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Solution 1 - Longitudinal Poiseuille flow in a ring gap

Symmetry + continuity equation → v⃗ = (0, 0, vx (r)) and p(r , x ).

Simplifying the Navier-Stokes equation (steady flow, no gravity, continuity equation + in-
compressible fluid) we find

−∇p + η∇2v⃗ = 0

r component: − 1
r
∂rp = 0

φ component: 0 = 0

x component −∂xp + η
r
∂r(r∂rvx ) = 0

The pressure does not depend on r . Therefore each term in the x component equation
depends on a different variable, such that we can write:

∂xp(x ) = −K =
η

r
∂r(r∂rvx )

As expected, the expression for the pressure is :

p(x ) = −Kx + p0

The other equation gives

−K =
η

r
∂r(r∂rvx )

−K

η
r = ∂r(r∂rvx )

−K

2η
r 2 + C1 = r∂rvx

∂rvx = −K

2η
r +

C1

r

vx (r) = −K

4η
r 2 + C1 ln(r/r0) + C2

where we have used a reference length r0 to express the ln.
With the no-slip conditions: vx (R1) = vx (R2) = 0:

0 = −K

4η
R2

1 + C1 ln(R1/r0) + C2

1



0 = −K

4η
R2

2 + C1 ln(R2/r0) + C2

Taking the difference between the two expressions we find

C1 = −K

4η
(R2

2 − R2
1)

1

ln(R1/R2)

Re-injecting C1 in the expression for v(R2) = 0

C2 =
K

4η
R2

2 +
K

4η
(R2

2 − R2
1)

ln(R2/r0)

ln(R1/R2)

Replacing for C1 and C2 we find

vx (r) =
K

4η

[
R2

2 − r 2 − (R2
2 − R2

1)
ln(r/R2)

ln(R1/R2)

]

One can easily verify that this expression corresponds to the usual Poiseuille flow in a pipe
of radius R2 for R1 → 0.

Solution 2 - Charge Density

a) The total charge on the surface of the sheet is given by

Q =

ˆ Ly

0

ˆ Lx

0

(x 2y3 + ln(x )) dx dy

We first solve the inner integral,

ˆ Lx

0

(x 2y3 + ln(x )) dx = y3

ˆ Lx

0

x 2 dx +

ˆ Lx

0

ln(x ) dx

for the left side:

y3

ˆ Lx

0

x 2 dx = y3 · 1
3
x 3
∣∣∣
Lx

0

for the right side we use integration by parts with u(x ) = ln(x ), dv = dx and we
evaluate du = 1/x dx and v(x ) = x :
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ˆ
ln(x ) dx =

ˆ
u dv = uv −

ˆ
v du

we substitute u = ln(x ), v = x and du = 1/x dx :

ˆ
ln(x ) dx = uv −

ˆ
v du

= ln(x ) x −
ˆ

x · 1
x
dx

= ln(x ) x −
ˆ

dx

= ln(x ) x − x + C

With boarders:

ˆ Lx

0

ln(x ) dx = ln(x ) x
∣∣∣
Lx

0
− x

∣∣∣
Lx

0

So the inner integral writes as

ˆ Lx

0

(x 2y3 + ln(x )) dx = y3 · 1
3
x 3
∣∣∣
Lx

0
+ ln(x ) x

∣∣∣
Lx

0
− x

∣∣∣
Lx

0

Note: Since ln(0) = −∞ the solution for x · ln(x ) is not defined for x = 0. However we
can still solve the integral in the given boarders, since the limit limx→0 (x · ln(x )) = 0
is defined. To proof limx→0 (x · ln(x )) = 0 we use the rule of l’Hopital:

if limx→a

(
f (x )

g(x )

)
=

0

0
or if limx→a

(
f (x )

g(x )

)
=

±∞
±∞ then

limx→a

(
f (x )

g(x )

)
= limx→a

(
f ′(x )

g ′(x )

)

So we can apply this to our problem:

limx→0 (x · ln(x )) = limx→0

(
ln(x )

1
x

)

= limx→0

( 1
x

− 1
x2

)

= limx→0 (−x )

= 0
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Now, we continue with the outer integral

ˆ Ly

0

(
y3 · 1

3
x 3
∣∣∣
Lx

0
+ ln(x ) x

∣∣∣
Lx

0
− x

∣∣∣
Lx

0

)
dy =

1

4
y4
∣∣∣
Ly

0
· 1
3
x 3
∣∣∣
Lx

0
+ y

∣∣∣
Ly

0
· ln(x ) x

∣∣∣
Lx

0
− y

∣∣∣
Ly

0
· x

∣∣∣
Lx

0

=
1

4
L4
y ·

1

3
L3
x + Ly · ln(Lx ) Lx − Ly · Lx

= LxLy

(
1

12
L2
xL

3
y + ln(Lx )− 1

)

substituting the dimensions of the sheet, Lx = 0.6 m and Ly = 0.5 m, we have

Q =

ˆ Ly

0

ˆ Lx

0

(x 2y3 + ln(x )) dx dy

=

[
0.6 · 0.5

(
1

12
0.620.53 + ln(0.6)− 1

)]

= −0.4521 C

b) For a disk of radius R, the mean charge density on its surface can be computed by

σdisk =
Total charge on disk

Disk area
=

Q(R)

π · R2

The total charge on the disk, in the polar coordinate system, is given by the expression

Q =

ˆ 2π

0

ˆ R

0

r · σ(r , θ) dr dθ

where σ is the charge distribution of the disk.

Then, Q needs to be computed in order to find σdisk(R). The double integral to solve
is the following

Q(R) =

ˆ 2π

0

ˆ R

0

r · er dr dθ

The inner most integral can be solved by parts, using the following substitutions:
u = r ,
du = dr , v = er and dv = er dr . That is
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ˆ
u dv = u v −

ˆ
v du

ˆ
r er dr = r er −

ˆ
er dr

= er (r − 1)

Now, the outer integral can be solved

ˆ 2π

0

[
er (r − 1)

]R
0
dθ =

ˆ 2π

0

( eR (R − 1) + 1 ) dθ

= ( eR (R − 1) + 1 ) · θ
∣∣∣
2π

0

= 2π ( eR (R − 1) + 1 )

The mean charge density is:

σdisk(R) = 2π ( eR (R−1)+1 )
πR2 = 2

R2

(
eR (R − 1) + 1

)
C
m2

Solution 3 - Point charges: triangle

Solution 2 - Point charges: triangle

The Coulomb force acting on a charge q0 fixed in the midpoint of the hypotenuse will be given
by the contributions of the three charges in A, B and C considerated separately because of
the superposition principle. Therefore, we consider a coordinate system as shown in Fig. 2,
and evaluate the three forces:

~FA = k
qq0

(d
p

2/2)2

x̂ + ŷp
2

=

p
2kqq0

d2
(x̂ + ŷ)

~FB = k
qq0

(d
p

2/2)2

x̂ � ŷp
2

=

p
2kqq0

d2
(x̂ � ŷ)

~FC = k
2qq0

(d
p

2/2)2

�x̂ + ŷp
2

=
2
p

2kqq0

d2
(�x̂ + ŷ)

Therefore we can evaluate the total force ~F = ~FA + ~FB + ~FC = 2
p

2kqq0

d2 ŷ . It has to be noted
that the calculation would be a bit easier by choosing a coordinate system rotated by 45�.

A

B

C
+q

d

d

+q

+2q

 𝑥

 𝑦
 𝐹𝐶

 𝐹𝐵

 𝐹𝐴

Figure 2

Solution 3 - Point charges: equilibrium

First of all we need to set a coordinate system. We choose the x axis pointing from the +q
charge towards the +2q charge, with the origin set in the +q charge, as shown in Fig. 3.

+q a +2q

0 x

Figure 3

a) The potential energy of the system in the region 0 < x < a is given by U = k qq0

x
+k 2qq0

a�x
+

k 2q2

a
. The third term, which takes into account the two fixed charges, does not depend

on x and will not influence the equilibrium position. In order to find the equilibrium,

we look for the point where 0 = |~F | = �dU
dx

= kqq0

⇣
1
x2 � 2

(a�x)2

⌘
, which leads to the

equation x 2 + 2ax � a2 = 0. The only solution within the considered region 0 < x < a is
x0 = (

p
2 � 1)a.

2

Figure 1: The forces only indicate the direction

The Coulomb force acting on a charge q0 fixed in the midpoint of the hypotenuse will be given
by the contributions of the three charges in A, B and C considerated separately because of
the superposition principle. Therefore, we consider a coordinate system as shown in Fig. 1,
and evaluate the three forces:

F⃗A =
1

4πϵ0

qq0

(d
√
2/2)2

x̂ + ŷ√
2

=

√
2qq0

4πϵ0d2
(x̂ + ŷ)

F⃗B =
1

4πϵ0

qq0

(d
√
2/2)2

x̂ − ŷ√
2

=

√
2qq0

4πϵ0d2
(x̂ − ŷ)

F⃗C =
1

4πϵ0

2qq0

(d
√
2/2)2

−x̂ + ŷ√
2

=
2
√
2qq0

4πϵ0d2
(−x̂ + ŷ)
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Therefore we can evaluate the total force

F⃗ = F⃗A + F⃗B + F⃗C =
2
√
2qq0

4πϵ0d2
ŷ

It has to be noted that the calculation would be a bit easier by choosing a coordinate system
rotated by 45◦.

Discussion 1 - E-field Lines and Equipotential surfaces

The E-field lines are perpendicular to the equipotential lines. The E-field lines are from
+15V object (high potential) to the +10V object (low potential), so between the objects,
the +15V object is positively charged at the surface and +10V object is negatively charged
at the surface. In addition, as both objects carry net positive charge, besides the E-field
lines connecting these two objects, each of them should have other E-field lines which go to
infinity.
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<latexit sha1_base64="lea64BgN/gLkmkC+1YRDVvXrqoM=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiCUBIp6rLoxmUF+4A2lMnkth06eTBzIy0hv+LGhSJu/RF3/o3TNAttPXDhcM69c+ceLxZcoW1/G2vrG5tb26Wd8u7e/sGheVRpqyiRDFosEpHselSB4CG0kKOAbiyBBp6Ajje5m/udJ5CKR+EjzmJwAzoK+ZAziloamJU+whTzd1IJfpZeZAOzatfsHNYqcQpSJQWaA/Or70csCSBEJqhSPceO0U2pRM4EZOV+oiCmbEJH0NM0pAEoN813ZtaZVnxrGEldIVq5+nsipYFSs8DTnQHFsVr25uJ/Xi/B4Y2b8jBOEEK2WDRMhIWRNQ/C8rkEhmKmCWWS679abEwlZajjKusQnOWTV0n7suZc1eoP9WrjtoijRE7IKTknDrkmDXJPmqRFGJmSZ/JK3ozMeDHejY9F65pRzByTPzA+fwDgtJT+</latexit>

+

<latexit sha1_base64="lea64BgN/gLkmkC+1YRDVvXrqoM=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiCUBIp6rLoxmUF+4A2lMnkth06eTBzIy0hv+LGhSJu/RF3/o3TNAttPXDhcM69c+ceLxZcoW1/G2vrG5tb26Wd8u7e/sGheVRpqyiRDFosEpHselSB4CG0kKOAbiyBBp6Ajje5m/udJ5CKR+EjzmJwAzoK+ZAziloamJU+whTzd1IJfpZeZAOzatfsHNYqcQpSJQWaA/Or70csCSBEJqhSPceO0U2pRM4EZOV+oiCmbEJH0NM0pAEoN813ZtaZVnxrGEldIVq5+nsipYFSs8DTnQHFsVr25uJ/Xi/B4Y2b8jBOEEK2WDRMhIWRNQ/C8rkEhmKmCWWS679abEwlZajjKusQnOWTV0n7suZc1eoP9WrjtoijRE7IKTknDrkmDXJPmqRFGJmSZ/JK3ozMeDHejY9F65pRzByTPzA+fwDgtJT+</latexit>

+
<latexit sha1_base64="lea64BgN/gLkmkC+1YRDVvXrqoM=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiCUBIp6rLoxmUF+4A2lMnkth06eTBzIy0hv+LGhSJu/RF3/o3TNAttPXDhcM69c+ceLxZcoW1/G2vrG5tb26Wd8u7e/sGheVRpqyiRDFosEpHselSB4CG0kKOAbiyBBp6Ajje5m/udJ5CKR+EjzmJwAzoK+ZAziloamJU+whTzd1IJfpZeZAOzatfsHNYqcQpSJQWaA/Or70csCSBEJqhSPceO0U2pRM4EZOV+oiCmbEJH0NM0pAEoN813ZtaZVnxrGEldIVq5+nsipYFSs8DTnQHFsVr25uJ/Xi/B4Y2b8jBOEEK2WDRMhIWRNQ/C8rkEhmKmCWWS679abEwlZajjKusQnOWTV0n7suZc1eoP9WrjtoijRE7IKTknDrkmDXJPmqRFGJmSZ/JK3ozMeDHejY9F65pRzByTPzA+fwDgtJT+</latexit>

+
<latexit sha1_base64="lea64BgN/gLkmkC+1YRDVvXrqoM=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiCUBIp6rLoxmUF+4A2lMnkth06eTBzIy0hv+LGhSJu/RF3/o3TNAttPXDhcM69c+ceLxZcoW1/G2vrG5tb26Wd8u7e/sGheVRpqyiRDFosEpHselSB4CG0kKOAbiyBBp6Ajje5m/udJ5CKR+EjzmJwAzoK+ZAziloamJU+whTzd1IJfpZeZAOzatfsHNYqcQpSJQWaA/Or70csCSBEJqhSPceO0U2pRM4EZOV+oiCmbEJH0NM0pAEoN813ZtaZVnxrGEldIVq5+nsipYFSs8DTnQHFsVr25uJ/Xi/B4Y2b8jBOEEK2WDRMhIWRNQ/C8rkEhmKmCWWS679abEwlZajjKusQnOWTV0n7suZc1eoP9WrjtoijRE7IKTknDrkmDXJPmqRFGJmSZ/JK3ozMeDHejY9F65pRzByTPzA+fwDgtJT+</latexit>

+

<latexit sha1_base64="C41FCPScJEYWcZploqZ5aV0tWF4=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAhuLIkUdVl047KCfUAbymRy2w6dPJi5kZaQX3HjQhG3/og7/8ZpmoW2HrhwOOfeuXOPFwuu0La/jbX1jc2t7dJOeXdv/+DQPKq0VZRIBi0WiUh2PapA8BBayFFAN5ZAA09Ax5vczf3OE0jFo/ARZzG4AR2FfMgZRS0NzEofYYr5O6kEP0svsoFZtWt2DmuVOAWpkgLNgfnV9yOWBBAiE1SpnmPH6KZUImcCsnI/URBTNqEj6Gka0gCUm+Y7M+tMK741jKSuEK1c/T2R0kCpWeDpzoDiWC17c/E/r5fg8MZNeRgnCCFbLBomwsLImgdh+VwCQzHThDLJ9V8tNqaSMtRxlXUIzvLJq6R9WXOuavWHerVxW8RRIifklJwTh1yTBrknTdIijEzJM3klb0ZmvBjvxseidc0oZo7JHxifP+O+lQA=</latexit>�
<latexit sha1_base64="C41FCPScJEYWcZploqZ5aV0tWF4=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAhuLIkUdVl047KCfUAbymRy2w6dPJi5kZaQX3HjQhG3/og7/8ZpmoW2HrhwOOfeuXOPFwuu0La/jbX1jc2t7dJOeXdv/+DQPKq0VZRIBi0WiUh2PapA8BBayFFAN5ZAA09Ax5vczf3OE0jFo/ARZzG4AR2FfMgZRS0NzEofYYr5O6kEP0svsoFZtWt2DmuVOAWpkgLNgfnV9yOWBBAiE1SpnmPH6KZUImcCsnI/URBTNqEj6Gka0gCUm+Y7M+tMK741jKSuEK1c/T2R0kCpWeDpzoDiWC17c/E/r5fg8MZNeRgnCCFbLBomwsLImgdh+VwCQzHThDLJ9V8tNqaSMtRxlXUIzvLJq6R9WXOuavWHerVxW8RRIifklJwTh1yTBrknTdIijEzJM3klb0ZmvBjvxseidc0oZo7JHxifP+O+lQA=</latexit>�

<latexit sha1_base64="C41FCPScJEYWcZploqZ5aV0tWF4=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAhuLIkUdVl047KCfUAbymRy2w6dPJi5kZaQX3HjQhG3/og7/8ZpmoW2HrhwOOfeuXOPFwuu0La/jbX1jc2t7dJOeXdv/+DQPKq0VZRIBi0WiUh2PapA8BBayFFAN5ZAA09Ax5vczf3OE0jFo/ARZzG4AR2FfMgZRS0NzEofYYr5O6kEP0svsoFZtWt2DmuVOAWpkgLNgfnV9yOWBBAiE1SpnmPH6KZUImcCsnI/URBTNqEj6Gka0gCUm+Y7M+tMK741jKSuEK1c/T2R0kCpWeDpzoDiWC17c/E/r5fg8MZNeRgnCCFbLBomwsLImgdh+VwCQzHThDLJ9V8tNqaSMtRxlXUIzvLJq6R9WXOuavWHerVxW8RRIifklJwTh1yTBrknTdIijEzJM3klb0ZmvBjvxseidc0oZo7JHxifP+O+lQA=</latexit>�

Figure 2: Equipotential maps and E-field lines around charged objects.

Solution 4 - Unstable Uranium Core

a) From the course, we know that the potential energy between two charges Q1 and Q2

separated by a distance d is given by :

U =
Q1 ·Q2

4πϵ0d
(1)
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In the case of an equal separation of the core, the two equal parts both have a charge
equal to half the number of initial protons.

Q1 = Q2 =
92e+

2
= 46e+ ≈ 7.4× 10−18 (2)

The distance separating both equal parts can be estimated as the nucleus radius r, which
can be approximated as r ≈ 10−14m. With the charges described above, we obtain :

U = 9 · 109 · 54 · 10
−36

1 · 10−14
≈ 4.9× 10−11J/atom (3)

This is the energy for one single atom of uranium.

Using Avogadro’s number, we find that 1 gram of Uranium-235 contains :
NA

235
≈ 2.5× 1021atoms.

The total energy per gram is then E = 1.2× 1011J

b) By converting the energy in J/gram instead of MJ/kg, we obtain that the energy produced
from the nuclear reactor is 8 × 1010J/gram. The two energies are of the same order of
magnitude.
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