreover ρ = |ψ〉〈ψ|, we notice that Tr(ρ) = 1. Therefore, we
must have:

1 = Tr(ρ) = u0 Tr(I) + ux Tr(X) + uy Tr(Y ) + uz Tr(Z) = 2u0

⇐⇒ u0 = 1
2 .

We now need to get the other coefficients. Let us consider the
following expectation value:

〈X〉 = Tr(ρX) = Tr
(

1
2X + uxX

2 + uyY X + uzZX

)
= ux Tr(I).

Since Tr(I) = 2, this means that ux = 1
2 〈X〉. We can do a similar

reasoning for the other coefficients, getting:

ρ = 1
2(I + ~σ • ~v), where ~v =

〈X〉〈Y 〉
〈Z〉

.
We will moreover verify in the fourth exercise sheet that:

~v =

sin(θ) cos(ϕ)
sin(θ) sin(ϕ)

cos(θ)

.
So, ~v is indeed the vector representing |ψ〉 and ρ on the Bloch sphere
.

�

4.2 Mixed states

Classical random-
ness

We want to add classical randomness in our constructions. Let’s say that someone
gives us a state, |ψ〉 with probability p and |ϕ〉 with probability 1− p. Our goal is
to find a single mathematical object that allows us to easily get the expected value.
The expected value is:

〈O〉 = p〈ψ|O|ψ〉+ (1− p)〈ϕ|O|ϕ〉
= pTr(|ψ〉〈ψ|O) + (1− p) Tr(|ϕ〉〈ϕ|O)
= Tr[(p|ψ〉〈ψ|+ (1− p)|ϕ〉〈ϕ|)O].

The mathematical entity that appears to have all the information about the expected
value is therefore:

ρ = p|ψ〉〈ψ|+ (1− p)|ϕ〉〈ϕ|.

This is also a density operator, but related to what we call a mixed state. This
yields the following definition.

Definition: Dens-
ity operator

Let’s say we have a set of m states |ψk〉, which appear with probability pk.
We can represent this using a density operator, defined by:

ρ =
m∑
k=1

pk|ψk〉〈ψk|.

If m = 1 (i.e. if ρ = |ψ〉〈ψ|), ρ is said to be a pure state. Otherwise, it is said to
be a mixed state.
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Theorem: Bloch
ball

Let’s say that we have states |ψ〉 and |ϕ〉 corresponding to Bloch sphere vectors ~vψ
and ~vϕ, respectively:

|ψ〉〈ψ| = 1
2(I + ~vψ • ~σ), |ϕ〉〈ϕ| = 1

2(I + ~vϕ • ~σ).

Moreover, suppose that we have |ψ〉 with probability p and |ϕ〉 with probability
1− p. Then, ρ = p|ψ〉〈ψ|+ (1− p)|ϕ〉〈ϕ| has Block ball vector ~u, where:

~u = p~vψ + (1− p)~vϕ.
Intuition In other words, ~u is a convex combination of ~vψ and ~vϕ; it is on the

line connecting those two vectors. Thus, whereas those two vectors
are on the surface of the Bloch sphere, ~u is inside of it. This is
hence not a sphere, it is a ball.
This can be generalised ρ being a linear combination of an arbitrary
of pure states.

Property Any pure state is on the Bloch sphere, ‖~v‖ = 1. Any mixed state is
inside the ball, ‖~v‖ < 1.

Proof We directly find that:

ρ = p|ψ〉〈ψ|+ (1− p)|ϕ〉〈ϕ|

= 1
2p(I + ~vψ • ~σ) + 1

2(1− p)(I + ~vϕ • ~σ)

= 1
2 [(p+ (1− p))I + (p~vψ + (1− p)~vϕ) • ~σ]

= 1
2(I + ~u • ~σ).

�

Monday 7th October 2024 — Lecture 4 : Philosophy feat. Outer Wilds

Definition:
Thermal state

In thermodynamics, for a given Hamiltonian H =
∑
iEi|Ei〉〈Ei|, the thermal state

γ is defined by:

γ = e−βH

Z
, Z =

∑
i

e−βEi ,

where Z is a normalisation term and β is the inverse temperature (multiplied by
some constant).

Observation Note that γ is a mixed state. Moreover, Z is indeed a normalisation
factor, since:

Z =
∑
i

e−βEi = Tr
(
e−βH) =⇒ Tr(γ) = 1.

Intuition In a thermal distribution, we are in state |Ei〉 with probability
pi = e−βEi/Z. This lets us construct γ:

γ =
∑
i

pi|Ei〉〈Ei| =
∑
i

e−βEi

Z
|Ei〉〈Ei| =

e−βH

Z
,

since exp(A) has the same eigenvectors as A, but with eigenvalues
exp(a) instead of a.
This is a good example of a physical system that requires both
classical and quantum randomness, justifying an interest for mixed
states.
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Properties of
density operators

Let ρ be some operator.
ρ is a density operator if and only if:

1. (Normalisation constraint) Tr(ρ) = 1.
2. (Positive semi-definite) ρ it has positive eigenvalues.
3. (Hermitian) ρ† = ρ.

Proof =⇒ The first property directly comes from the fact that eigenvalues of a
density operator represents probabilities. They must therefore sum
to 1. The second property follows from a similar argument.
For the third one, we directly find that:(∑

i

pi|ψi〉〈ψi|

)†

=
∑
i

p∗
i (|ψi〉〈ψi|)

† =
∑
i

pi|ψi〉〈ψi| = ρ

since, by a similar argument to the first properties, the eigenvalues
are real.

�

Proof ⇐= Let ρ be an arbitrary operator respecting the three properties. Since
it is Hermitian, we know it is orthodiagonalisable in a real basis:

ρ =
∑
i

pi|ψi〉〈ψi|, pi ∈ R.

Since it is positive semi-definite, pi ≥ 0 for all i. Since moreover it
traces to 1: ∑

i

pi = Tr(ρ) = 1.

This means that the pi represent a valid probability distribution.
This indeed yields that it is a valid density operator, where we have
state |ψi〉 with probability pi.

Remark The fact that the Bloch vector has a norm less than 1 directly comes
from those properties.

4.3 Reduced states

Observation So far, we have imagined that we have a state |ψ〉A in a system A and state |ϕ〉B in
system B. We then wrote down their joint state as |ψ〉A ⊗ |ϕ〉B .
Now, we may want to go the other direction. We may have a state |Ψ〉AB , and want
to write down the state corresponding to the system A. Note that the sate may not
even be a product state, we may for instance have |Ψ〉AB = |00〉+|11〉√

2 . In the most
general case, we may even have ρAB to be a mixed state.
Given ρAB , our goal is therefore to find some mathematical entity ρA that allows us
to compute properties of the system A only, i.e. so that:

〈OA ⊗ IB〉AB = Tr(ρAB(OA ⊗ IB)) = Tr(ρAO) = 〈OA〉A.

Theorem: Re-
duced state

Let ρAB be a mixed state in system HA ⊗HB .
We define the state ρA, called a reduced state, as:

ρA =
dB∑
k=1

(I ⊗ 〈k|)ρAB(I ⊗ |k〉).

Then, for all observable O acting on HA:

Tr(ρAO) = 〈O〉.
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Proof We make a constructive proof. In other words, we try to find ρA
from the result we wish to obtain.
Let us first recap what an expected value is. Expressing O in its
eigenbasis, O =

∑dA

j=1 λj |λj〉〈λj |, we have:

〈O〉 =
dA∑
j=1

λjPA(λj),

where PA(λj) is the probability to measure λj on system A in ρAB .
We are going to express PA(λj) in terms of ρAB. Let {|k〉B} be
some arbitrary orthonormal basis of HB . We know that:

PAB(λj , k) = Tr(|λjk〉〈λjk|ρAB) = 〈λjk|ρAB |λjk〉.

This can be verified by the definition of mixed states. Another way
to see this is that PAB(λj , k) is the expected value of the indicator
random variable that we measure λj , k. This can just be represented
using the observable |λjk〉〈λjk|.
But then, using the marginalisation of joint probabilities:

PA(λj) =
dB∑
k=1

PAB(λj , k) =
dB∑
k=1
〈λjk|ρAB |λjk〉.

This gives us that:

〈O〉 =
dA∑
j=1

λjPA(λj)

=
dA∑
j=1

λj

dB∑
k=1

(〈λj | ⊗ 〈k|)ρAB(|λj〉 ⊗ |k〉)

=
dA∑
j=1

λj〈λj |

(
dB∑
k=1

(I ⊗ 〈k|)ρAB(I ⊗ |k〉)
)
|λj〉,

We can now consider the ρA defined in the hypotheses, by seeing
that this directly gives us the result we swish for:

〈O〉 =
dA∑
j=1

λj〈λj |ρA|λj〉 = Tr

 dA∑
j=1

λj |λj〉〈λj |ρA

 = Tr(OρA)

�

Definition: Par-
tial trace

Let ρAB be some mixed state in HA ⊗HB .
We define the partial trace over HB as:

ρA = TrB(ρAB) =
dB∑
k=1

(I ⊗ 〈k|)ρAB(I ⊗ |k〉).

Remark Note that this is exactly the state we had in the theorem above. In
other words, for all observable O:

Tr(OρA) = Tr((O ⊗ IB)ρB).

Intuition If we were doing the full trace, we would be computing:

Tr(ρAB) =
∑
jk

(〈j| ⊗ 〈k|)ρAB(|j〉 ⊗ |k〉).
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In our case, we only trace on one of the systems (replacing the |j〉
by identities) getting an operator instead of a scalar.

Properties The partial trace has the following properties:
1. TrB(OA ⊗OB) = OA Tr(OB).
2. TrB(|ij〉〈k`|) = |i〉〈k|Tr(|j〉〈`|) = |i〉〈k|〈`|j〉.
3. (Cyclicity) TrB(MANA ⊗MBNB) = TrB(MANA ⊗NBMB).

4. (Linearity) TrB

(∑
i

λiOi

)
=
∑
i

λi TrB(Oi).

Remark 1 It is not necessary to use the formal definition of the partial trace.
Those properties are typically enough.

Remark 2 For instance, the first property directly implies that the mixed
reduced state of ρA ⊗ ρB would be:

TrB(ρA ⊗ ρB) = ρA Tr(ρB) = ρA.

This is very intuitive: the mathematical entity that represents just
system A should indeed be ρA.

Proof Proving those properties is a good exercise.

Example Let us consider a Bell state:

|ψAB〉 = |00〉+ |11〉√
2

.

Its corresponding mixed state is:

ρAB = |ΨAB〉〈ΨAB | =
|00〉〈00|+ |00〉〈11|+ |11〉〈00|+ |11〉〈11|

2 .

Then, the reduced state on system A is:

ρA = TrB(ρAB)

= TrB(|00〉〈00|) + TrB(|00〉〈11|) + TrB(|11〉〈00|) + TrB(|11〉〈11|)
2

= |0〉〈0| · 〈0|0〉+ |0〉〈1| · 〈0|1〉+ |1〉〈0| · 〈1|0〉+ |1〉〈1| · 〈1|1〉
2

= |0〉〈0|+ |1〉〈1|2

= I

2 .

This is a mixed state, with probability 1
2 to have |0〉 and probability 1

2 to have |1〉;
this is just a classical coin toss. Here, we lost coherence: we have a classical mixture
instead of quantum state in superposition.

Remark 1 ρA = I
2 is named the maximally mixed state, it is at the centre of

the Bloch sphere.

Remark 2 We get the exact same result for of the four Bell states. Since
multiple mixed state yield the same reduced state, the partial trace
is not bijective.

Remark 3 It is possible to find by symmetry that ρB = I
2 as well. Note however

that ρAB 6= ρA ⊗ ρB. In other words, when looking at only one of
the two systems, this is just a classical coin toss; but, as soon as we
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wish to analyse both systems at the same time, quantum physics
adds some correlation.

No-signaling the-
orem

We suppose that Alice and Bob share many entangled qubit pairs.
There is no way for Bob to signal anything (i.e. transmit data) to Alice by applying
operators and measuring (in any basis) its part of the pairs.

Proof The reduced mixed state is the unique mathematical object that
determines the expected value of Alice’s measure. It however does
not depend on anything Bob does on its part of the qubit, giving
our result.

�
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Chapter 5

Measurement problem

Axioms We will consider the following hypotheses:
1. A good measuring device is accurate.
2. Quantum mechanics is a universal (it applies to everything) and fundamental

theory.
3. (Weak physicalist postulate) The description of the behaviour of large objects

must be consistent with the laws governing the behaviour of the smaller
objects of which they consist.

The two last hypotheses imply that we should be able to describe a measuring device
using the rules of quantum mechanics.

Measuring
device

A measuring device is a device which can extract information from a quantum
system.

Example For instance, we may have a system |x〉 ⊗ |ψ〉 where |x〉 ∈
{|ready〉, |up〉, |down〉} represents the state of the measuring device,
and |ψ〉 represents the state of some electron. We want our meas-
urement device to be such that:

|ready〉 ⊗ |↑〉 → |up〉 ⊗ |↑〉,

|ready〉 ⊗ |↓〉 → |down〉 ⊗ |↓〉,

Problem The issue is that time evolution is linear, but doing a measure makes a projection
on the state. Projections are not linear.

Example For our example before, if we try to measure the state |ψ〉 = |↑〉+|↓〉√
2 ,

our measurement device will be such that, by linearity:

|ready〉 ⊗ |↑〉+ |↓〉√
2

→ |up〉 ⊗ |↑〉+ |down〉 ⊗ |↓〉√
2

This is however not how quantum mechanics predicts a measurement
to happen.

Implication Since we have a contradiction, we must drop one of our assumptions.
Not all quantum mechanics formalism requires that a state collapse
to some specific state after we measure it. This however does not
fix everything, since it would still contradict our macroscopic world.
Similarly, it seems to break the Born rule, which states we are able
to measure something with a given probability.

Measurement
problem

The measurement problem is thus to try and reconcile the concept of measurement
and time evolution. This is a very philosophical question, to which there is no
definite answer. Let us consider two potential solutions, and their criticisms.
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Solution: Col-
lapse postulate

A way to solve the problem is by considering that there are, in fact, two fundamental
laws in quantum mechanics:
• When no measurement is going on, states evolve linearly.
• When a measurement is going on, states evolve according to the postulate of

collapse.
Issues The big issue is then the definition of measurement. A photon

bouncing off an atom effectively measures an atom, and similarly
seeing Schrödinger’s cat dead is a measurement as well. So, we need
to trace a line between what is a measurement and what is time
evolution. This is not precise enough to be a fundamental role in
the laws of physics.

Personal re-
mark

Fun fact, this is the solution chosen by Outer Wilds. In this game,
we define measurements relative to “conscious” beings; if a conscious
being looks at a quantum object, then it is projected to one of its
possibilities. Naturally, this raises many more questions than it
solves (good luck defining consciousness physically; Conway’s free
will theorem for instance states that, under some axioms, we may
suppose electrons have a free will), but this was just a good occasion
for me to tell you to play this game.::)

Solution: Deco-
herence

Another way to solve this problem is is to add a term in the superposition, repres-
enting the environment. The environment then acts as some form of “sink”, which
absorbs information from the quantum system.
Let us consider the usual example to explain this, supposing we want to measure
|ψ〉 = |↑〉+|↓〉√

2 . We then postulate that the environment starts in some state |E0〉,
and that it then evolves differently whether the electron is in |↑〉 or |↓〉, i.e. that our
measurement device is such that:

|E0〉 ⊗ |ready〉 ⊗ |↑〉+ |↓〉√
2

→ |E↑〉 ⊗ |up〉 ⊗ |↑〉+ |E↓〉 ⊗ |up〉 ⊗ |↓〉√
2

.

This is a linear evolution, which can be explained with a physical Hamiltonian.
Leaving r = 〈E↑|E↓〉, the reduced state corresponding to the measurement device
and the electron (i.e. the partial trace of the density matrix corresponding to the
evolved state) is given by:

ρdecoh = |up ↑〉〈up ↑|+ |down ↓〉〈down ↓|+ r|up ↑〉〈down ↓|+ r∗|down ↓〉〈up ↑|
2 .

On the other hand, the Born rule tells us that, when measure |ψ〉 = |↑〉+|↓〉√
2 , we

should get |up ↑〉 with probability 1
2 , and |down ↓〉 with probability 1

2 , i.e. that
measurement can be represented by the statistical mixture ρborn, where:

ρborn = |up ↑〉〈up ↑|+ |down ↓〉〈down ↓|
2 .

We see that ρdecoh → ρborn as r → 0, which can again be done physically. This
seems to make the Born rule coherent.

Criticism Saying that ρdecoh → ρborn does not really make sense physically.
ρdecoh is a reduced state, whereas ρborn is a statistical mixture.
They are represented by the same mathematical object, and have a
similar intuition, but they are fundamentally different.
More precisely, we define a mixed state ρ that arises from ignorance
of an underlying pure state (such as a statistical mixture) to be a
proper mixture; and a mixed state that arises because we are
considering a subsystem to be a improper mixture. Those two ob-
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jects are mathematically the same, but physically and conceptually
different.

Remark We will see in the fifth exercise series an exercise that puts more
maths on all this reasoning.
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Monday 14th October 2024 — Lecture 5 : The most Physicsy lecture of the semester

Chapter 6

Identical multi-particle systems

6.1 Two identical particles

Goal Let’s say that we have two identical particles. Their joint wave-function is constrained
in some way, and we are curious how.

Remark The following argument may seem fiddly, but textbooks do it in
a similar way. Making a bulletproof argument would require a lot
more explanations.

Lemma Let ψ(~r1,~r2) be the wavefunction of a system with two identical particles, of position
~r1 and ~r2 respectively.
Then, there is some s ∈ {1,−1} so that, for all ~r1,~r2:

ψ(~r1,~r2) = sψ(~r2,~r1).
Proof Since particles are identical, the probability to the first at ~r1 and

the second at ~r2 should be exactly the same as the probability to
find the first at ~r2 and the second at ~r1, i.e.:

|ψ(~r1,~r2)|2 = |ψ(~r2,~r1)|2.

This implies that they are equal up to the phase, i.e. that there
exists some ϕ ∈ [0, 2π] such that:

ψ(~r1,~r2) = eiϕψ(~r2,~r1).

It is possible to argue that this ϕ is the same for all ~r1,~r2. The
idea is that we suppose the universe is invariant under reflec-
tions (more generally, we suppose the universe is isotropic), so
if ψ(~r,−~r) = eiϕψ(−~r,~r) for some ~r, then we must also have
ψ(−~r,~r) = eiϕψ(~r,−~r). By changing our coordinate system so
that the origin is at the middle of ~r1 and ~r2, we can always express
(~r1,~r2) as (~r,−~r).
In particular, since this true for all ~r1,~r2, this is also true for ~r2,~r1:

ψ(~r2,~r1) = eiϕψ(~r1,~r2).

Combining the two:

ψ(~r1,~r2) = e2iϕψ(~r1,~r2) =⇒ e2iϕ = 1 =⇒ eiϕ = ±1.

This does yield our result:

ψ(~r1,~r2) = ±ψ(~r2,~r1).

�
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Remark This reasoning can be generalised so that it not only applies to posi-
tions, but also to any vector ~x representing the variables associated
with the particles (such as generalised position or momentum).

Definition: Per-
mutation oper-
ator

We define the permutation operator P12 so that:

P12ψ(~x1,~x2) = ψ(~x2,~x1).

Remark We take the natural assumption that permuting the vectors twice
takes us back where we started:

P 2
12ψ(~x1,~x2) = ψ(~x1,~x2).

Note that this is a bit fiddly since, as we are working on the wave
function, there could be some global phase. This is however natural,
so we admit it. This implies that P 2

12 = I.

Personal re-
mark

This is strongly linked with the symmetric group, which we will use
a lot. If the reader wants a refresher on this group, I invite them to
take a look at my Algebra notes, available on my GitHub:

https://github.com/JoachimFavre/UniversityNotes

Definition: Bo-
sons and Fermi-
ons

By our lemma, we have:

P12ψ(~x1,~x2) = ψ(~x2,~x1) = ±ψ(~x1,~x2).

In other words, there are two different types of identical particles:
• Those that, when we swap, we get a +1. They are called Bosons.
• Those that, when we swap, we get a −1. They are called Fermions.

Example For instance, photons and gluons are Bosons; and electrons and
quarks are Fermions. Experimentally, we notice that Bosons have
integer spin, and Fermions have half-integer spin.

Pauli exclusion
principle

We consider two identical Fermions.
They cannot be found at the same position.

Proof Since they are at the same place and have the same properties, their
~x are exactly equal. So, we have:

ψ(~x,~x) = −ψ(~x,~x) =⇒ ψ(~x,~x) = 0.

But then:
|ψ(~x,~x)|2 = 0.

So, the probability of finding them at the same place is indeed zero.

�

Remark If any of the properties differ between the two Fermions, then they
are no longer identical and they can be found at the same position.

Notations We will now write x = ~x, to simplify the notation.

Proposition We consider an arbitrary two-particle wavefunction:

|ψ〉 =
∑
x,x′

ax,x′ |x, x′〉.
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If the two particles are the same, and they are a Fermion, then:

ax,x′ = −ax′,x, ∀x, x′.

Example Consider two Fermions that can be in state |0〉 or |1〉. Then, we
necessarily have:

|ψ〉 = |01〉 − |10〉√
2

.

Proof We notice that:

|ψ〉 =
∑
x,x′

ax,x′ |x, x′〉 =
∑
x,x′

ax,x′(−1)|x′, x〉.

Now, in the sum, x and x′ are just dummy variables. We are free
to relabel them as (x, x′)← (x′, x). This yields:

|ψ〉 =
∑
x,x′

(−1)ax′,x︸ ︷︷ ︸
=ax,x′

|x, x′〉.

By inspection, this means that:

ax,x′ = (−1)ax′,x = −ax′,x.

�

Proposition We consider an arbitrary two-particle wavefunction:

|ψ〉 =
∑
x,x′

ax,x′ |x, x′〉.

If the two particles are the same, and they are a Boson, then:

ax,x′ = ax′,x, ∀x, x′.

Example Consider two Bosons that can be in state |0〉 or |1〉. Then, we can
have any linear combination of the following states:

|01〉+ |10〉√
2

, |00〉, |11〉.

In other words, their general state is of the form:

α√
2

(|01〉+ |10〉) + β|00〉+ γ|11〉.

Proof The proof is completely similar to the case of Fermions.

�

6.2 Multiple identical particles

Generalisation Let ψ(x1, . . . , xn) be the wavefunction of a system with n identical particles.
Then, there is some s ∈ {−1, 1} so that, for all j 6= k:

Pjkψ(x1, . . . , xj , . . . , xk, . . . , xn) = ψ(x1, . . . , xk, . . . , xj , . . . , xn)
= sψ(x1, . . . , xj , . . . , xk, . . . , xn).

Intuition By permuting any two identical particles of an n particle system,
we get a +1 sign for Bosons and −1 sign for Fermions.
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Proof We can use the exact same derivation as before to find that, for all
j, k, there is some sj,k ∈ {−1, 1} (which may depend on j on k) so
that:

Pjkψ(x1, . . . , xn) = sjkψ(x1, . . . , xn).

Our goal is thus to show that, in fact, sjk does not depend on j, k.
To do so, we notice that:

Pjk = P1jP2kP12P2kP1j .

Indeed, using the orbital notation of the permutation group:

(jk) = (1j)(2k)(12)(2k)(1j).

So, this means that, for all j, k:

sjkψ(x1, . . . , xn) = Pjkψ(x1, . . . , xn)
= P1jP2kP12P2kP1jψ(x1, . . . , xn)
= s1js2ks12s2ks1jψ(x1, . . . , xn)
= s12ψ(x1, . . . , xn),

since s2
1j = s2

2k = 1. By inspection, this means that sjk = s12 for
all j, k, and thus indeed that sjk does not depend on j, k.

�

Properties of
the permutation
operator

Permutation operators have the following properties:
1. Pjk = Pkj . Indeed, swapping j and k is the same as swapping k and j.
2. P−1

jk = Pjk, since P 2
jk = I.

3. They are Hermitian, i.e. P †
jk = Pjk.

Property Let |ψ12〉 be a state corresponding to two identical particles, and O be an arbitrary
observable.
Then:

〈ψ12|O|ψ12〉 = 〈ψ12|P †
12OP12|ψ12〉.

Proof We can show this using the property of the permutation operator,
but we will consider a more physical proof. Since the two particles
are identical, swapping them should not change anything to the
result. Therefore, those two expected value must be equal.

�

Implication In particular, this means that, for any O:

O = P †
12OP12 ⇐⇒ P12O = OP12 ⇐⇒ [P12, O] = 0,

where we used P †
12 = P12 = P−1

12 .
In particular, this means that the permutation operator permutes
with the Hamiltonian of identical particles. Commutation is another
way to show symmetries of a system, and this will be formalised
with representation theory presented later in the class.

State of n Bo-
sons

A basis for the state of n Bosons is given by:{
ψ~x = N

∑
P∈Sn

P|x1, . . . , xn〉 = N
∑
P∈Sn

∣∣xP(1), . . . , xPn

〉 ∣∣∣∣∣ ~x = (x1, . . . , xn)T
}
,
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where Sn is the symmetric group over n elements, and N is given by:

N = 1√
n! ·

√∏
k nk!

,

where nk is the number of times k is repeated in ~x.
Intuition The idea is that we take a state that is not properly symmetrised

|x1, . . . , xn〉, and we symmetrise it using the symmetric group.

Proof We will prove the formula for N in the sixth exercise series.

Example 1 Note that, for 2 Bosons, we had the three following possibilities:

|00〉, |11〉, 1√
2

(|01〉+ |10〉).

They can be indeed equivalently written as:

ψ~x ∝
∑
P∈S2

P|x1, x2〉 =
∑
P∈S2

∣∣xP(1), xP(2)
〉
,

where ~x =
(
x1 x2

)T is some vector, and S2 = {I, P12} is the
permutation group with two elements.
For instance:∑

P∈S2

|00〉 = I|00〉+ P12|00〉 = 2|00〉 ∝ |00〉,

∑
P∈S2

|01〉 = |01〉+ |10〉 ∝ |01〉+ |10〉√
2

.

Example 2 Let us consider an unsymmetric state |001〉, of which we want to
find a symmetric state. We notice that, in this case:

S3 = {I, P12, P13, P23, P123, P321},

where Pijk = PijPjk. Therefore:∑
P∈S3

P|001〉

= I|001〉+ P12|001〉+ P23|001〉+ P13|001〉+ P123|001〉+ P321|001〉
= |001〉+ |001〉+ |010〉+ |010〉+ |100〉+ |010〉

∝ |001〉+ |010〉+ |100〉√
3

.

State of n Fermi-
ons

A basis for the state of n Fermions is given by:{
|ψ~x〉 = 1√

n!

∑
P∈Sn

sign(P)P|x1, . . . , xn〉,

∣∣∣∣∣ ~x = (x1, . . . , xn)T
}
,

where each ~x does not have any repeated element (by the Pauli exclusion principle),
and where sign(P) is the sign of the permutation, i.e. 1 if the number of swaps is
even, -1 otherwise.

Remark The normalisation factor N = 1√
n

is simpler since we cannot have
repeated terms in ~x.
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6.3 Second quantisation

Idea The second quantisation is a switch from listing the properties of each particle to
counting how many particles have each property. Indeed, if we have two identical
properties, it does not really make sense to list their properties separately; instead
it is more meaningful to count how many there are that have those properties.
For instance:

|↑↑〉 ↔ |2, 0〉, |↓↓〉 ↔ |0, 2〉, |↑↓〉+ |↓↑〉√
2

↔ |1, 1〉.

Note that, in this case, we would have to remember that our particles are Bosons.
For Fermions, the first quantisation equivalent to the second quantisation |1, 1〉
would be |↑↓〉−|↓↑〉√

2 .

Creation and
annihilation op-
erators

We introduce creation and annihilation operators to increase and decrease the particle
numbers. It appears working with those in the second quantisation is simpler.

Bosons For the Bosonic operators, it behaves just like the Quantum Har-
monic oscillator:

c†
i |n1, . . . , ni, . . .〉 =

√
ni + 1|n1, . . . , ni + 1, . . .〉,

ci|n1, . . . , ni, . . .〉 =
√
ni|n1, . . . , ni − 1, . . .〉.

It is a good exercise to check that:

[ci, cj ] =
[
c†
i , c

†
j

]
= 0,

[
ci, c

†
j

]
= δij .

Fermion On the other hand, the Fermionic case is much more messy and
subtle. The creation operator is:

c†
i |n1, . . . , ni, . . .〉 = (−1)n1+...+ni−1(1− ni)|n1, . . . , ni + 1, . . .〉.

The factor (1− ni) is here for the Pauli exclusion principle: if ni = 1,
then we cannot create a new particle with these properties. The −1
factor depending only on n1, . . . , ni−1 (but not the nj with j > i)
is here for the property P12|ψ〉 = −|ψ〉.
The annihilation operator is similarly defined by:

ci|n1, . . . , ni, . . .〉 = (−1)n1+...+ni−1ni|n1, . . . , ni − 1, . . .〉

It is again a good exercise to then check that:

{ci, cj} =
{
c†
i , c

†
j

}
= 0, {ci, cj}† = cic

†
j + cjc

†
i = δij .

Hong-Ou-
Mandel effet

We consider an experiment where we have a polarised photon coming from the left or
right, hits a beamsplitter, and gets split into two. We note LH to be the annihilation
operator for a photon on the left with a horizontal polarisation, and similarly for
LV for vertical polarisation, and RH and RV for annihilation operators for photons
on the right. We admit that the beamsplitter acts in the following way:

L†
k →

L†
k +R†

k√
2

, R†
k →

L†
k −R

†
k√

2
,

where k ∈ {H,V }.
We consider two scenarios.
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1. Let’s say that we have a horizontally-polarised particle coming from the left and
a vertically-polarised particle from the right. Mathematically, we start with:

|1〉LH
|0〉LV

|0〉RH
|1〉RV

= L†
HR

†
V |0000〉.

Applying the effect of the beamsplitter:

L†
HR

†
V |0000〉 → 1

2

(
L†
H +R†

H

)(
L†
V −R

†
V

)
|0000〉

= |1100〉+ |0110〉 − |1001〉 − |0011〉
2 .

In other words, we end up with four different options: both are on the left, both
are on the right, both go through or both bounce. This seems reasonable, since
it is the four different possibilities for the two particles.

2. Let us now say that both particles are horizontally polarised, giving:

L†
HR

†
H |0000〉 → 1

2

(
L†
H +R†

H

)(
L†
H −R

†
H

)
|0000〉 = |2000〉 − |0020〉√

2
,

where the extra
√

2 constant came from the creation operator, L†
H |1000〉 =√

2|2000〉.
In other words, either both photons end up on the left, or they both end up on
the right. On the picture above, this is only the first two possibilities.

The idea to remember from this effect is that when Bosons are indistinguishable
(like in the second case, where they both have the same polarisation), then they
tend to end up in the same state. This is the opposite of identical Fermions, which
are never in the same state.

Remark This effect is known as the Hong-ou-Mandel effect, or Bosonic
Bunching.
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Monday 28th October 2024 — Lecture 6 : Perturbation theory

Chapter 7

Perturbation theory

7.1 Non-degenerate and time-independent

Goal Let’s say that we have a Hamiltonian H, and that we want to find its eigenspectrum
(i.e. eigenstates and eigenvalues). In many cases, we can split Ĥ = Ĥ0 + λV̂ where
H0 is a part we can easily get its eigenspectrum, λ ≥ 0 is some perturbation strength
and V is a perturbation.
The idea is therefore to compute results on H from results on H0.

Theorem: Non-
degenerate per-
turbation theory

Let H = H0 + λV be some Hamiltonian, with λ ≥ 0. We moreover note H0|ϕn〉 =
εn|ϕn〉 and H|ψn〉 = En|ψn〉 to be their eigenvalues and eigenvectors. We suppose
that εn and |ϕn〉 are known, and our goal is to compute En and |ψn〉.
We furthermore suppose that |ϕn〉 is approximately ψn, but with some correction
terms

∣∣∣ψ(i)
n

〉
and E(n):

|ψn〉 = |ϕn〉+ λ
∣∣∣ψ(1)
n

〉
+ λ2∣∣ψ2

n

〉
+ . . . , En = εn + λE(1)

n + λ2E(2)
n + . . .

Finally, we take the global (non-physical) phase of
∣∣∣ψ(1)
n

〉
and |ϕn〉 so that〈

ϕn

∣∣∣ψ(1)
n

〉
∈ R.

If the eigenspectrum of H0 is non-degenerate, i.e. if εn 6= εm for all n 6= m, then:
1. E(1)

n = 〈ϕn|V |ϕn〉,

2.
∣∣∣ψ(1)
n

〉
=
∑
m 6=n

〈ϕm|V |ϕn〉
εn − εm

|ϕm〉,

3. E(2)
n = 〈ϕn|V

∣∣∣ψ(1)
n

〉
=
∑
m6=n

|〈ϕm|V |ϕn〉|2

εn − εm
.

Remark 1 It is possible to find these results in a more general way. However,
this is rarely used past the second term and we will not do it in this
class.

Remark 2 Note that we divide by εn − εm, hence the hypothesis that the
eigensepctrum is non-degenerate. If it is degenerate, we have to use
another method, called degenerate perturbation theory, which we
will see later in the class.
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Proof Let us feed our Ansatz on H, |ψn〉 and En to the equation H|ψn〉 =
En|ψn〉:

(H0 + λV )
(
|ϕn〉+ λ

∣∣∣ψ(1)
n

〉
+ λ2

∣∣∣ψ(2)
n

〉
+ . . .

)
=
(
εn + λE(1)

n + λ2E(2)
n + . . .

)(
|ϕn〉+ λ

∣∣∣ψ(1)
n

〉
+ λ2

∣∣∣ψ(2)
n

〉
+ . . .

)
.

We want this to be true for any λ, so we can consider each order
separately. We will only need the three first orders:
• H0|ϕn〉 = εn|ϕn〉,
• λH0

∣∣∣ψ(1)
n

〉
+ λV |ϕn〉 = λεn

∣∣∣ψ(1)
n

〉
+ λE(1)

n |ϕn〉,

• λ2H0

∣∣∣ψ(2)
n

〉
+ λ2V

∣∣∣ψ(1)
n

〉
= λ2ε

∣∣∣ψ(2)
n

〉
+ λ2E(1)

n

∣∣∣ψ(1)
n

〉
+ λ2E(2)

n |ϕn〉.

Let us now look for our three results.
1. We want to find E(1)

n . To do so, we can multiply by 〈ϕn| on both
sides of the equation of order λ1, getting

〈ϕn|H0

∣∣∣ψ(1)
n

〉
+ 〈ϕn|V |ϕn〉 = εn

〈
ϕn

∣∣∣ψ(1)
n

〉
+ E(1)

n 〈ϕn|ϕn〉.

We notice that 〈ϕn|ϕn〉 = 1. Moreover, since H0|ϕn〉 = ε|ϕn〉
and H0 is Hermitian, we know 〈ϕn|H0 = εn〈ϕn|. Therefore:

εn

〈
ϕn

∣∣∣ψ(1)
n

〉
+ 〈ϕn|V |ϕn〉 = εn

〈
ϕn

∣∣∣ψ(1)
n

〉
+ E(1)

n

⇐⇒ E(1)
n = 〈ϕn|V |ϕn〉.

2. We now want to express
∣∣∣ψ(1)
n

〉
in the basis |ϕm〉,∣∣∣ψ(1)

n

〉
=
∑
m

〈
ϕm

∣∣∣ψ(1)
n

〉
|ϕm〉.

We therefore have to compute
〈
ϕm

∣∣∣ψ(1)
n

〉
for all m. We first

suppose m 6= n. Multiplying by 〈ϕm| on both sides of our first
order equation:

〈ϕm|H0

∣∣∣ψ(1)
n

〉
+ 〈ϕm|V |ϕn〉 = εn

〈
ϕm

∣∣∣ψ(1)
n

〉
+ E(1)

n

=0︷ ︸︸ ︷
〈ϕm|ϕn〉

⇐⇒ εm

〈
ϕm

∣∣∣ψ(1)
n

〉
+ 〈ϕm|V |ϕn〉 = εn

〈
ϕm

∣∣∣ψ(1)
n

〉
⇐⇒ 〈ϕm|V |ϕn〉 = (εn − εm)

〈
ϕm

∣∣∣ψ(1)
n

〉
⇐⇒

〈
ϕm

∣∣∣ψ(1)
n

〉
= 〈ϕm|V |ψn〉

εn − εm
.

Let us now consider the case m = n. We know that 〈ψn|ψn〉 = 1,
so:

1 = 〈ψn|ψn〉

=
(
〈ϕn|+ λ

〈
ψ(1)
n

∣∣∣+ λ2
〈
ψ(2)
n

∣∣∣+ . . .
)

·
(
|ϕn〉+ λ

∣∣∣ψ(1)
n

〉
+ λ2

∣∣∣ψ(2)
n

〉
+ . . .

)
.

Up to the first order, this reads:

1 = 〈ϕn|ϕn〉+ λ
(〈
ϕn

∣∣∣ψ(1)
n

〉
+
〈
ϕ(1)
n

∣∣∣ϕn〉)+O
(
λ2).
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The first order on the left handside must be equal to the first
order on the right handside, i.e.:

0 =
〈
ϕn

∣∣∣ψ(1)
n

〉
+
〈
ψ(1)
n

∣∣∣ϕn〉
⇐⇒ <

(〈
ϕn

∣∣∣ψ(1)
n

〉)
= 0

⇐⇒
〈
ϕn

∣∣∣ψ(1)
n

〉
= 0,

where we used the hypothesis that
〈
ϕn

∣∣∣ψ(1)
n

〉
∈ R.

Putting everything together, this does yield that:∣∣∣ψ(1)
n

〉
=
∑
m 6=n

〈ϕm|V |ϕn〉
εn − εm

|ϕm〉.

3. We can now consider the second order. Recall the equation of
order λ2:

H0

∣∣∣ψ(2)
n

〉
+ V

∣∣∣ψ(1)
n

〉
= εn

∣∣∣ψ(2)
n

〉
+ E(1)

n

∣∣∣ψ(1)
n

〉
+ E(2)

n |ϕn〉.

Multiplying both sides by 〈ϕn|, this means, using the facts that
〈ϕn|H0 = εn〈ϕn| and 〈ϕn|ϕn〉 = 1:

εn

〈
ϕn

∣∣∣ψ(2)
n

〉
+〈ϕn|V

∣∣∣ψ(1)
n

〉
= εn

〈
ϕn

∣∣∣ψ(2)
n

〉
+E(1)

n

〈
ϕn

∣∣∣ψ(1)
n

〉
+E(2)

n .

Notice that the εn

〈
ϕn

∣∣∣ψ(2)
n

〉
cancel out on both sides of the

equation, and recall that
〈
ϕn

∣∣∣ψ(1)
n

〉
= 0, so we are left with:

E(2)
n = 〈ϕn|V

∣∣∣ψ(1)
n

〉
=
∑
m6=n

〈ϕm|V |ϕn〉
εn − εm

〈ϕn|V |ϕm〉

=
∑
m6=n

|〈ϕm|V |ϕn〉|2

εn − εm
.

�

Theorem Let n be arbitrary. We define ∆ to be the minimum energy difference to εn:

∆ = min
m
|εm − εn|.

We suppose that at least one of the following conditions hold:

1.
∣∣∣∣ 〈ϕn|V 2|ϕn〉
〈ϕn|V |ϕn〉

− 〈ϕn|V |ϕn〉
∣∣∣∣� ∆,

2. |〈ϕm|V |ϕn〉| � |εn − εm|.
Then: ∣∣∣E(2)

n

∣∣∣� ∣∣∣E(1)
n

∣∣∣.
Remark 1 For perturbation theory to be applicable up to the first order, we

need exactly
∣∣∣E(2)

n

∣∣∣ � ∣∣∣E(1)
n

∣∣∣. This theorem therefore gives us
two sufficient conditions for perturbation theory to be applicable,
without having to compute E(1)

n and E
(2)
n .

Remark 2 The second hypothesis is looser than the first one.
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Proof 1 We first prove that the first hypothesis does indeed yield
∣∣E(2)

∣∣�∣∣E(1)
∣∣.

We notice that, by the triangle inequality:

∣∣∣E(2)
n

∣∣∣ =

∣∣∣∣∣∣
∑
m 6=n

|〈ϕm|V |ϕn〉|2

εn − εm

∣∣∣∣∣∣ ≤
∑
m6=n

∣∣∣∣∣ |〈ϕm|V |ϕn〉|2εn − εm

∣∣∣∣∣,
Using the ∆ = minm|εn − εm| we defined in the hypotheses, this
gives us∣∣∣E(2)

n

∣∣∣ ≤ 1
∆
∑
m 6=n
|〈ϕm|V |ϕn〉|2

= 1
∆

(∑
m

|〈ϕm|V |ϕn〉|2 − |〈ϕn|V |ϕn〉|2
)

= 1
∆

(∑
m

〈ϕn|V |ϕm〉〈ϕm|V |ϕn〉 − |〈ϕn|V |ϕn〉|2
)
.

We know
∑
m|ϕm〉〈ϕm| = I by the completeness relation, so:∣∣∣E(2)

n

∣∣∣ ≤ 1
∆

(
〈ϕn|V 2|ϕn〉 − |〈ϕn|V |ϕn〉|2

)
.

Since E(1)
n = 〈ϕn|V |ϕn〉, we thus want:

1
∆

(
〈ϕn|V 2|ϕn〉 − |〈ϕn|V |ϕn〉|2

)
� |〈ϕn|V |ϕn〉|

⇐⇒ 〈ϕn|V
2|ϕn〉

|〈ϕn|V |ϕn〉|
− |〈ϕn|V |ϕn〉| � ∆

⇐=
∣∣∣∣ 〈ϕn|V 2|ϕn〉
〈ϕn|V |ϕn〉

− 〈ϕn|V |ϕn〉
∣∣∣∣� ∆,

since 〈ϕn|V 2|ϕn〉 ≥ 0. This is indeed respected by the first hypo-
thesis.

Proof 2 Remember that:

E(2)
n =

∑
m6=n

|〈ϕm|V |ϕn〉|2

εn − εm
.

Therefore, the second condition simply asks for all terms in this
sum to decay sufficiently fast.

Example We consider a perturbed quantum harmonic oscillator:

H = p2

2m + 1
2mω

2x2 − qEx.

We have H0 = p2

2m + 1
2mω

2x2 and we can let λ = 1 to get V = −qEx. As seen
in Quantum physics 1, the quantum oscillator has eigenstate |n〉 with eigenvalues
εn = ~ω

(
n+ 1

2
)
:

H0|n〉 = εn|n〉 = ~ω
(
n+ 1

2

)
|n〉.

We moreover exploit ladder operators when working with the quantum oscillator:

a|n〉 =
√
n|n− 1〉, a†|n〉 =

√
n+ 1|n+ 1〉.
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We can rewrite V using those ladder operators:

V = −qEx = −qE
√

~
2mω

(
a+ a†).

First order perturbation theory tells us that since, in our context, |ϕn〉 = |n〉:

E(1)
n = 〈ϕn|V |ϕn〉

= − qE
√

~
2mω 〈n|

(
a+ a†)|n〉

= − qE
√

~
2mω 〈n|

(√
n|n− 1〉+

√
n+ 1|n+ 1〉

)
= 0.

This makes sense since |n〉 are symmetric (they have an even probability function
|〈x|n〉|2), so the expected value of V ∝ x should indeed be 0.
We can now compute the second correction term:

E(2)
n =

∑
k 6=n

|〈k|V |n〉|2

εk − εn

=
∑
k 6=n

(
−qE

√
~

2mω

)2 ∣∣〈k|(a+ a†)|n〉∣∣2
~ω(n− k)

= q2E

2mω2

∑
k 6=n

|
√
n〈k|n− 1〉|2 +

∣∣√n+ 1〈k|n+ 1〉
∣∣2

n− k

= q2E2

2mω2

(
|
√
n|2

n− (n− 1) +
∣∣√n+ 1

∣∣2
n− (n+ 1)

)

= q2E2

2mω2 (n− (n+ 1))

= −q
2E2

2mω2 .

This means that, up to the second order:

En ≈ hω
(
n+ 1

2

)
− q2E2

2mω2 .

Remark 1 This may seem like being a toy problem that was just designed to
be an example. However, it does appear in real life: this was a
problem Prof. Holmes used during their PhD.

Remark 2 In this very specific case, it is possible to find the full perturbation
by completing the square:

H = p2

2m + 1
2mω

2x2 − qEx

= p2

2m + 1
2mω

2
(
x− qE

mω2

)2
−
(
qE

mω2

)2

= p2

2m + 1
2mω

2(x− x0)2 − 1
2mω

2x2
0︸ ︷︷ ︸

E
(2)
n

.

We thus notice that, still in this very specific case, the second order
gave us the full correction: the perturbation reduces the energy by
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1
2mω

2x2
0 = q2E2

2mω2 = E
(2)
n . In other words:

En = hω

(
n+ 1

2

)
− q2E2

2mω2 .

It is not true in the general case that the second order approximation
gives us the exact result.

Monday 4th November 2024 — Lecture 7 : Penpineappleapplepen

7.2 Degenerate perturbation theory

Theorem: Degen-
erate perturba-
tion theory

Let H = H0 + λV be some Hamiltonian, with λ ≥ 0. We moreover note H0|ϕn〉 =
εn|ϕn〉 and H|ψn〉 = En|ψn〉 to be their eigenvalues and eigenvectors. We suppose
that εn and |ϕn〉 are known, and our goal is to compute En and |ψn〉.
We suppose that for the nth energy eigenstate of H0, there is an N -fold degeneracy,
i.e.:

H0|ϕni〉 = εn|ϕni〉, i ∈ {1, . . . , N},

where εn is the same for all i.
We furthermore suppose that |ϕn〉 is approximately ψn, but with some correction
terms

∣∣∣ψ(i)
n

〉
and E(n):

|ψn〉 =
∑
j

cj
∣∣ϕnj

〉
+ λ
∣∣∣ψ(1)
n

〉
+ λ2∣∣ψ2

n

〉
+ . . . , En = εn + λE(1)

n + λ2E(2)
n + . . .

We define a sub-matrix of V , which we call V ′ ∈ CN×N , so that:

V ′
ij = 〈ϕni

|V ′∣∣ϕnj

〉
= 〈ϕni

|V
∣∣ϕnj

〉
Then, E(1)

n and
∣∣∣ψ(0)
n

〉
=
∑
j cj
∣∣ϕnj

〉
respect the following eigenvalue-eigenvector

problem:
V ′~c = E(1)

n ~c.

Proof As mentioned in the hypotheses, our Ansatz is:

|ψn〉 =
∑
j

cj
∣∣ϕnj

〉
+ λ
∣∣∣ψ(1)
n

〉
+ λ2

∣∣∣ψ(2)
n

〉
+ . . . ,

En = εn + λE(1)
n + λ2E(2)

n + . . . .

It is very similar to the non-degenerate case, except that it also
takes into account that all

∣∣ϕnj

〉
have the same energy εn. Just like

for the non-degenerate pertubation theory, we take an eigenstate
(H0 + λV )|ψn〉 = En|ψn〉, and equate the orders. The first order of
λ yields:∑

j

cjV
∣∣ϕnj

〉
+H0

∣∣∣ψ(1)
n

〉
= εn

∣∣∣ψ(1)
n

〉
+ E(1)

n

∑
j

cj
∣∣ϕnj

〉
.

Multiplying both sides by 〈ϕni
|, we get, using the facts that

〈ϕni
|H0 = εnH0 and

〈
ϕni

∣∣ϕnj

〉
= δij :∑

j

cj〈ϕni
|V
∣∣ϕnj

〉
+ εn

〈
ϕni

∣∣∣ψ(1)
n

〉
= εn

〈
ϕni

∣∣∣ψ(1)
n

〉
+E(1)

n

∑
j

cjδij .
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Cancelling out the εn
〈
ϕni

∣∣∣ψ(1)
n

〉
on both sides, and simplifying the

sum, this becomes:∑
j

Vijcj = E(1)
n ci =⇒ V ′~c = E(1)

n ~c,

where we recognised our sub-matrix V ′.
We identify an eigenvalue equation, which gives us the 0th order
correction to the eigenstate ~c, and the 1st order correction to the
energy E(1)

n .

�

Example: Stark
effect

We consider the stark effect, i.e. the splitting of the degeneracy of one-electron atoms
(such as Hydrogen atoms) in a uniform electric field pointing in the z direction. The
Hamiltonian is given by:

H =
p2
x + p2

y + p2
z

2m − e2

4πε0r
−eEz︸ ︷︷ ︸

=V

= H0 + V.

Let us consider the energy level n = 2. Notice that H0 is a central potential
Hamiltonian. As seen in Quantum physics 1, H0 has eigenstate |n, `,m〉 where n is
the energy, ` is the total angular momentum, and m is the angular moment in the z
direction. For n = 2, we have all the following states that have the same energy:

|200〉, |2, 1,−1〉, |210〉, |211〉.

The V we want to diagonalise is:

V =


〈200|V |200〉 〈200|V |210〉 〈200|V |211〉 〈200|V |2, 1,−1〉
〈210|V |200〉 〈210|V |210〉 〈210|V |211〉 〈210|V |2, 1,−1〉
〈211|V |200〉 〈211|V |210〉 〈211|V |211〉 〈211|V |2, 1,−1〉
〈2, 1,−1|V |200〉 〈2, 1,−1|V |210〉 〈2, 1,−1|V |211〉 〈2, 1,−1|V |2, 1,−1〉

.
Let us compute a coefficient in this matrix:

Vimi′m′ = 〈2im|V |2i′m′〉 = −eE
�

u∗
im r cos(θ)︸ ︷︷ ︸

=z

ui′m′ r2 sin(θ)︸ ︷︷ ︸
=|det J|

dθdϕdr.

Recalling the analysis from Quantum physics 1, we have, taking a0 as the Bohr
radius:

u00 ∝
(

1− r

2a0

)
exp
(
− r

2a0

)
, u10 ∝ r cos(θ) exp

(
− r

2a0

)
,

u11 ∝ r sin(θ) exp(iϕ) exp
(
− r

2a0

)
, u1,−1 ∝ r sin(θ) exp(−iϕ) exp

(
− r

2a0

)
.

We notice that all the diagonal terms are 0, since we always have an odd function
in θ (since all uij are either odd or even in θ, they are squared and multiplied by
an odd function in θ), and any term containing u11 or u1,−1 is 0 since exp(ikϕ)
integrates to 0. Therefore, V is of the form:

V =


0 α 0 0
α 0 0 0
0 0 0 0
0 0 0 0

, where α = −3eEa0.

We directly notice that it is block diagonal, with the top-left corner being α · σX .
Therefore, its eigenvalues are α, −α, 0 and 0, with eigenstates being respectively:

1√
2


1
1
0
0

, 1√
2


1
−1
0
0

,


0
0
1
0

,


0
0
0
1

.
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This shows the Stark effect: states that all have the same energy level under H0
split into states that have three different energy level.

7.3 Dyson series

Definition: Time-
ordering oper-
ator

Let H1(t), . . . , Hn(t) be operators depending on time.
We define the time ordering operator T so that:

T [H(t1)H(t2) · · ·H(tn)] = H(ti1)H(ti2) · · ·H(tin)

where ti1 ≥ ti2 ≥ . . . ≥ tin .
Example For instance, if t2 > t1:

T (H(t2)H(t1)) = T (H(t1)H(t2)) = H(t2)H(t1).

Remark This can be defined more properly, in which case it is possible to
show it is linear. In other words:

T

(�
H(t)dt

)
=
�
T (H(t))dt.

Theorem: Dyson
series

Let H(t) be a Hamiltonian depending on time.
The unitary U(t, t0) that solves |ψ(t)〉 = U(t, t0)|ψ(t0)〉, where |ψ(t)〉 is subject to
Schrödinger’s equation (where we take ~ = 1), is given by:

U(t, t0) = T

(
exp
(
−i
� t

t0

dt1H(t1)
))

= I +
∞∑
n=1

(−1)n 1
n!

� t

t0

dt1 · · ·
� t

t0

dtnT (H(t1) · · ·H(tn)).

Remark When H(t) = H is time-independent, this simply reads:

U(t, t0) = T

(
exp
(
−iH

� t

t0

dt1

))
= exp(−iH(t− t0)),

as expected.

Proof Schrödinger’s equation for time-dependent Hamitlonians gives, leav-
ing ~ = 1:

i
∂

∂t
|ϕ(t)〉 = H(t)|ϕ(t)〉.

Let us feed the expression |ϕ(t)〉 = U(t, t0)|ϕ(t0)〉 into Schrödinger’s
equation:

i
∂

∂t
U(t, t0)|ϕ(t0)〉 = H(t)U(t, t0)|ϕ(t0)〉.

Since it holds for any states, we get an equation for U(t, t0):

i
∂

∂t
U(t, t0) = H(t)U(t, t0),

with the initial condition U(t0, t0) = I.
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Integrating both sides from t0 to t, this yields:

i

� t

t0

dt1
∂

∂t1
U(t1, t0) =

� t

t0

dt1H(t1)U(t1, t0)

⇐⇒ i(U(t, t0)− I) =
� t

t0

dt1H(t)U(t1, t0)

⇐⇒ U(t, t0) = I − i
� t

t0

dt1H(t1)U(t1, t0).

We can now again plug this formulation of U(t, t0) in the integral:

U(t, t0) = I − i
� t

t0

dt1H(t1)
(
I − i

� t1

t0

dt2H(t2)U(t2, t0)
)

= I − i
� t

t0

dt1H(t1)− i2
� t

t0

dt1

� t1

t0

dt2H(t1)H(t2)U(t2, t0).

Continuing to do this iteratively, we get, for any m:

U(t, t0)

= I +
m−1∑
n=1

(−i)n
� t

t0

dt1

� t1

t0

dt2 · · ·
� tn−1

t0

dtnH(t1)H(t2) · · ·H(tn)

+ (−i)m
� t

t0

dt1

� t1

t0

dt2 · · ·
� tm−1

t0

dtmH(t1)H(t2) · · ·H(tm)U(tm, t0).

Notice that U(tm, t0) only multiplies the last term in the sum. Since
t0 ≤ tm ≤ . . . ≤ t1 by definition of domain of integration, we notice
that limm→∞ tm = t0. This means that, limm→∞ U(tm, t0) = I. So,
taking m→∞, this gives us that:

U(t, t0)

= I +
∞∑
n=1

(−i)n
� t

t0

dt1

� t1

t0

dt2 · · ·
� tn−1

t0

dtnH(t1)H(t2) · · ·H(tn).

Note that it is a pain how the limits of integration depend on the
parameter we are integrating over. It would be much nicer if all
limits where between t0 and t. We consider one of the integrals in
the sum by simplicity. When n = 2, we have:

J2 =
� t

t0

dt1

� t1

t0

H(t1)H(t2).

By definition of integrals, we notice t2 ∈ [t0, t1], and hence t2 ≤ t1.
Therefore:

J2 =
� t

t0

dt1

� t1

t0

dt2T (H(t1)H(t2)).

We can also change the order of integration in order to integrate on
t2 first, while being careful on the integral bounds:

J2 =
� t

t0

dt2

� t

t2

dt1H(t1)H(t2)

t1 ↔ t2=
� t

t0

dt1

� t

t1

dt2H(t2)H(t1)

=
� t

t0

dt1

� t

t1

dt2T (H(t1)H(t2)),

where we switched the dummy variables t1 and t2.
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To summarise, we found two equivalent expressions for J2:

J2 =
� t

t0

dt1

� t1

t0

dt2T [H(t1)H(t2)] =
� t

t0

dt1

� t

t1

dt2T [H(t1)H(t2)].

We can thus average those two expressions to get:

J2 = J2 + J2

2 = 1
2

� t

t0

dt1

� t

t0

dt2T (H(t1)H(t2)).

It is possible to do this very generally, yielding:

U(t, t0) = I+
∞∑
n=1

(−i)n 1
n!

� t

t0

dt1

� t

t0

dt2 · · ·
� t

t0

dtnT [H(t1) · · ·H(tn)].

We can finally use the fact that T is linear, and the definition of the
exponential:

U(t, t0) = T

(
I +

∞∑
n=1

(−i)n 1
n!

� t

t0

dt1

� t

t0

dt2 · · ·
� t

t0

dtnH(t1) · · ·H(tn)
)

= T

( ∞∑
n=0

(−i)n

n!

(� t

t0

dt1H(t1)
)n)

= T

(
exp
(
−i
� t

t0

dt1H(t1)
))

.

�

Remark Alternatively to the Dyson series, when we want to find the unitary U(t, t0) corres-
ponding to some time-dependent Hamiltonian H(t), we can discretise it:

U(t, t0) =
∏
j

exp(−iH(ti)δt).

The error depends on the difference between the continuous Hamiltonian and the
discretised one: ∥∥∥∥∥

� t

t0

dsH(s)− δt
mt∑
r=1

H(t0 + rδt)

∥∥∥∥∥
2

,

for some operator norm.
So, this is usable in some scenario, if the Hamiltonian does not oscillate too quickly.
We will not use it in this class, but it is good to know that this less intimidating
and more intuitive approach also exists and is also sometimes used in practice.

7.4 Interaction picture and time-dependent perturbation theory

Observation In Schrödinger’s picture, the state evolves but the observable stays constant:

i
∂

∂t
|ϕS(t)〉 = H(t)|ϕS(t)〉, OS(t) = OS .

On the other hand, in Heisenberg’s picture, the observable evolves but the state is
constant:

OH(t) = US(t, t0)†
OSUS(t, t0), |ϕH(t)〉 = |ϕS(t0)〉.

Those two pictures are equivalent, because we have equivalent expectation values:

〈ϕH(t)|OH(t)|ϕH(t)〉 = 〈ϕH |U(t, t0)†
OS US(t, t0)|ϕH〉︸ ︷︷ ︸

=|ϕS(t)〉

= 〈ϕS(t)|OS |ϕS(t)〉.
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We are interested in another approach, called the interaction picture, that merges
Schrödinger’s and Heisenberg’s picture.

Theorem: Inter-
action picture

We suppose H(t) = H0 + V (t), where H0 is treated in Heisenberg’s style and V (t)
is treated in Schrödinger’s style. In other words, we define operators and states to
evolve as:

OI(t) = eiH0(t−t0)OS(t)e−iH0(t−t0),

|ϕI(t)〉 = eiH0(t−t0)|ϕS(t)〉 = eiH0(t−t0)US(t, t0)|ϕS(t0)〉.

This is equivalent to the Schrödinger’s and Heisenberg’s picture . Moreover,
let us define UI(t, t0) to be the evolution unitary, i.e. the operator so that
UI(t, t0)|ϕI(t0)〉 = |ϕI(t)〉. Then:

UI(t, t0) = eiH0(t−t0)US(t, t0)

= T

(
exp
(
−i
� t

t0

dt1VI(t1)
))

= I +
∞∑
i=1

(−i)n

n!

� t

t0

dt1 · · ·
� t

t0

dtnT (VI(t1) · · ·VI(tn)).

where VI(t) is V (t) in the interaction picture, i.e. VI(t) = eiH0(t−t0)V (t)e−iH0(t−t0).
Intuition Intuitively, OI(t) evolves in the Heisenberg’s picture under H0, and

|ϕI(t)〉 evolves in a way that is similar to the Schrödinger’s picture
under V (t). The idea in the definition of |ϕI(t)〉 is that it we let it
evolve in the Schrödinger picture under H(t), and then cancel out
the evolution under H0.

Remark This allows to do time-independent perturbation theory (where the
perturbation V (t) depends on time) when we are able to compute
the first few terms of this sum. For instance, up to the first order:

UI(t, t0) ≈ I − i
� t

t0

dt1VI(t1).

However, this also has other applications.

Proof equival-
ence

We show that this is equivalent to Schrödinger’s picture (which is
equivalent to Heisenberg’s picture) by showing that expected values
are equal:

〈ϕI(t)|OI(t)|ϕI(t)〉
= 〈ϕS(t)|e−iH0(t−t0)eiH0(t−t0)OS(t)e−iH0(t−t0)eiH0(t−t0)US(t, t0)|ϕS(t0)〉
= 〈ϕS(t)|OS(t)|ϕS(t)〉,

since exp(A) exp(B) = exp(A+B) when [A,B] = 0.

Proof equality Recall that we define:

|ϕI(t)〉 = eiH0(t−t0)US(t, t0)|ϕS(t0)〉.

In particular, ϕI(t0) = |ϕS(t0)〉. Moreover, by definition, |ϕI(t)〉 =
UI(t, t0)|ϕI(t)〉. This tells us that:

UI(t, t0) = eiH0(t−t0)US(t, t0).
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Therefore, by differentiating both sides:

∂UI
∂t

= eiH0(t−t0)iH0US(t, t0)− ieiH0(t−t0)H(t)US(t, t0)

= − ieiH0(t−t0) (H(t)−H0)︸ ︷︷ ︸
=V

US(t, t0)

= − ieiH0(t−t0)V e−iH0(t−t0)eiH0(t−t0)US(t, t0)
= − iVI(t)UI(t, t0).

Recall however that Schrödinger’s equation is:

i
∂

∂t
U(t, t0) = H ′(t)U(t, t0).

We therefore recognise that our equation is Schrödinger’s equation
with H ′(t) = VI(t). This makes sense since, in the interaction
picture, the observable evolves because of H0 and the state evolves
because of V (t); we do expect the equation that governs the way
our states evolve to be Schrödinger’s equation of Hamiltonian V (t)
(in the interaction picture).
We can therefore use the Dyson series:

UI(t, t0) = T

(
exp
(
−i
� t

t0

dt1VI(t1)
))

= I +
∞∑
i=1

(−i)n

n!

� t

t0

dt1 · · ·
� t

t0

dtnT (VI(t1) · · ·VI(tn)).

�

Monday 11th November 2024 — Lecture 8 : Dodgy bit of Physicist math

Example 1 Let V be a constant operator. We consider a Hamiltonian of the form H(t) =
H0 + V (t), where:

V (t) =
{

0, t < t0,

V, t > t0.

In other words, we turn on some constant potential at t0. We consider H0|n〉 = En|n〉
to be the eigendecomposition of H0. We moreover suppose that we start at an
eigenstate i in the Schrödinger picture, |ϕS(t0)〉 = |i〉. We are interested in the
transition amplitude and transition probabilities:

Cn(t) = 〈n|ϕS(t)〉 = 〈n|US(t, t0)|i〉, Pi→n(t) = |〈n|ϕS(t)〉|2 = |Cn(t)|2.

Using the interaction picture, and the fact 〈n|H0 = En〈n|:

Cn(t) = 〈n|US(t, t0)|i〉 = 〈n|e−iH0(t−t0)UI(t, t0)|i〉 = e−iEn(t−t0)〈n|UI(t, t0)|i〉.

Now, using the first order expansion of UI(t, t0), and supposing n 6= i:

〈n|UI(t, t0)|i〉 = 〈n|i〉 − i
� t

t0

dt1〈n|VI(t1, t0)|i〉

= − i
� t

t0

dt1〈n|eiH0(t−t0)V (t1, t0)e−iH0(t−t0)|i〉

= − i
� t

t0

dt1e
−i(En−Ei)(t−t0)〈n|V (t1, t0)|i〉.
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We also directly get that:

Pi→n(t) =
∣∣∣e−iEn(t−t0)〈n|UI(t, t0)|i〉

∣∣∣2
= |〈n|UI(t, t0)|i〉|2

=
∣∣∣∣−i � t

t0

dt1e
i(En−Ei)(t1−t0)〈n|V (t1, t0)|i〉

∣∣∣∣2.
Note that we have only used V (t) = 0 for all t < t0 for now, and hence this is a
general expression for the transition probability of any potential up we turn on t0,
up to the first order. We can now exploit the fact that V (t) = V is in fact constant
for t ≥ t0, to get our transition probability to simplify to:

Pi→n(t) =
∣∣∣∣〈n|V |i〉 � t

t0

dt1e
i(En−Ei)(t1−t0)

∣∣∣∣2
=
∣∣∣∣〈n|V |i〉exp(i(En − Ei)(t− t0))− 1

En − Ei

∣∣∣∣2
= |〈n|V |i〉|2 4

(En − Ei)2 sin2
(

(En − Ei)(t− t0)
2

)
.

We now exploit a “dodgy bit of Physicist maths”:

lim
t→∞

sin2(xt)
x2 = πtδ(x).

The fact that there is a t on the right hand side is very dodgy, and not at all formal.
Intuitively, we have:

sin2(xt)
(xt)2 → πδ(x) ⇐⇒ sin2(xt)

x2t
→ πδ(x) ⇐⇒ sin2(xt)

x2 → πtδ(x).

Another way to see this is that sin2(xt)
x2 gets spikier and spikier as t gets larger, so it

gets well approximated by a constant times a Dirac delta. However, since sin2(xt)
x2

integrates to π|t| on R, the constant must be πt.
So now, we get, supposing t0 = 0 by simplicity:

lim
t→∞

Pi→n(t) = 4|〈n|V |i〉|2 lim
t→∞

1
ω2 sin2

(
ωt

2

)
= 2πt|〈n|V |i〉|2δ(En − Ei).

Note that if n 6= i, the probability of transition is 0. This makes a lot of sense, by
conservation of energy a state cannot just magically gain energy. Note that this
probability can grow larger than 1, but this is because we used only the first order.
Insuring that |E1| � |E2| requires t to be sufficiently small for the distribution to
be almost normalised. Considering higher orders would allow the approximation to
be valid for a larger time t.
Moreover, it is sometimes easier to think as the transition probability rate is:

∂Pi→n(t)
∂t

= 2π|〈n|V |i〉|2δ(En − Ei).

This shows that, as time passes, the probability to go to another state of same
energy increases linearly. This is some form of Fermi’s golden rule.

Example 2 Let V be a constant operator. We consider a Hamiltonian of the form H(t) =
H0 + V (t), where V (t) is an oscillatory potential:

V (t) =
{

0, if t ≤ t0,
V eiωt + V †e−iωt, if t > t0.
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As found in the first example, since V (t) = 0 for t ≤ t0, when n 6= m:

Pi→n(t) =
∣∣∣∣−i � t

t0

dt1e
i(En−E1)t1〈n|V (t)|i〉

∣∣∣∣.
Therefore, in our context, the transition probability is given by:

Pi→n(t) =
∣∣∣∣−i � t

t0

dt1e
i(En−E1)t1

(
〈n|V |i〉eiωt1 + 〈n|V †|i〉e−iωt1

)∣∣∣∣
=
∣∣∣∣1− exp(i(En − Ei + ω)t)

En − Ei + ω
〈n|V |i〉+ 1− exp(i(En − Ei − ω)t)

En − Ei − ω
〈n|V †|i〉

∣∣∣∣2.
We can now do some algebra to get a squared sine term, and take the limit as
t→∞:

lim
t→∞

Pi→n(t) = 2πt
∣∣∣〈n|V̂ |i〉∣∣∣2δ(En − Ei + ω) + 2πt

∣∣〈n|V †|i〉
∣∣2δ(En − Ei − ω).

This means that, for a large t, it will tend to transition to states of energy En = Ei±ω.
Example 3 Let V be a constant operator. We consider a Hamiltonian of the form H(t) =

H0 + V (t), where:
V (t) = V eεt.

Note that V (t1) commutes with V (t2) for any t1, t2. We can therefore drop the
time-ordering operator in the Dyson series. Therefore, up to the second order, we
have:

UI(t,−∞) = I − i
� t

−∞
dt1VI(t1)− 1

2

� t

−∞
dt1

� t

−∞
dt2VI(t1)VI(t2).

So, this means that, when n 6= i:

Pi→n(t) =
∣∣∣∣−i � t

−∞
dt1〈n|VI(t1)|i〉 − 1

2

� t

−∞
dt1

� t

−∞
dt2〈n|VI(t1)VI(t2)|i〉

∣∣∣∣2.
We have two integrals to compute. The first one gives:

I1(t) =
� t

−∞
〈n|VI(t)|i〉

= 〈n|V |i〉
� t

−∞
dt1e

i[(En−E1)t1−iεt1]

= 〈n|V |i〉exp[i((En − Ei)t1 − iεt1)]
i(En − Ei − iε)

∣∣∣t
−∞

.

So, if we were to ignore the second integral, we could do some algebra to get:

Pi→n(t) = |〈n|V |i〉|2 e2εt

(En − Ei)2 + ε2
,

∂Pi→n(t)
∂t

= |〈n|V |i〉|2 2εe2εt

(En − Ei)2 + ε2
.
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For the second integral, we can compute:

I2(t) =
∑
m

� t

−∞
dt1

� t

−∞
dt2〈n|VI(t1)|m〉〈m|VI(t2)|i〉

=
∑
m

〈n|V |m〉〈m|V |i〉
� t

−∞
dt1

� t1

−∞
dt2e

i(En−Em−iε)t1ei(Em−Ei−iε)t2

=
∑
m

〈n|V |m〉〈m|V |i〉
� t

−∞
dt1e

i(En−Em−iε)t1 e
i(Em−Ei−iε)t2

Em − Ei − iε

∣∣∣t1
−∞

= −
∑
m

〈n|V |m〉〈m|V |i〉 ei(En−Ei−2iε)t

(Em − Ei − iε)(En − Ei − 2iε) .

Considering that ε ≈ 2ε in the limit of small ε, we get:

Pi→n(t) =

∣∣∣∣∣〈n|V |i〉+
∑
m

〈n|V |m〉〈m|V |i〉
Em − Ei − iε

∣∣∣∣∣
2

e−2εt

(En − Ei)2 + ε
.

This is very similar to what we obtained when we considered a single order, except
that we have some more sum in the absolute value. A way to understand this new
terms is as some form of virtual transition: we go from i to some other m, then
from m to n. Intuitively, this means that, for higher order terms, we will have more
virtual energy levels.
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Monday 18th November 2024 — Lecture 9 : Group definition time

Chapter 8

Variational principle

Proposition:
Variational prin-
ciple

Let H be a Hamiltonian, of diagonalisation H|ϕn〉 = En|ϕn〉, and ground state |ϕ0〉
and ground state energy E0. Then:
• For all normalised |ψ〉, 〈ψ|H|ψ〉 ≥ E0.
• For all normalised |ψ〉 orthogonal to |ϕ0〉, 〈ψ|H|ψ〉 ≥ E1.

We might sometimes want to work with non-normalised states |ψ′〉, in which case
the variational principle becomes:

• For all |ψ′〉,
〈
ψ′
∣∣H∣∣ψ′

〉
〈ψ′|ψ′〉 ≥ E0.

• For all |ψ′〉 orthogonal to |ϕ0〉,
〈
ψ′
∣∣H∣∣ψ′

〉
〈ψ′|ψ′〉 ≥ E1.

Remark 1 This principle is conceptually very simple—it literally just states
that the average energy of a state is always more than the energy of
the ground state—but it might require having to solve very nasty
integrals. In exams, it might be easier to start with questions that
are conceptually harder, since, if we understand them well, they
will be easier to solve than hard integrals.

Remark 2 This allows to get an estimate of the ground state energy, by taking
some Ansatz and finding its minimum energy. To find an estimate
of the first excited state energy, we can then take an Ansatz that is
orthogonal to the first one: if the first one is a good approximation
to the ground state, the second one cannot be the ground state and
can therefore not yield the ground state energy.
Note that, in this class, we will always be given the Ansätze. In
real life, finding good Ansätze is a big field of research.

Proof 1 We consider the case where |ψ〉 is normalised, the other case directly
follows by leaving |ψ〉 = 1

‖|ψ′〉‖ |ψ
′〉.

We know H can be expressed as:

H =
∞∑
n=0

En|ϕn〉〈ϕn|.

We note pn(ψ) = |〈ψ|ϕn〉|2 for simpler notations. Given any norm-
alised |ψ〉, we thus have:

〈ψ|H|ψ〉 =
∞∑
n=0

Enpn(ψ) ≥ E0

∞∑
n=0

pn(ψ) = E0,

since the probabilities sum to 1 for normalised states.
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Moreover, given any normalised |ψ〉 so that 〈ϕ0|ψ〉 = 0, the reason-
ing is completely similar and just uses the fact p0(ψ) = 0:

〈ψ|H|ψ〉 =
∞∑
n=1

Enpn(ψ) ≥ E1

∞∑
n=1

pn(ψ) = E1.

�

Example Let us consider the simple Harmonic oscillator:

H = T + V = − ~2

2m
d2

dx2 + 1
2mω

2x2.

We want to guess the ground state energy. To do so, we consider the following class
of non-normalised quantum states:

ψa(x) = 1
x2 + a

.

We need to compute the three following integrals:

〈ψa|T |ψa〉 = −~
2

2m

� ∞

−∞
dx

1
x2 + a

d2

dx2
1

x2 + a
,

〈ψa|V |ψa〉 = 1
2mω

2
� ∞

−∞
dx

x2

(x2 + a)2 ,

〈ψ|ψ〉 =
� ∞

−∞
dx

1
(x2 + a)2 .

We will not compute those integrals in class (and, in exams, we would have some
small hints on how to compute them), but solving them and doing some bit of
algebra, we find:

E(a) = 〈ψa|H|ψa〉
〈ψa|ψa〉

= 〈ψa|T |ψa〉
〈ψa|ψa〉

+ 〈ψa|V |ψa〉
〈ψa|ψa〉

= ~2

2m
1
a

+ 1
2mω

2a.

By the variational principle, E(a) ≥ E0 for all a. So, in particular, E0 ≤ minaE(a).
We now do some more algebra to minimise E(a):

∂E(a)
∂a

= − ~2

ma2 + 1
2mω

2 = 0 =⇒ a = ~
mω
√

2
=⇒ E(a) = ~ω

2 ≈ 0.72~ω.

The real ground state is 0.5~ω, so this is not too bad of an approximation.
Let’s say that we now want to compute an estimate on the first excited state energy.
To do so, we pick an Ansatz for the first excited wave function that is orthogonal
to the ground state. Indeed, assuming our first Ansatz gets close the ground state,
the lowest energy of this new Ansatz cannot be the ground state and will thus be
an estimate for the first excited state. Since ψa(x) is even, we can take ϕa(x) to be
odd. The following works well:

ϕa(x) = x

(x2 + a)2 .

By doing a lot of algebra, we find that:

min
a
E1(a) =

√
3~ω ≈ 1.732~ω.

The correct energy is 3
2~ω, so this is again a reasonable result.
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Chapter 9

Groups and representation theory

9.1 Motivational examples

Translational
symmetry

Let’s say that we have a system with a translational symmetry, i.e. shifting it does
not change it, ψ(x+ a) ≡ ψ(x) for all a. Intuitively, this is very restrictive. The
case ψ(x) = constant directly comes to mind, but this is not the only possibility.
We can consider the following class of states, defined for any p′ ∈ R:

ψ(x) = eip
′x.

This is indeed period, since shifting it only gives a non-physical global phase (it is
global since it does not depend on x):

ψ(x+ a) = eip
′xeip

′a = eip
′aψ(x) ≡ ψ(x).

Taking the Fourier transform, this yields:

ϕ(p) = δ(p− p′).
Remark We notice two things from this example:

1. First, symmetries are associated with constants: for instance,
the translational symmetry is associated with conservation of
momentum. This can be generalised thanks to Noether’s theorem.

2. Second, symmetries heavily constrain the allowed states. This is
for instance useful for finding Ansätze for the variational principle.
Another example of this is that we found in Quantum physics I
that V (x) = V (−x) necessarily implies the eigenstates are even
or odd.

The mystery of
degeneracy

Given a generic Hamiltonian H, we would expect the eigenvalues of H to be distinct.
However, in real cases, H often has lots of degenerate eigenvalues. In early days of
quantum mechanics, this was rather mysterious. Symmetries provide an explanation.
Let us consider a unitary U that leaves H invariant:

U†HU = H ⇐⇒ HU = UH.

Now, leaving |ψ〉 to be an eigenvalue of H, H|ψ〉 = E|ψ〉, this yields:

H(U |ψ〉) = UH|ψ〉 = U(E|ψ〉) = E(U |ψ〉).

In other words, U |ψ〉 is also an eigenstate of H, with the same energy E. In other
words, a symmetry U implies degeneracy.

71



Quantum physics II CHAPTER 9. GROUPS AND REPRESENTATION THEORY

9.2 Introduction to groups

Definition: Sym-
metry

A symmetry describes some property of a system that is left unchanged by some
operation. In quantum mechanics, this operation will be a unitary U .

Definition:
Group

A set G equipped with some operation ∗ : G×G 7→ G is a group (G, ∗), if:
• (Closed) ∀a, b ∈ G, a ∗ b ∈ G.
• (Associativity) ∀a, b, c ∈ G, (a ∗ b) ∗ c = a ∗ (b ∗ c).
• (Identity) ∃e ∈ G, ∀g ∈ G, e ∗ g = g ∗ e = g.
• (Inverse) ∀a ∈ G, ∃b ∈ G, a ∗ b = b ∗ a = e, and we note b = a−1.

Remark We will typically consider a group over multiplication, such as
(R∗, ·).

Proposition The set of all unitaries U such that the map ρ 7→ UρU† leaves some property
unchanged forms a group together with multiplication.

Proof • Multiplying two unitaries gives a unitary matrix.
• U = I is always such that ρ 7→ UρU† preserves all properties.
• If ρ 7→ UρU† preserves some property, then so does its inverse
ρ 7→ U†ρU . Indeed, applying U leaves a property unchanged, so
undoing what U did must also keep this property unchanged. In
other words, we do have that if U ∈ G, then U−1 = U† ∈ G .
• If applying U and applying V leave properties unchanged, ap-

plying U and then V also leaves property unchanged. In other
words, if U, V ∈ G, then UV ∈ G.

�

Definition: Fi-
nite group

Let (G, ∗) be a group.
If G is finite, (G, ∗) is said to be a finite group. Its number of elements |G| is
named to be the order of the group.

Definition: Cay-
ley table

Let (G, ∗) be a finite group.
Its Cayley table is a |G| × |G| table representing its operation. Each cell (a, b)
represents a ∗ b.

Intuition: Rep-
resentation

Let (G, ∗) be a finite group.
Informally, a representation {R(g)} is a set of d× d matrices that obey the rules of
the group:

R(g1) ·R(g2) = R(g1 ∗ g2).
Remark We will build this definition formally. However, the idea is not too

complicated, and we can already find some examples.

Example 1 The only order 1 group is:

∗ e
e e

The following are three representations of this group:

e→ 1, e→
(

1 0
0 1

)
, e→

1 0 0
0 1 0
0 0 1

.
Example 2 To find the only order 2 group, we notice that e ∗a = a and, since a needs an inverse,

a ∗ a = e. So:

∗ e a
e e a
a a e
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The following are five representations of this group:{
e→ 1,
a→ 1,

{
e→ 1,
a→ −1,

{
e→ I,

a→ σX ,

{
e→ I,

a→ σZ ,

{
e→ I,

a→ SWAP.

Indeed, all those matrices behave similarly to the group. For instance, for the fourth
representation, I · I = I, I · σZ = σZ · I = σZ and σZ · σZ = I, showing indeed I
behaves like e and σZ behaves like a.

Example 3 It is possible to show that the following is the only order 3 group:

∗ e a b
e e a b
a a b e
b b e a

This is the Z3 cyclic group. A possible representation is the third roots of unity:

e→ 1, a→ ei
2π
3 , b→ ei

4π
3 .

Note that this also represents the symmetrical rotations of an equilateral triangle.
Example 4 Some order 4 group is:

∗ e a b c
e e a b c
a a b c e
b b c e a
c c e a b

This is the Z4 cyclic group. A representation is ei2π
j
4 . We could construct another

representation by recognising it is the group of some symmetries of a square.
Example 5 The other order 4 group is:

∗ e a b c
e e a b c
a a e c b
b b c e a
c c b a e

A representation can be done by representing this as the symmetries of a rectangle
(rotations of 0, rotation of π, vertical symmetry, horizontal symmetry).

Definition: Cyc-
lic group

The cyclic group Zn of order n is defined so that:

aiaj = ai+jmodn, e = a0.

A representation is aj = ei2π
j
n .

73



Quantum physics II CHAPTER 9. GROUPS AND REPRESENTATION THEORY

Definition: Sym-
metric permuta-
tion group

The symmetric permutation group Sn is all the permutation of n objects. Its order
is

|Sn| = n!.

In physics, this is important since it is the symmetry of indistinguishable particles.
Example For instance:

S3 = {I, SWAP12, SWAP13, SWAP23, CY CLE123, CY CLE321}.

Using the usual notation of the symmetric permutation group, this
can also be written as:

S3 =
{
e,
(
1 2

)
,
(
1 3

)
,
(
2 3

)
,
(
1 2 3

)
,
(
3 2 1

)}
Definition: Lie
group

Informally, a Lie group is a continuous group that depends analytically on some
continuous parameter λ.

Definition: Or-
thogonal matrix

Let O ∈ Rn×n. It is said to be orthogonal if:

OTO = OOT = I.

Remark 1 Orthogonal matrices are the real equivalent to unitary matrices.

Remark 2 Note that:
1 = det(I) = det

(
OTO

)
= det(O)2

.

There are thus two possibilities, det(O) = 1 and det(O) = −1. In
the first case, O represents a rotation; in the second case it represents
a reflection.

Definition: Or-
thogonal group

The orthogonal group, O(d), is the group of orthogonal matrices:

O(d) =
{
O ∈ Rn×n ∣∣ O is orthogonal

}
.

This represents the group of matrices that preserve the norm of real vectors, i.e.
matrices that do rotations and reflections. This is a lie group.

Definition: Spe-
cial orthogonal
group

The special orthogonal group, SO(d), is the real rotation matrices on d dimen-
sional systems:

SO(d) =
{
O ∈ Rn×n ∣∣ O is orthogonal and det(O) = 1

}
.

This is a lie group.
Example For instance, an arbitrary element of SO(2) is:(

cos(ϕ) − sin(ϕ)
sin(ϕ) cos(ϕ)

)
.

Definition: Unit-
ary group

The unitary group, U(d), is the group of unitary matrices:

U(d) =
{
U ∈ Cn×n ∣∣ U is unitary

}
.

This represents the group of matrices that preserves the norm of complex vectors.
This is a lie group.

Definition: Spe-
cial unitary
group

The special unitary group, SU(d), is the group of unitary matrices:

SU(d) =
{
U ∈ Cn×n ∣∣ U is unitary and det(U) = 1

}
.

This is a lie group.
Remark Note that:

1 = det(I) = det
(
U†U

)
= det(U)∗ det(U) = |det(U)|2.
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Therefore, there exists some ϕ so that:

det(U) = eiϕ.

Asking that det(U) = 1 therefore simply fixes a choice on the global
phase of U . In other words, this group represents the group of
matrices that preserves the norm of complex vectors, quotiented by
the global phase.

9.3 Basic definitions

Definition:
Abelian group

Let (G, ∗) be a group.
(G, ∗) is said to be an Abelian group if ∗ is commutative, i.e. if:

g1 ∗ g2 = g2 ∗ g1, ∀g1, g2 ∈ G.
Definition: Sub-
group

Let (G, ∗) be a group, and H ⊆ G be a subset.
(H, ∗) is said to be a subgroup of G, if it is a group.

Definition:
Proper subgroup

Let G be a group, and H ⊆ G be a subgroup.
If H 6= {e} and H 6= G, then (H, ∗) is said to be a proper subgroup.

Lagrange the-
orem

Let G be a finite group and H be a subgroup.
Then, |H| divides |G|.

Implication This implies that groups with a prime number of elements have no
proper subgroup. Moreover, it is possible to show that Zn for a
prime n is the unique group with no proper subgroup. This is an
argument that allows to show that Z3 is unique.

Definition:
Group homo-
morphism

Let (G, ∗) and (H, ?) be two groups.
A function ϕ : G 7→ H is said to be a homomorphism between G and H if:

ϕ(g1 ∗ g2) = ϕ(g1) ? ϕ(g2), ∀g1, g2 ∈ G.
Intuition In other words, a homomorphism is a function between groups that

preserves group operations.

Definition:
Group isomorph-
ism

Let (G, ∗) and (H, ?) be two groups, and ϕ : G 7→ H be a homomorphism.
If ϕ is also bijective, we say it is an isomorphism.
If there exists such an isomorphism, G and H are said to be isomorphic. Intuitively,
this captures the idea that two groups are essentially the same.

Intuition In other words, an isomorphism is a function between groups that
sets up a one-to-one correspondance between elements, in such a
way that it preserves group operations.

Definition:
Group repres-
entation

Let (G, ∗) be a group, and V be a vector space.
A representation R of G on V is a group homomorphism from G to a set of
invertible matrices that act on V .

Remark We will only consider V = Cm in this class.

Personal re-
mark

The set of invertible matrices that act on V is typically marked as
GLn(V ). So, R : G 7→ GLn(V ).

Terminology Representations might be referred to as “reps”.

Example For instance, any group has a trivial representation:

R(g) = I, ∀g ∈ G.
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As mentioned earlier, the following are all representations of the
parity group Z2 = {e, a}:

{1,−1}, {1, 1}, {I,X}, {I, Z}, {I, SWAP}.

Lie groups over matrices have their fundamental representations
which are “just the obvious matrices that define the group”. For in-
stance, O(3) is the group of orthogonal matrices in three dimensions,
and this group’s fundamental representation is just those matrices:

R(O) = O, ∀O ∈ O(3).

Monday 25th November 2024 — Lecture 10 : Diagonalising matrices, slowly but Schur-ly

Definition: Equi-
valent represent-
ation

Let G be a group, and R1, R2 be two representations on a space of matrices of the
same dimension.
R1 and R2 are said to be equivalent if they are equal up to a change of basis, i.e.
there exists some invertible matrix S so that, for all g ∈ G:

R1(g) = SR2(g)S−1.

Example: Tensor
product repres-
entation

Let G be a group, and R1, R2 be representations.
The two following are also representations on G:

R1(g)⊗R2(g), R1(g)⊗k
.

Intuition This directly comes from the fact that (A⊗B) · (C ⊗D) =
(A · C) ⊗ (B ·D). In other words, each representation just mul-
tiply independently.

Definition: Dir-
ect sum

Let A,B be two matrices.
We define their direct sum, written A⊕B, as:

A⊕B =


A 0

0 B

.

Example: Direct
sum representa-
tion

Let G be a group, and R1, R2 be representations.
Their direct sum R1(g)⊕R2(g) is also a representation of G.

9.4 Irreducible representations

Idea The goal is to reduce mess looking representations (often tensor product representa-
tions) into direct sums of simpler representations. In other words, this amounts to
doing a block diagonalisation of the representation.

Example Let us consider a tensor product representation of SU(2):

R(U) = U ⊗ U.
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Our goal is to write write R(U) as a direct sum:

R1(g)⊗R2(g) =


A(g) 0

0 B(g)

.

We notice that SWAP commutes with all elements of the representation:

SWAP (U ⊗ U)SWAP † = U ⊗ U
⇐⇒ SWAP (U ⊗ U) = (U ⊗ U)SWAP

⇐⇒ [U ⊗ U, SWAP ] = 0.

We know that if two operators commute, then they are block-diagonalisable in the
same basis. We notice that SWAP has eigenvalues 1 and −1. Its λ = 1 eigenspace
is spanned by:

|00〉, |11〉, |01〉+ |10〉√
2

.

Equivalently, using the Bell basis, the λ = 1 eigenspace is spanned by:

∣∣ϕ+〉 = |00〉+ |11〉√
2

,
∣∣ϕ−〉 = |00〉 − |11〉√

2
,
∣∣ψ+〉 = |01〉+ |10〉√

2
.

The λ = −1 eigenspace is spanned by the last Bell state:

∣∣ψ−〉 = |01〉 − |10〉√
2

.

Therefore, in the Bell basis, there exists some matrices U1 ∈ C3×3 and U2 ∈ C so
that:

U ⊗ U =


0

U1 0
0

0 0 0 U2

 = U1 ⊕ U2.

It is possible to convince ourselves that U1 and U2 are still unitaries, i.e. that
U1 ∈ SU(3) and U2 ∈ SU(1) = {1}. Thanks to this block-diagonal form, we can
consider invariant subspaces (spaces that are left unchanged by any U ⊗ U). In
other words, looking at U ⊗ U = U1 ⊕ U2:

(U ⊗ U)
∣∣ψ−〉 =

∣∣ψ−〉,
(U ⊗ U)

(
a
∣∣ϕ+〉+ b

∣∣ϕ−〉+ c
∣∣ψ+〉) = d

∣∣ϕ+〉+ e
∣∣ϕ−〉+ f

∣∣ψ+〉.
We notice that the two invariant subspaces are the symmetric and antisymmetric
one. In other words, the first one consists of bosons and the second one of bosons
and, physically, it makes sense that we cannot turn a photon to an electron.
Takeaway The important things to take away from this example is that we

can sometimes split a representation into a direct sum, in which
case it shows invariant subspaces.
Note that, in some sense, this is what we did for addition of angular
momentum in Quantum physics 1. We will later see that there is
indeed a strong link, hence the importance.

Definition: Redu-
cibility

Let G be a group and R : G 7→ GLn(V ) be a representation.
R is said to be reducible if there exists an invariant subspace. In other words, it is
reducible if there exists some non-trivial subspace W (i.e. W 6= {0} and W 6= V ) so
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that, for each |w〉 ∈W :
R(g)|w〉 ∈W.

A representation is then said to be irreducible if it is not reducible. An irreducible
representation is called an irrep.

Definition: Com-
plete reducibility

A representation R(g) of a group G is completely reducible if it splits into a direct
sum of irreducible representation:

R(g) =
k⊕
j=1

Rj(g) =


R1(g)

R2(g)
. . .

Rk(g)

.
Remark We trivially notice that a completely reducible representation is

reducible.

Proposition Let R(g) be a unitary representation, i.e. R(g) ∈ U(n) for all g.
If R(g) is reducible, then it is completely reducible.

Remark In other words, a unitary representation is reducible if and only if it is
completely reducible. We will only consider unitary representations
in this class, we will thus consider the two interchangeably.
However, this is not necessarily true for arbitrary representations.
For instance, the following is a representation of (R,+):

M(x) =
(

1 x
0 1

)
.

We do have M(x)M(y) = M(x+ y), so this is a valid representation.
Moreover, it is reducible, since M(x)|0〉 = |0〉. However, it is not
completely reducible.

Proposition Let G be a group. Then, the trivial representation R(g) = 1 for all g ∈ G, is
completely reducible.

Remark If we are asked to find all the reducible representations of a group
during an exam, then we can thus get some free points by citing
the trivial representation.

Proof By definition, any one-dimensional representation is completely
reducible.

�

Schur’s first
lemma

Let G be a group, and R1(g), R2(g) be two non-equivalent irreducible representations.
If there is a matrix A such that AR1(g) = R2(g)A for all g ∈ G, then A = 0.

Implication So, if there exists some matrix A so that AR1(g) = R2A and R1, R2
are non-equivalent, then they are reducible.

Schur’s second
lemma

Let G be a group, and R(g) be an irreducible representation.
If AR(g) = R(g)A for all g ∈ G, then A = λI for some λ ∈ C.

Implication So, if there is some non-identity matrix A 6= λI that commutes
with everything [A,R(g)] = 0—for instance a symmetry—then the
representation is reducible.

Remark Schur’s lemma give us a means of indicating if a representation is reducible. As we
will see right after, they also help us to block diagonalise operators.

Property Let G be an Abelian group.
Then, its irreducible representations are one dimensional.
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Example For instance, let us consider the following representation of the Z2
group:

R(e) = I, R(a) = X.

We notice that A = X commutes with both I and X. Since X 6= λI,
this means that R is reducible. Since it is a unitary representation,
it is also completely reducible. In other words, there is some basis
so that:

R(g) =
(
R1(g)

R2(g)

)
.

We recall that there are two 1D representations:

{1, 1}, {1,−1}.

R1 and R2 must be either of those representations.
Moreover, using the {|+〉, |−〉} basis (since we use the matrix A =
X):

I =
(

1
1

)
, X =

(
1
−1

)
.

So, we clearly see that taking R1(g) = 1 to be the trivial rep-
resentation, and R2(I) = 1 and R2(X) = −1 to be the signed
representation, we do get a valid representation, which is diagonal:

R(e) =
(

1 0
0 1

)
, R(X) =

(
1 0
0 −1

)
.

Proof Let R be an arbitrary irreducible representation of G, and let h ∈ G
be arbitrary. By definition of representation, we notice that, for all
g ∈ G:

R(g)R(h) = R(g ∗ h) = R(h ∗ g) = R(h)R(g).

However, this means that the matrix R(h) commutes with all ele-
ments of the representation R(g). By Schur’s second lemma, we
must have R(h) = λI for some λ ∈ C. However, R(h) = λI is only
irreducible if it is one-dimensional, so R(h) is one-dimensional.

�

9.5 Block diagonalisation

Observation In a quantum context, we are interested in studying systems (represented by some
Hamiltonian H) with certain symmetries, i.e. we will have some Hamiltonian such
that [R(g),H] = 0 for all g ∈ G, where G is some symmetry group and R(g) is a
unitary transformation that represents that symmetry group on the Hilbert space of
our system. Irreps tell us information on the structure of H.

Theorem We state this theorem using an example, it can be generalised easily, but making it
formal requires heavy notations, which would only decrease its pedagogical interest.
Let H be Hamiltonian. Also, let G be a group, and R(g) be a representation so
that:

[R(g),H] = 0, ∀g ∈ G.
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We moreover us suppose that R can be decomposed into irreducible representations
as follows:

R(g) = R1(g)⊕R2(g)⊕R3(g) =


R1(g)

R2(g)
R3(g)

.
Furthermore, let us consider a representation of H in this basis:

H =

H11 H12 H13
H21 H22 H23
H31 H32 H33

,
where each Hij is a matrix, and Hii is a matrix of the same dimension as Ri(g).
If R(g) = R1(g)⊕R2(g)⊕R3(g) is ordered so that equivalent representations are
next to each others, and that R1(g) is equivalent to R2(g), but not to R3(g), then:

H =

λ1I1 H12
H21 λ2I2

λ3I3

.
Implication This implies that the dimension of the irreducible representations

tells us the size of the degeneracies, when the irreps are non-
equivalent. For instance, we have d3 = dim I3 states with eigen-
value λ3. In other words, the degeneracies of an Hamiltonian are
determined by the dimension of its non-equivalent irreducible rep-
resentations, and thus degeneracies of the Hamiltonian come from
symmetries.

Prof We notice that:

R(g)H =

R1(g)
R2(g)

R3(g)

H11 H12 H13
H21 H22 H23
H31 H32 H33


=

R1(g)H11 R1(g)H12 R1(g)H13
R2(g)H21 R2(g)H22 R2(g)H23
R3(g)H31 R3(g)H32 R3(g)H33

.
Similarly:

HR(g) =

H11 H12 H13
H21 H22 H23
H31 H32 H33

R1(g)
R2(g)

R3(g)


=

H11R1(g) H12R2(g) H13H3(g)
H21R1(g) H22R2(g) H23R3(g)
H31R1(g) H32R2(g) H33R3(g)

.
However, by hypothesis R(g)H = R(g)H for all g ∈ G. This means
that Rj(g)Hjk = HjkRk(g) for any j, k. We consider the case j = k
(the diagonal terms) and the case j 6= k (the non-diagonal terms)
differently:
• We suppose j = k. We know that Rk(g)Hkk = HkkRk(g). By

Schur’s second lemma, this means Hkk = λkI for some λk ∈ C.
• We suppose j 6= k, and that Rj and Rk are not equivalent relations.

By Schur’s first lemma, Hjk = 0.
This implies that H is block diagonal (ordering R1 ⊕ R2 ⊕ . . . in
such a way that equivalent representations are next to each others).
In our case, R1 and R2 are equivalent, and they are not equivalent
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to R3, so:

H =


λ1I1 H12
H21 λ2I2

λ3I3

.
This reasoning can easily be generalised to any other scenario.

�

Example Let us consider the Hamiltonian of two indistinguishable quits. It is easier to first
notice the representation of the symmetry group:

I ⊗ I, SWAP.

The symmetry group that has this representation is the parity group Z2, and the
representation we took is R(e) = I and R(a) = SWAP . In the computation basis,
we know that:

SWAP =


1

0 1
1 0

1

.
As explained before, SWAP is diagonalised in the Bell basis (|ψ+〉, |ψ−〉, |ϕ+〉, |ϕ−〉).

SWAP =


1

1
1
−1

.
We consider again R1(g) = 1 to be the trivial representation, and R2(e) = 1 and
R2(a) = −1 to be the sign representation. Therefore, in the Bell basis, we get:

R(g) =


R1(g)

R1(g)
R1(g)

R2(g)

 = R1(g)⊕R1(g)⊕R1(g)⊕R2(g).

We notice that R1 is equivalent to R1 (trivially), but R1 and R2 are not equivalent.
This yields:

H =


λ1 H12 H13 0
H21 λ2 H23 0
H31 H32 λ3 0

0 0 0 λ4

.
Remark This is not a huge result as is, but if we were considering a more

complex system this would have been a huge help.
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Monday 2nd December 2024 — Lecture 11 : Integrating over groups

9.6 Finding the number of irreps

Definition: Equi-
valent elements

Let G be a group, and h, h′ ∈ G.
h and h′ are said to be equivalent, written h ∼ h′, if there exists some g ∈ G so
that:

h′ = g−1hg.

Intuition Intuitively, some elements of a group do very different things, such
as a π

10 rotation around the z-axis and a π
20 rotation about the z-axis,

or I and SWAP . However, some other elements are, in some sense,
equivalent such as a π

10 rotation around the x-axis and a π
10 rotation

about the z-axis, or permutations
(
1 2 3

)
and

(
1 3 2

)
. In

fact, we can do a change of basis to show they are indeed similar:(
2 3

)−1(1 2 3
)(

2 3
)

=
(
1 3 2

)
.

This is of the form g−1hg = h′, justifying the definition.

Remark This is an equivalence relation, so we can consider the following
definition.

Definition: Con-
jugacy classes

Let G be a group.
Its conjugacy classes are the equivalence classes based on the relation defined
above:

Ch =
{
g−1hg

∣∣ g ∈ G}, h ∈ G.

Its number of distinct conjugacy classes is written Nc.
Example We consider the permutation group over three elements again:

C3v = S3 =
{
e,
(
1 2

)
,
(
1 3

)
,
(
2 3

)
,
(
1 2 3

)
,
(
1 3 2

)}
.

An element is equivalent with any elements that have the same orbit structure. So,
we have the three following conjugacy classes, showing NC = 3:

{e},
{(

1 2
)
,
(
1 3

)
,
(
2 3

)}
,
{(

1 2 3
)
,
(
1 3 2

)}
.

Property The identity will always be alone in its own conjugacy class:

Ce = {e}.
Proof For any g ∈ G:

g−1eg = g−1g = e.

So, by definition, Ce = {e}.

�

Theorem Let G be a finite group, with n non-equivalent irreps and Nc distinct conjugacy
classes.
Then, n = Nc.

Proof We will later prove that n ≤ Nc using the Petit orthogonality
theorem. Proving that n ≥ Nc can be done using the Grand
orthogonality theorem.

Burnside’s
lemma

Let G be a finite group with n non-equivalent irreps, of dimensions `a for a ∈
{1, . . . , n} respectively.
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Then:
n∑
a=1

`2
a = |G|.

Remark While the previous theorem allows to know how many irreps we are
missing, this lemma allows to make a guess on the dimension of
those irreps.

Corollary Let G be a finite group.
If G is Abelian, G has |G| non-equivalent irreps.

Example For instance, let us consider again Z2. It has two irreps:

e 7→ 1, a 7→ −1, e 7→ 1, a 7→ 1.

Both have dimension 1, so it does respect Burnside’s lemma:

`2
1 + `2

2 = 12 + 12 = 2 = |Z2|.

Remark Our first theorem allows us to know how many irreps we have, and Burnside’s lemma
puts strong constraints on their dimensions. Those two theorems thus help us know
what irreps we are missing.
The orthogonality theorems, which come right after, are other tools to help on this
idea.

Observation We can think of irreps as giving a vector of matrices:

(R(g))g∈G =

R(g1)
R(g2)

...

.
Grand orthogon-
ality theorem

Let G be a group be a finite group of order N . Also, let Ra and Rb be two
non-equivalent unitary irreps of G, of dimension na and nb respectively.
Then, for all c, d ∈ {a, b}:∑

g∈G

nc
N

[
Rc(g)†

]
jk

[Rd(g)]`m = δcdδjmδ`k.

Intuition There are many proposition in this theorem. It states that:

•
∑
g∈G

[
Ra(g)†

]
jk

[Rb(g)]`m = 0.

• If j 6= m or ` 6= k, then
∑
g∈G

[
Ra(g)†

]
jk

[Ra(g)]`m = 0.

•
∑
g∈G

[
Ra(g)∗]

kj
[Ra(g)]kj = N

na
.

Note that the N
na

is some form of normalisation coefficient.

Personal intu-
ition

Another way to understand this theorem, which justifies its name, is
to notice that we can think of irreps as giving a vector of matrices:

(R(g))g∈G =

R(g1)
R(g2)

...

.
In particular, we can only look at the (j, k) component of each
matrix, giving some vector:

(
R(g)jk

)
g∈G

=

R(g1)jk
R(g2)jk

...

.
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What this theorem states is that the following set is an orthonormal
set of vectors:

{√
nc
N

(
Rc(g)jk

)
g∈G

∣∣∣∣ c ∈ {a, b}, j, k} =


√
nc
N

Rc(g1)jk
Rc(g2)jk

...


∣∣∣∣∣∣∣ c, j, k

.
Remark This theorem can be used to get missing irreps, as mentioned earlier.

Example 1 We consider Z2 and its two irreps:

R1(e) = 1, R1(a) = 1, R2(e) = 1, R2(a) = −1.

We want to verify the grand orthogonality theorem in this context. We notice that:∑
g∈G

R1(g)†
R2(g) = 1 · 1 + 1 · (−1) = 0.

Similarly, since N = 2 and n1 = n2 = 1:∑
g∈G

R1(g)†
R1(g) = 12 + (−1)2 = 2 = 2

1 = N

n1
,

∑
g∈G

R2(g)†
R2(g) = 12 + 12 = 2 = N

n2
.

Example 2 We consider C3v. The following is a 2D irrep for this group:

e =
(

1 0
0 1

)
, c+ =

(
− 1

2 −
√

3
2√

3
2 − 1

2

)
, c− =

(
− 1

2

√
3

2
−

√
3

2 − 1
2

)
,

σ =
(
−1 0
0 1

)
, σ′ =

(
1
2

√
3

2√
3

2 − 1
2

)
, σ′′ =

(
1
2 −

√
3

2
−

√
3

2 − 1
2

)
.

We notice that, considering that the 1, 1 element is the bottom-right corner of the
matrix (using 0-indexing, like qubits |0〉, |1〉):

∑
g∈G

[
R†(g)

]
11R(g)11 = 12+

(
−1

2

)2
+
(
−1

2

)2
+12+

(
−1

2

)2
+
(
−1

2

)2
= 3 = 6

2 = N

n
,

as expected by the grand orthogonality theorem.

9.7 Group Averaging

Definition:
Group averaging

Let G be some finite group of cardinality N , R(g) = Ug be some unitary d-
dimensional representation of G, and X be some d× d unitary.
We define the group averaging (or group twirling) of X as:

〈X〉G = 1
N

∑
g∈G

R(g)XR(g)† = 1
N

∑
g∈G

UgXU
†
g .

Proposition Let G be a finite group of cardinality N , R be a unitary d-dimensional representation
of G, and X be a d× d unitary.
If R is irreducible, we have:

〈X〉G = 1
d

Tr(X)I.
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Remark This generalises to compact groups G:

〈X〉G =
�
G

dµ(g)U(g)XU(g)† = 1
d

Tr(X)I,

where dµ(g) is the continuous equivalent of 1
N , generalising the idea

of uniform distribution.
Note that O(n), SO(n), U(n) and SU(n) are compact groups.

Proof Expanding the matrix products using a sum, we get:

〈X〉G = 1
N

∑
j,k,`,m

∑
g

[R(g)]`mXmj

[
R(g)†

]
jk
|`〉〈k|

= 1
N

∑
j,k,`,m

(∑
g

[R(g)]`m
[
R(g)†

]
jk

)
Xmj |`〉〈k|.

We can now use the Grand orthogonality theorem:

〈X〉G = 1
d

∑
j,k,`,m

δ`kδjmXmj |`〉〈k| =
1
d

∑
j

Xjj

∑
k

|k〉〈k| = 1
d

Tr(X)I.

�

Example We consider the single-qubit Pauli group:

G = {ϕP | ϕ ∈ {±1,±i}, P ∈ {I, σx, σy, σz}}.

Pauli matrices are dimension d = 2. So, given any state ρ:

〈ρ〉G = 1
2 Tr(ρ)I = 1

2I.

This is the maximally mixed state, which makes sense intuitively: letting ρ evolve
under an average Pauli, should give a state which representation on the Bloch sphere
is not biased towards any direction.
Let us also compute this result using the definition of group averaging:

〈ρ〉G = 1
16
∑
g

UgρU
†
g = 1

16
∑
ϕ,P

ϕPρϕ∗P †.

We notice that ϕϕ∗ = |ϕ|2 = 1 for all ϕ ∈ {±1,±i}. This yields that:

〈ρ〉G = 4
16
∑
P

PρP = 1
4
∑
P

PρP.

We know that we can express ρ = 1
2 (I + r • σ), and the identity σiσjσi = −σj for

i 6= j (the Professor left a note on the black board: USEFUL, REMEMBER ME), so:

σxρσx = 1
2(I + rxσx − ryσy − rzσz), σyρσy = 1

2(I − rxσx + ryσy − rzσz),

σzρσz = 1
2(I − rxσx − ryσy + rzσz), IρI = 1

2(I + rxσx + ryσy + rzσz).

Adding everything, we notice that the coefficients in front of I add to 2, and the
coefficients in front of all other Paulis cancel out, yielding indeed:

〈ρ〉G = 2I
4 = 1

2I.
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Proposition Let G be a finite group of cardinality N , R(g) = U(g) be a unitary d-dimensional
representation of G, and X be a d× d unitary.
We moreover suppose that we can express U(g) as a direct sum of irreducible
representations:

U(g) =
⊕
x

Ux(g) =

U1(g)
0

. . .

+

0
U2(g)

. . .

+ . . . .

Finally, we note Πx to be the projector on the subspace represented by Ux(g)
(i.e., to be a projector on its corresponding block), Ix to be the identity matrix
on the subspace represented by Ux(g), and dx be the dimension of Ux(g) (i.e.
Ux(g) ∈ Cdx×dx).
If all representations Ux are non-equivalent, then:

〈X〉G =
∑
x

1
dx

Tr(XΠx)Πx =
⊕
x

1
dx

Tr(XΠx)Ix.

Remark 1 Note that, sometimes, we write:

〈X〉G =
⊕
x

1
dx

Tr(XΠx)Πx.

This is however only an abuse of notations.

Remark 2 This proposition also generalises to compact groups.

Remark 3 Note that this proposition is not true in general if there exists x 6= x′

so that Ux and Ux′ are equivalent.
Consider for instance the trivial group G = {e}, with the represent-
ation:

Ug = I2 =
(

1 0
0 1

)
= 1⊕ 1.

We use twice the trivial irrep, which are naturally equivalent. Con-
sidering X = σX to be the Pauli matrix, we notice that:

〈X〉G = IXI† = X,

1
1 Tr(X|0〉〈0|)|0〉〈0|+ 1

1 Tr(X|1〉〈1|)|1〉〈1| = 0.

Proof Let us note |x, i〉 to be a basis for U(g), where the x indexes the
representation and the i indexes the elements of the representation.
In other words:

〈x, i|U(g)|x′, j〉 = δxx′〈i|Ux(g)|j〉.

We notice that:

〈X〉G = 1
N

∑
g

U(g)XU(g)†

= 1
N

∑
x,x′

∑
i,j,k,`

∑
g

(Ux(g))ij〈x, j|X|x
′, k〉

(
Ux(g)†

)
k`
|x, i〉〈x′, `|.

We can apply the Grand orthogonality theorem since there is no
representations Ux and U ′

x with x 6= x′ that are equivalent. Our
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equation therefore simplifies to:

〈X〉G = 1
N

∑
x,x′

∑
i,j,k,`

〈x, j|X|x′, k〉δxx′δi`δjk
N

dx
|x, i〉〈x′, `|

=
∑
x

1
dx

∑
j

〈x, j|X|x, j〉
∑
i

|x, i〉〈x, i|

=
∑
x

1
dx

Tr(ΠxX)Πx.

�

Example Let us consider RZ(θ) = exp(−iθσz). We want to compute:

〈ρ〉RZ (θ) = 1
2π

� 2π

0
dθRZ(θ)ρRZ(θ)†

.

RZ(θ) is a representation of U(1) (any element of U(1) is on the unit circle, and can
thus be interpreted as an angle). However, it is not an irreducible representation:
U(1) is Abelian, so all its irreducible representations have dimension 1. U(1) has
many irreps (infinitely many in fact), but it is possible to convince ourselves that
the trivial one U1(θ) = 1 and U2(θ) = eiθ are examples of irreps, and that they are
non-equivalent. We can decompose RZ(θ) as a direct sum of irreps:

RZ(θ) = exp(−iθσZ) =
(

1 0
0 eiθ

)
=
(
U1(θ)

U2(θ)

)
.

Note that here, we are in fact really considering RZ(θ)′ = exp(−iθ(σz + I)) for
slightly simpler computations. However, it only differs from RZ(θ) by a global phase,
so they are physically equivalent.
Both are our irreps are 1 × 1 (i.e. d1 = d2 = 1), so Π0 = |0〉〈0| and Π1 = |1〉〈1|.
This yields:

〈ρ〉θ = 1
2π

� 2π

0
RZ(θ)ρRZ(θ)†

dθ

=
⊕
x

1
dx

Tr(ρΠx)Πx

= Tr(ρ|0〉〈0|)|0〉〈0|+ Tr(ρ|1〉〈1|)|1〉〈1|
= 〈0|ρ|0〉|0〉〈0|+ 〈1|ρ|1〉|1〉〈1|.

This makes intuitive sense: we project on the z-axis. This is where the term twirling
comes from: by averaging the position over a rotation along the z-axis, we loose any
information on the x and y axes.
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Monday 9th December 2024 — Lecture 12 : The climax

9.8 Petit orthogonality theorem

Remark We notice that the grand orthogonality theorem is an orthogonality relation between
vectors of matrices, so it may be hard to exploit. We want to build the petit
orthogonality theorem, which is an orthogonality relation between composant of
traces of representations.

Definition: Char-
acter

Let G be a group, and R be a representation.
We define the character of R as the set {χR(g) | g ∈ G}, where, for any g:

χR(g) = Tr(R(g)).
Property Note that, for instance:

Tr
(
R(g)†

)
= Tr(R(g))∗ = χR(g)∗

.

Property The character of two equivalent representations are the same.

Proof This directly comes from the fact that a change of basis leaves the
trace unchanged.
More formally, let R1, R2 be equivalent representations. By defini-
tion, this means that there exists some invertible matrix P so that,
for all g ∈ G:

R1(g) = PR2(g)P−1.

But then, for all g:

Tr(R1(g)) = Tr
(
PR2(g)P−1) = Tr

(
P−1PR2(g)

)
= Tr(R2(g)).

�

Proposition Let G be a group, and R be a representation.
The representation of two elements of G in the same conjugacy class have the same
trace.

Proof Let x, y be in the same conjugacy class, i.e.

x = u−1yu.

We notice that, using first the homomorphism property and then
the cyclicity of the trace:

Tr(R(x)) = Tr
(
R
(
u−1yu

))
= Tr

(
R
(
u−1)R(y)R(u)

)
= Tr

(
R(u)R

(
u−1)R(y)

)
= Tr

(
R
(
u−1u

)
R(y)

)
= Tr(R(y)).

�

Petit orthgonal-
ity theorem

Let G be a finite group of order N . Also, let Ra and Rb be two non-equivalent
unitary irreps of G, of dimension na and nb respectively.
Then, for all c, d ∈ {a, b}: ∑

g∈G
χ∗
a(g)χb(g) = Nδab.
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Equivalently, noting Cµ to be equivalence classes, nµ = |Cµ|, and Nc to be the
number of equivalence classes, then, for all c, d ∈ {a, b}:

Nc∑
µ=1

nµχ
∗
a(Cµ)χb(Cµ) = Nδab.

Rephrasing Considering Nc to be the number of conjugacy classes, and nµ to
be the number of elements in the µth conjugacy class, we can easily
rephrase this theorem as:

Nc∑
µ=1

nµχ
∗
a(Cµ)χb(Cµ) = Nδab.

This might be easier to use.

Remark This theorem states that the following set of vectors is orthonromal:{[√
nµ
N
χa(Cµ)

]Nc

µ=1

∣∣∣∣∣ a
}

=


√

1
N

n1χa(C1)
n2χa(C2)
· · ·

 ∣∣∣∣∣∣ a


Note that each vector is Nc-dimensional. However, there can be
at most Nc orthonormal vectors of dimension Nc. Therefore, there
are at most Nc non-equivalent irreps. Recall that we claimed last
lecture there are exactly Nc non-equivalent irreps, this is thus one
side of the argument.

Proof From the Grand orthogonality theorem, we notice that:∑
g∈G

na
N
χ∗
a(g)χb(g) =

∑
jk

∑
g∈G

na
N

[
Ra(g)†

]
jj

[Rb(g)]kk

= δab

na∑
j=1

na∑
k=1

δjkδjk

= δabna,

We get our result by multiplying by N
na

on both sides.

�

Remark We lost information when deriving this theorem. It might be easier
to use than the Petit orthogonality theorem, but it is less powerful.

Example We want to verify our results for the following irrep of the C3v group. Recall that
the following is an irrep of this group:

e =
(

1 0
0 1

)
, c+ =

(
− 1

2 −
√

3
2√

3
2 − 1

2

)
, c− =

(
− 1

2

√
3

2
−

√
3

2 − 1
2

)
,

σ =
(
−1 0
0 1

)
, σ′ =

(
1
2

√
3

2√
3

2 − 1
2

)
, σ′′ =

(
1
2 −

√
3

2
−

√
3

2 − 1
2

)
.

We notice that, first, the trace of elements in the same conjugacy class are the same:

χ(e) = 2, χ
(
c+) = χ

(
c−) = −1, χ(σ) = χ(σ′) = χ(σ′′) = 0.

Moreover, the petit orthogonality theorem is indeed verified:
NC∑
µ=1

nµχ
∗(Cµ)χ(Cµ) = 1 · 22 + 3 · 02 + 2 · (−1)2 = 6 = N.
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Theorem Let G be a group, and R(g) be a representation.
We know we can write R(g) as a direct sum:

R(g) =
⊕
a

ba⊕
x=1

Ra,x(g),

where a is an index for different non-equivalent irreps, and x ∈ {1, . . . , ba} is an
index for the degeneracy of the irrep.
Then, noting χa(g) = Tr(Ra(g)) and χR(g) = Tr(R(g)):

ba = 1
N

Nc∑
µ=1

nµχ
∗
a(Cµ)χR(Cµ).

Intuition This theorem allows to compute the degeneracy ba of an irreducible
representation in the direct sum expansion of some representation
R(g).

Proof We notice that:

χR(g) = Tr(R(g))

= Tr



R1,1(g)
R1,2(g)

. . .
R1,b1(g)

R2,1(g)
. . .


=
∑
a,x

Tr(Ra(g))

=
∑
a

ba Tr(Ra(g))

=
∑
a

baχa(g).

Injecting this in the petit orthogonality theorem, this means:

Nc∑
µ=1

nµχ
∗
b(Cµ)χR(Cµ) =

Nc∑
µ=1

nµ
∑
a

baχ
∗
b(Cµ)χa(Cµ)

=
∑
a

baNδab

= Nbb.

This yields our result, by dividing both sides by N (and replacing
the pseudo-variable b by a).

�

Theorem Let G be a group of order N , and R be a representation.
R is an irrep if and only if:

Nc∑
µ=1

nµ|χR(Cµ)|2 = N.

Remark This theorem finally allows us to know if a representation is irredu-
cible.
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Proof Just like the previous theorem, we decompose our representation R
into a direct sum of irreps:

R(g) =
⊕
a

ba⊕
x=1

Ra,x(g),

Note that this is an irrep if and only if there is some i so that bi = 1
and for all j 6= i, bj = 0. We found that:

χR(g) =
∑
a

baχa(g).

Therefore, feeding it to the Petit orthogonality theorem:

Nc∑
µ=1

nµ|χR(Cµ)|2 =
∑
i,j

bibj

Nc∑
µ=1

nµχi(Cµ)∗
χj(Cµ)

= N
∑
i,j

bibjδij

= N
∑
i

b2
i .

As mentioned above, R is an irrep if and only if a single bi is non-zero
and it is equal to 1, i.e. if and only if

∑
i b

2
i = 1. This gives our

result.

�

Example We consider C3v, as usual. We can check that our 2D representation is indeed an
irrep:

Nc∑
µ=1

nµ|χ(Cµ)|2 = 1 · 22 + 2 · (−1)2 + 3 · 0 = 6 = N.

Since there are three conjugacy classes, there are three irreps, and we thus have two
more irreps to find. As usual, we have the trivial representation:

g 7→ 1, ∀g ∈ C3v.

We can now use Burnside’s lemma to identify the dimension of the remaining irrep:∑
i

d2
i = N =⇒ 12 + 22 + d2

3 = 6 ⇐⇒ d3 = 1.

Since it has dimension 1, the trace of an element is equal to the element. We can thus
use the petit orthogonality theorem. The 2D irrep and trivial irrep have character,
respectively:

~v = (2,−1,−1, 0, 0, 0)T , ~u = (1, 1, 1, 1, 1, 1)T .

The unknown irrep moreover has character:

~w = (χe, χc− , χc+ , χσ, χσ′ , χσ′′) = (χe, χc, χc, χσ, χσ, χσ)T .

The petit orthogonality theorem tells us that:{
~v • ~w = 0 ⇐⇒ 2χe − 2χc = 0,
~u • ~w = 0 ⇐⇒ χe + 2χc + 3χσ = 0.

However, this yields χe = χc = −χσ. We know R(e) = 1, so:

R(e) = R(c+) = R(c−) = 1, R(σ) = R(σ′) = R(σ′′) = −1.

We have used all the theory we built (mainly orthogonality relations) to successfully
find a missing irrep.
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Chapter 10

Lie algebras and angular momentum

10.1 Rotations

Motivational ex-
ample: 2D

To study rotations, it suffices to study infinitesimal rotations. A rotation through
an infinitesimal angle is almost no rotation (i.e. very close to identity), so we can
write it as a perturbation from identity:

R(θ) = I +A(θ).

Now, we know that rotations are orthogonal matrices, i.e. they satisfy RTR = I.
Considering infinitesimal rotations, we can substitute in those two expressions,
considering only the first order:

I = RTR =
(
I +AT

)
(I +A) = I +AT +A+ATA ≈ I +AT +A ⇐⇒ AT = −A.

This shows that A is anti-symmetric. For instance, in two dimensions:

A =
(

0 1
−1 0

)
θ = Jθ.

Note that here we made a choice on J : we could have chosen J ′ = 1
2J , giving a

similar result but with a dependence on 2θ instead of θ. This would be a correct
choice as well, but choosing J that way is simply more natural.
In other words, still for two dimensions, R(θ) = I + Jθ+O

(
θ2). This matrix J , the

thing that determines the form of an infinitesimal rotation, is called the generator
of rotations (i.e. of the group of rotations).
We recall that ex = limn→∞

(
1 + x

n

)n. We can use this to write an arbitrary rotation
using a product of many small rotations:

R(θ) = lim
n→∞

R

(
θ

n

)n
= lim
n→∞

(
I + θJ

n
+O

(
θ2

n2

))n
= eθJ .

We again see intuitively that J generates the 2D rotations. As a small sanity check,
we notice that, since J2 = I but skipping the details:

eθJ =
∞∑
n=0

θnJn

n!

=
∞∑
n=0

θ2nJ2n

(2n)! +
∞∑
n=0

θ2n+1J2n+1

(2n+ 1)!

= cos(θ)I + sin(θ)J

=
(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)
.

This does give back our familiar representation of SO(2), the group of 2D rotations.
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3D case We may have wished to consider the 3D case as well. It is possible
to convince ourselves that the following is a basis for anti-symmetric
matrices A:

Jx =

0 0 0
0 0 1
0 −1 0

, Jy =

0 0 −1
0 0 0
1 0 0

, Jz =

 0 1 0
−1 0 0
0 0 0

.
In other words, we can write any matrix A so that AT = −A as

A = θxJx + θyJy + θzJz

Note again that the choice of the {Jx, Jy, Jz} basis is arbitrary. We
chose this one because we know it will give us back our usual 3D
rotation matrices. By a similar reasoning to the 2D case, this yields
that an arbitrary 3D rotation can be written as:

R(θ) = eθxJx+θyJy+θzJz .

General case More generally, we can always write a rotation as:

R(θ) = e
∑

i
θiJi ,

where
∑
i θiJi is an arbitrary anti-symmetric matrix.

We moreover notice that this looks a lot like the evolution operators
eiH , but without a i. So, in quantum physics, we tend to redefine
our Jk with an i, J̃k = −iJk, so that, instead:

R(θ) = ei
∑

i
θkJ̃k .

Motivational ex-
ample: Structure
constants

An important property of rotations is the fact that they do not commute.
Let R ≈ I +A and R′ ≈ I +B be two infinitesimal rotations. We know that:

I = RRT ≈ (I +A)(I +A)T = (I +A)(I −A).

So, R−1 ≈ I −A. This yields that:

RR′R−1 ≈ (I +A)R′(I −A) = R′ +AR′−R′A = I +B+AB−BA = R′ + [A,B].

In other words:

RR′ ≈ R′R+ [A,B]R ⇐⇒ [R,R′] ≈ [A,B]R.

This shows that the amount R and R′ do not commute is captured by the commutator
of the generators. Now, for generic rotations, A and B will be linear combinations
of generators:

A = i
∑
j

θj J̃j , B = i
∑
j

θ′
j J̃j .

We thus notice that:
[A,B] = i2

∑
i,j

θiθ
′
j

[
J̃i, J̃j

]
.

This means that the commutator of the basis of the generators
[
J̃i, J̃j

]
fully captures

the non-commutation property of the group. We call this the structure constants of
the group, and we will come back to it.

Recipe to find
and characterise
the generator of
a group

Let us generalise our two motivational examples.
Let G be some continuous group. To find and characterise the generators of G, we
do:
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1. Expand the group elements (such as a rotation) around the identity by considering
the limit where continuous parameters go to zero (such as a small angle), g ≈ I+A.

2. Find a basis in which any arbitrary A for that group can be written, i.e. a set of
Ta such that A = i

∑
a θaTa.

3. For any two group elements near identity, g1 = I +A and g2 = I +B, g1g2g
−1
1 =

g2 + [A,B]. In particular, [A,B] captures the essence of the group near identity.
4. A and B can be written as a linear combinations of the generators, and we know
g1g2g

−1
1 is close to identity, so the commutation relation between generators

give another generator. In particular, [Ta, Tb] = i
∑
c fabcTc. We sometimes use

Einstein’s notation to write [Ta, Tb] = ifabcJc.
This means in some sense that the commutation relation between generators capture
the essence of the generator of the group.

10.2 Definitions

Definition: Lie
algebra

Let G be a lie group (i.e. some form of continuous group). A lie algebra g is a
linear space spanned by a linear combination

∑
j θjJj of the generators associated

with G, together with a lie bracket [., .].
In this class, the lie bracket will always be the commutator [A,B] = AB −BA; but
this is an algebraic structure that is more general.

Remark 1 As Lie groups are differentiable, it is always possible to write an
element g ∈ G as the exponential of an element J ∈ g in the
corresponding lie algebra, i.e.

g =
{
J
∣∣ eiJ ∈ G}.

Remark 2 Since they are related by exponentiation, we sometimes write:

G = eig.

Remark 3 It is typically a lot easier to analyse lie algebra than lie groups, since
lie algebras is a linear spaces.
For instance, so(n) is the vector space of the anti-symmetric matrices.
Vector spaces behave very well, and it is for example very easy to
represent an arbitrary anti-symmetric matrix. On the other hand,
SO(n) is a lot harder to manipulate.

Definition:
Structure con-
stants

Let g be a lie algebra, and Jk be generators (i.e. a basis of g).
We define the structure constants of g, noted fabc, as the commutation relations
of the generators:

[Ja, Jb] = i
∑
c

fabcJc.

Remark Lie algebras are in one-to-one correspondance with structure con-
stants. Therefore, if we find that two lie algebras have the same
structure constants, then they are the same lie algebra (up to iso-
morphisms).

Lie algebra rep-
resentation

Representing an algebra means that we can find a set of matrices such that the
defining commutation relations are satisfied. For instance, we saw before that

Jx = −i

0 0 0
0 0 1
0 −1 0

, Jy = −i

0 0 −1
0 0 0
1 0 0

, Jz = −i

 0 1 0
−1 0 0
0 0 0

.
It is moreover possible to show [Ji, Jj ] = i · εijkJk, where εijk is the Levi-Civita
constant. As physicists, we started from the representations to get the structure
constants. A more mathematical approach is to start from the structure constants
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fijk = εijk, and get some representation from it (such as the Jx, Jy, Jz we found,
but others are possible).

Remark Like for groups, it is easier as physicists to think of representation of
lie algebras instead of the lie algebras directly. This is exactly what
we did for rotations for instance; we saw the J matrices, instead of
their underlying group elements.

Link between
representations

Let G be a Lie group associated to a Lie algebra g, R be a representation of G.
Then, we can find a representation of g, given by:

r(X) = d

dθ
R
(
eθX

)∣∣∣
θ=0

, ∀X ∈ g,

This is named the representation of g induced by R.
Remark The converse is not true in general: exponentiating a representation

of g does not always give a representation of G. Now, this is true if
G is a simply connected group; although we will not define what
this means in this class.

Example Consider the following element of the usual representation of SO(3):

Rx(θ) =

1 0 0
0 cos(θ) − sin(θ)
0 sin(θ) cos(θ)

.
Differentiating it, we do find an element of the representation of
so(3) (the vector space of anti-symmetric matrices) we presented:

d

dθ
Rx(θ)

∣∣∣
θ=0

= d

dθ

1 0 0
0 cos(θ) − sin(θ)
0 sin(θ) cos(θ)

∣∣∣
θ=0

=

0 0 0
0 − sin(θ) − cos(θ)
0 cos(θ) − sin(θ)

∣∣∣
θ=0

=

1 0 0
0 0 −1
0 1 0


= iJx.

Monday 16th December 2024 — Lecture 13 : Ah yes, so(3) = SO(3)

10.3 Addition of angular momentum

Personal remark This lecture was not given by the Professor, we had to read the lecture notes instead.
This is my best attempt to explain how I understood this subject, notably compiling
some questions I asked to TAs. There are probably some inaccuracies, do not hesitate
to point them out to me.
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A big thanks to Nathan Brunet, Jonas Daverio, Gabriel Pescia
and Reyhaneh Saem for their answers to my questions and their
patience.

Definition: An-
gular momentum

Let H be a quantum system, with position operator r̂ = (x̂, ŷ, ẑ) and momentum
operator p̂ = (p̂x, p̂y, p̂z).
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We define its angular momentum operators as:ĴxĴy
Ĵz

 =

ŷp̂z − ẑp̂yẑp̂x − x̂p̂z
x̂p̂y − ŷp̂x

.
Intuition Recall that, in classical mechanics, we defined angular momentum

as:

~L = ~x× ~p =

ypz − zpyzpx − xpz
xpy − ypx

.
We thus simply promote everything to an operator for quantum
systems.

Theorem Let H be a quantum system, of angular momentum operators Jx, Jy, Jz.
Then, iJx, iJy, iJz are a basis for a representation of so(3).

Proof It is possible to prove, like we did in Quantum physics I, that:

[Ji, Jx] = i~
∑
k

εijkJk.

Leaving ~ = 1 for simplicity, this shows that their structure constants
are the same as the lie algebra corresponding to the orthogonal
group SO(3). Since lie algebras can be identified by their structure
constants, this shows our result.

�

Theorem Let j ∈
{

0, 1
2 , 1, . . .

}
be arbitrary.

We can construct a representation of so(3), which we note j, given by some eigen-
vectors |jm〉 of Jz.
To do so, we define the following ladder operators:

J− = Jx − iJy, J+ = Jx + iJy.

They are such that:
• Jz|j,m〉 = m.
• [Jz, J±] = ±J±.

• [J+, J−] = 2Jz.
• J+|j,m〉 =

√
j(j + 1)−m(m+ 1)|j,m+ 1〉.

• J−|j,m〉 =
√
j(j + 1)−m(m− 1)|j,m− 1〉.

All these properties allow to compute 〈j,m′|Jz|j,m〉 = mδm,m′ , and the coordinates
of Jx = 1

2 (J+ + J−) and Jy = 1
2i (J+ − Jy). These Jx, Jy, Jz form a basis for a

representation of so(3).
Example For instance, the j = 0 representation is the trivial irrep:

Jx = Jy = Jz = 0.

Moreover, the j = 1
2 irrep is, in the

∣∣ 1
2 ,

1
2
〉
,
∣∣ 1

2 ,−
1
2
〉

basis:

Jx = 1
2

(
0 1
1 0

)
, Jy = 1

2

(
0 −i
i 0

)
, Jz = 1

2

(
1 0
0 −1

)
.

We recognise the Pauli matrices. As a last example, the j = 1 irrep
is, in the |1, 1〉, |1, 0〉, |1,−1〉 basis:

Jx = 1√
2

0 1 0
1 0 1
0 1 0

, Jy = 1√
2

0 −i 0
i 0 −i
0 i 0

,
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Jz =

1 0 0
0 0 0
0 0 −1

.
Proof We make a constructive proof.

We want to construct a representation of so(3), by diagonalising Jz.
So, let |m〉 be an eigenstate associated to eigenvalue m:

Jz|m〉 = m|m〉.

Since [Jx, Jz] 6= 0 and [Jy, Jz] 6= 0, this shows that we cannot
block diagonalise them at the same time, and hence the |m〉 are
not eigenstates of Jx and Jy. Let us instead introduce some helper
operators:

J+ = Jx + iJy, J− = Jx − iJy.

Notice that they are such that, using the commutation properties
of the angular momentum operators:

[Jz, J±] = [Jz, Jx ± iJy] = iJy ± i · (−iJx) = iJy ± Jx = ±J±,

[J+, J−] = [Jx + iJy, Jx − iJy] = 2i[Jy, Jx] = 2i(−iJz) = 2Jz.

Moreover, we notice that J†
± = J∓ since Jx and Jy are Hermitian.

We can thus evaluate:

JzJ±|m〉 = J±Jz|m〉+ [Jz, J±]|m〉
= mJ±|m〉 ± J±|m〉
= (m± 1)J±|m〉.

In other words, J+|m〉 is an eigenket of Jz, with eigenvalue m+ 1;
hence J+|m〉 = cm+1|m+ 1〉 for some constant cm+1. Similarly,
J−|m〉 = bm−1|m− 1〉. This justifies the notation J+ and J−:
they allow to move up or down on the ladder of eigenstates
. . . , |m− 2〉, |m− 1〉, |m〉, |m+ 1〉, . . ..
Moreover, we can link cm and bm by using the fact that J+ = J†

−:

bm = 〈m|J−|m+ 1〉 = 〈m+ 1|J†
−|m〉

∗ = 〈m+ 1|J+|m〉∗ = c∗
m+1.

This shows that J+|m〉 = cm+1|m+ 1〉 and J−|m〉 = c∗
m|m− 1〉. We

want to evaluate those values cm explicitly, by finding a recurrence
relation. We notice that:

J+J−|m〉 = c∗
mJ+|m− 1〉 = |cm|2|m〉,

J−J+|m〉 = cm+1J−|m+ 1〉 = |cm+1||m〉.

This allows us to find a recurrence relation for our coefficients, using
the fact [J+, J−] = 2Jz as found above:

|cm|2 − |cm+1|2 = 〈m|(J+J− − J−J+)|m〉
= 〈m|[J+, J−]|m〉
= 〈m|2Jz|m〉
= 2m.

We thus only need an initial condition in order to be able to solve
our recurrence, i.e. we need to the value of some cm0 . To do so,
we notice that we aim to make a finite-dimensional representation
of so(3), so we cannot just have infinitely many such eigenvectors
in our ladder. This means that there is some lower bound ` and
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upper bound j so that all our states are |`〉, |`+ 1〉, . . . , |j − 1〉, |j〉.
In particular, this asks for:

J+|j〉 = 0 =⇒ cj+1 = 0, J−|`〉 = 0 =⇒ c` = 0.

This allows us to find the initial condition for our recurrence relation:

0 = 〈j|J−J+|j〉
= 〈j|J+J−|j〉+ 〈j|[J+, J−]|j〉
= |cj |2 + 2〈j|Jz|j〉
= |cj |2 + 2j.

Therefore, |cj |2 = 2j. However this, together with the recurrence
|cm|2 = |cm+1|2 + 2m we found earlier, can be solved to find, for all
s ≥ 0:

|cj−s|2 = |cj−s+1|2 + 2(j − s)
= |cj−s+2|2 + 2(j − s+ 1) + 2(j − s)
= . . .

= |cj |2 + 2
j∑

k=j−s
k.

Being careful on the fact that the sum may range between negative
and positive numbers (we may have j − s < 0), we can finally
simplify this to:

|cj−s|2 = (s+ 1)(2j − s).

In particular, we notice that this goes to zero if and only if s = 2j,
i.e. c−j = 0. This shows that J−|−j〉 = c−j = 0. This means that
the ladder terminates at this point, and hence that we had ` = −j.
Moreover, we know that we can apply 2j times the operator J− on
|j〉 to get to |−j〉, so 2j must be an integer. This thus forces that
j is a half integer, j ∈

{
0, 1

2 , 1,
3
2 , . . .

}
. Since this is a fundamental

parameter in our construction, we may write |m〉 ≡ |j,m〉.
To finish with, we can express |cm|:

|cj−s|2 = (s+ 1)(2j − s)
=⇒ |cm|2 = (j −m+ 1)(2j − j +m) = (j −m+ 1)(j +m)

=⇒ |cm| =
√

(j −m+ 1)(j +m).

We have a choice on the phase of the cm, which makes sense since
global phases do not matter in quantum physics. By simplicity, we
can thus simply write:

cm =
√

(j −m+ 1)(j +m) =
√
j(j + 1)−m(m− 1).

�

Theorem Let j ∈
{

0, 1
2 , 1, . . .

}
be arbitrary.

The representation j of so(3) is an irrep.
Remark 1 We did not define formally the notion of irreducible representation of

lie algebras. Intuitively, this is just like for groups, a representation is
reducible if all its elements can be block diagonalised. In particular,
it suffices to block diagonalise a basis, Jx, Jy, Jz in our case.
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Remark 2 Note that before in the course we were considering finite groups,
and hence there was a finite number of irreps. Now that we are
considering a continuous group, it is not surprising that we have
infinitely many irreps.

Clebsch-Gordan
algorithm

We consider the following algorithm, which allows to decompose the representation
j ⊗ j′ as a direct sum of irreps.
The idea is to decompose the |J,M〉 basis (associated to the angular momentum
of the larger system Jk = J

(1)
k ⊗ I + I ⊗ J (2)

k ) into the basis |j1,m1〉 ⊗ |j2,m2〉
(associated to the angular momentum of the two sub-systems). To do so, we can use
an inductive process with the following three rules:

1. Start with |J = j1 + j2,M = j1 + j2〉 = |j1, j1〉 ⊗ |j2, j2〉.
2. Given |J = j,M = m〉, find |J = j,M = m− 1〉 using the fact it is normalised

and:

|J = j,M = m− 1〉
∝ J−|J = j,M = m〉

=
(
J

(1)
− ⊗ I

)
|J = j,M = m〉+

(
I ⊗ J (2)

−

)
|J = j,M = m〉.

3. Given |J = j + 1,M = j〉, . . . , |J = j1 + j2,M = j〉, find |J = j,M = j〉 using
the fact it is orthogonal to all |J = j + 1,M = j〉, . . . , |J = j1 + j2,M = j〉
and that it uses the same basis ket (i.e. it can be expressed in the basis
{|j1,m1 = k〉 ⊗ |j2,m2 = j − k〉 | k}).

We can moreover make the process faster, by using the following symmetry:

(〈j1,−m1| ⊗ 〈j2,−m2|)|J = j,M = −m〉

= (−1)j1+j2−j(〈j1,m1| ⊗ 〈j2,m2|)|J = j,M = m〉.

In other words, we get |J = j,M = −m〉 from |J = j,M = m〉 by replacing each
|j1,m1〉 ⊗ |j2,m2〉 in its basis expansion by (−1)j1+j2−j |j1,−m1〉 ⊗ |j2,−m2〉.

Remark Methodically, we may always start with J = j1 +j2 and M = j1 +j2.
We can then find |J = j1 + j2,M〉 for each M = j1 +j2, . . . ,−j1−j2.
We can then decrease the value of J by one, and start again; doing
this until J = j1 − j2.

Intuition The idea is that we know J
(1)
x , J

(1)
y , J

(1)
z form a basis for the j1 irrep

of so(3), and similarly for J (2)
x , J

(2)
y , J

(2)
z . We know that this implies

J
(1)
k ⊗ J (2)

k for k ∈ {x, y, z} is also the basis for a representation of
so(3) (although not an irrep).
However, physically, |j1,m1〉⊗|j2,m2〉 is a basis that shows the angu-
lar momentum of two subsystems. We can expect that there is some
states |J,M〉 that should represent the total angular momentum of
the full system. Since we want angular momentums to add, this
means that the larger system has basis Jk = J

(1)
k ⊗ I + I ⊗ J (2)

k .
Indeed, for instance, we do have Jz|j1,m1〉 ⊗ |j2,m2〉 = m1 +m2.
This construction thus allows to find how to change between bases
|j1,m1〉 ⊗ |j2,m2〉 and |J,M〉. To do so, we use the three rules
explained above iteratively. Let us explain the intuition behind
them.

1. The first one states that the only way for the full system to
reach total z-angular momentum M = j1 + j2 is that both
sub-systems have a maximal z-angular momentum, m1 = j1
and m2 = j2.

2. The second rule simply uses the ladder operator on the full
system, since we know how it will act on the subsystems.
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3. The third rule uses orthogonality, and the fact that
|J = j,M = m〉 uses the exact same basis as |J = j′,M = m〉,
{|j1,m1 = k〉 ⊗ |j2,m2 = m− k〉 | k}. The latter fact can be
understood intuitively by stating that, for the whole system
to have z-angular momentum M , then the subsystems must
be such that m1 +m2 = M .

Finally, we range J ∈ {|j1 − j2|, . . . , j1 + j2}. Indeed, the total
angular momentum J is maximal when the angular momentum of
both subsystems go in the same direction, in which case it is j1 + j2;
and it is minimal when the angular momentum of both subsystems
go in the opposite direction, in which case it is |j1 − j2|. Note that
this intuition relies heavily on the classical intuition, there is no real
concept of “direction” for angular momentum in quantum.

Example 1 We have:
1
2 ⊗

1
2 = 1⊕ 0.

Proof • We start by finding all |J,M〉 for J = 1. We know:

|J = 1,M = 1〉 =
∣∣∣∣j1 = 1

2 ,m1 = 1
2

〉
⊗
∣∣∣∣j1 = 1

2 ,m1 = 1
2

〉
.

For the sake of simplicity, we will write this equivalently as:

|1, 1〉 =
∣∣∣∣12 , 1

2

〉
⊗
∣∣∣∣12 , 1

2

〉
.

Since we know J−|1, 1〉 =
√

2|1, 0〉 and J
(1)
−
∣∣ 1

2 ,
1
2
〉

=
∣∣ 1

2 ,−
1
2
〉
:

|1, 0〉 = 1√
2
J−|1, 1〉

=

(
J

(1)
− ⊗ I

)
|1, 1〉+

(
I ⊗ J (2)

−

)
|1, 1〉

√
2

=
J

(1)
−
∣∣ 1

2 ,
1
2
〉
⊗
∣∣ 1

2 ,
1
2
〉

+
∣∣ 1

2 ,
1
2
〉
⊗ J (2)

−
∣∣ 1

2 ,
1
2
〉

√
2

=
∣∣ 1

2 ,−
1
2
〉
⊗
∣∣ 1

2 ,
1
2
〉

+
∣∣ 1

2 ,
1
2
〉
⊗
∣∣ 1

2 ,−
1
2
〉

√
2

.

Finding |1,−1〉 is again very similar, since J−|1, 0〉 =
√

2|1,−1〉
and J

(1)
−
∣∣ 1

2 ,−
1
2
〉

= 0:

|1,−1〉

= 1√
2
J−|1, 0〉

= J−

∣∣ 1
2 ,−

1
2
〉
⊗
∣∣ 1

2 ,
1
2
〉

+
∣∣ 1

2 ,
1
2
〉
⊗
∣∣ 1

2 ,−
1
2
〉

2

=
0⊗

∣∣ 1
2 ,

1
2
〉

+
∣∣ 1

2 ,−
1
2
〉
⊗
∣∣ 1

2 ,−
1
2
〉

+
∣∣ 1

2 ,−
1
2
〉
⊗
∣∣ 1

2 ,−
1
2
〉

+
∣∣ 1

2 ,
1
2
〉
⊗ 0

2

=
∣∣∣∣12 ,−1

2

〉
⊗
∣∣∣∣12 ,−1

2

〉
.

• We now look for all |J,M〉 for J = 0. We know |J = 0,M = 0〉 is
orthogonal to |J = 1,M = 0〉. Therefore, it must be:

|J = 0,M = 0〉 =
∣∣ 1

2 ,−
1
2
〉
⊗
∣∣ 1

2 ,
1
2
〉
−
∣∣ 1

2 ,
1
2
〉
⊗
∣∣ 1

2 ,−
1
2
〉

√
2

.

As a quick sanity check, one can verify that all those vectors are
indeed normalised.
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Example 2 We have:
1⊗ 1 = 2⊕ 1⊕ 0.

Proof • We start with |J,M〉 for J = j1 + j2 = 2. We know:

|J = 2,M = 2〉 = |j1 = 1,m1 = 1〉 ⊗ |j2 = 1,m2 = 1〉.

Let us simplify the notation even more than before, since we
know that j1 = 1 and j2 = 1 will always hold. We thus write
this in the form:

|2, 2〉 = |1〉 ⊗ |1〉.

(We may even write this as |2, 2〉 = |1, 1〉 if we really feel like
we want to use horrendous notations as good physicists.) Then,
doing something completely similar to the previous example:

|2, 1〉 = |1〉 ⊗ |0〉+ |0〉 ⊗ |1〉√
2

.

We can apply this again, using the fact J−|J = 2,M = 1〉 =√
6|J = 2,M = 0〉:

|2, 0〉 = 1√
6
J−|2, 1〉

=
√

2|−1〉 ⊗ |1〉+
√

2|0〉 ⊗ |0〉+
√

2|−1〉 ⊗ |1〉+
√

2|0〉 ⊗ |0〉√
6 ·
√

2

= |−1〉 ⊗ |1〉+ 2|0〉 ⊗ |0〉+ |−1〉 ⊗ |1〉√
6

.

We can now exploit symmetry, to find that:

|2,−1〉 = |−1〉 ⊗ |0〉+ |0〉 ⊗ |−1〉√
2

,

|2,−2〉 = |−1〉 ⊗ |−1〉.

• We now consider J = 1. We know that |1, 1〉 must be ortho-
gonal with |2, 1〉, so we can take:

|1, 1〉 = |0〉 ⊗ |1〉 − |1〉 ⊗ |0〉√
2

.

We then find:

|1, 0〉 = |−1〉 ⊗ |1〉 − |1〉 ⊗ |−1〉√
2

,

|1,−1〉 = |−1〉 ⊗ |0〉 − |0〉 ⊗ |−1〉√
2

.

• We finally consider J = 0. We know |0, 0〉 must be orthogonal
to both |2, 0〉 and |1, 0〉. It is possible to guess the answer, or
solve a linear system, to find that:

|0, 0〉 = |−1〉 ⊗ |1〉 − |0〉 ⊗ |0〉+ |1〉 ⊗ |−1〉√
3

.

SO(3) represent-
ation

Note that, all we have done so far only applies to representations of so(3). Indeed,
SO(3) is not simply connected, so we cannot just get a representation of SO(3) by
exponentiating the representations of so(3).
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However, physically, this actually works. Indeed, exponentiating a representation
of SO(3), we get something called a “projective representation”, where we allow
global phases i.e. R(g1) · R(g2) = eiϕR(g1 ∗ g2). Since global phases do not mat-
ter in quantum physics, everything we did here actually also allows us to find
representations SO(3).
In practice, since there is this strong link between so(3) and SO(3), people may use
the symbol SO(3) when speaking of either. This is why, in exercise series, |j,m〉
is called a representation of SO(3) (when, formally, it is really a representation of
so(3)).

Personal re-
mark

This actually took me so long to understand. A big thanks to Jonas
Daverio for explaining me this.
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