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Chapter 0

Mathematical Review

The analysis of physics problems requires a number of mathematical tools. In this chapter
we review the mathematical basics of vectors, derivatives, integrals, and Taylor expansions
which will be commonly used in the rest of the course.

0.1 Units

In this course we will use the International System of Units, abbreviated SI, the modern
form of the metric system. In mechanics, we will need three fundamental units:

1. To measure time, we use seconds (s). One second is defined as the duration of
9,192,631,770 periods of the radiation corresponding to the transition between the
two hyperfine levels of the ground state of the cesium-133 atom (Avcy).

2. To measure length, we use meters (m). The meter is the length of the path traveled
in vacuum by light during a time interval of 1,/299,792/458 of a second. The definition
changed in 1983! The book by Alonso and Finn was published in 1980 and contains
the previous definition.

3. To measure mass, we use kilograms (kg). The kilogram is defined by fixing the
numerical value of the Planck constant, h, to 6.62607015x10734 kg m? s—1.

0.2 Dimensional analysis
When we say “h has units of length” we can write this mathematically as:

dimh =L (1)
where use L represents length. We will also use T for time and M for mass.

Dimensional analysis is using units to check the consistency of a result, to recover a for-
mula, or to try to guess one. The idea is that an equality can only be valid if the units are
the same on both sides of the “equals” sign.

For example, a stone is dropped from a height h. The calculated fall time is:

2
tr= ]2 9
f p (2)

with A the height (a length) and g the acceleration due to gravity in m/s2.

Is this formula correct? The first thing we can do is check that the units are consistent.
This does not guarantee that the result is correct, but if the units do not match, we know
that it is wrong. To start, we can write the dimension of our variables:

dimh=1L,  dimg=L/T? (3)



Then plug this into our equation for #;:

[2h L —

So we find that ¢; has units of time, as we expect.
See exercise set (0 for more examples.

1 Vectors

A vector is used to represent a quantity for which, in addition to the "value" (magnitude),
it is important to know the direction and orientation. A vector is characterized by:

— its magnitude (or norm), the length of the vector,
— its direction, the line along which it lies,
— its orientation, the binary direction along this line.

We will use vectors to represent displacements, velocities, accelerations, and forces (in
particular, force analysis is done using vectors).

-ﬁ' - -
T Ty
_
c
7
. S e
»©
v 4
/1705
A Re 8 N
N »
of
-y —_— F
C = —
ﬂ15+6% f s
;C_‘,U—:w
- = —
MO = 0

Figure 1: Example vector addition

Figure 1 demonstrates the concepts of vector equality (same magnitude, direction, and ori-
entation) and independence from the point of attachment, particularly for vector addition.
When working with forces F , the point of application is an important characteristic, es-
pecially for rigid body kinematics later in the course. For instance, weight acts at the
object’s center of mass.

1.1 Cartesian coordinates

To manipulate vectors in space (in 3 dimensions), it is convenient to decompose them into
their Cartesian components (€, €y, €>).

If we place a vector starting from the origin of the coordinate system, the components of
the vector are then the Cartesian coordinates of its endpoint A: see Figure 2.



The vector @ can be written using its components and

VA
the basis vectors of the coordinate system:
aZ A — — — —
A a = a3y + ay€y + a.e, (5)
0 If €;,€,,e, are fixed in space, we can write the com-
a, 7’ ponents of the vector @ vertically, called column no-
A tation:
X Oy
al ay (6)

. —
a=0

Figure 2: Here, A is composed

of az, ay, a

The sum of two vectors is calculated by summing their components:

Uz bz | G+ 0g
@l ay, +b|b, =a+b| a,+b, (7)
a b a. + b,

The components of the vector ﬁ which starts as point A and ends at point B are
obtained by subtracting the coordinates of point A from those of point B.

T A B TR —TA
Al ya ; Bl ys — AB YB — YA (8)
ZA ZB B — %A

1.2 Derivatives of vectors with respect to time
In physics, vectors are sometimes functions of time t:
Q(t) = ap(t) € + ay (1) & + a:() € (9)

We will therefore need to compute their derivatives with respect to time. When the basis
vectors (€r, €y, €,) do not depend on time, we can write:

ddi day , day , da,

Ezﬂegj—Fﬁ@y—i‘ﬂgz (10)
_ | dag/dt

or in column notation : — | da,/dt (11)
A o, dt

In some cases, the basis vectors will also depend on time: (&y(t), &y (t),€x(t)). In that
case, we must apply the product rule for derivatives:

i _ doy o\ o, %0 Qo oy S By (12)
da at T T @ VT e T @ T

' d, d,

pn (ayéw) yr (ay€y) 7 (ax€y)

7



1.3 Magnitude

The magnitude (or norm) of a vector is by definition the length of the segment it spans.
For a given vector AB, its magnitude is the length of the segment [AB]. The magnitude
of d@ is obtained by calculating the square root of the sum of the squared components (in

Cartesian coordinates):
@]l = /a2 + a2 + a2. (13)

We may write a = |d|, and thus refer to the magnitude of the velocity vector ¥ simply as
v.

1.4 Dot product (Scalar product)

B Figure 3 illus_U}ates the dot product operation between
the vectors OA and @

§ OA- 0 - |04 08| cos(©04.0B)
| - |0 o8

)cos@
—
=[[o4] o7
0 'B/ g A Where OB’ is the projection of the vector O@ onto

OA The dot product therefore allows us to calculate
. the magnitude of a vector’s projection.
Figure 3: Dot product between OA

—
and O?, with projection OB’.

A few remarks about the dot product:

— For § = 7/2, i.e., when OA L OB (orthogonal), we have OA-0B=o0

— When 0—121 and O? are colinear and in the same direction, we have O—x>4 . O? =
foxijtor:}

— When O—1>4 and O? are colinear and in opposite directions, we have O—1>4 . O? =

-|oA]joB

Referring back to Figure 2 and Eq.5, we can extract the components of a vector by taking
its dot product with the basis vectors (€, €y, €-):

a;=4a-¢, i=ux7,z2. (14)



1.5 Cross product (Vector product)

The cross product of two non-colinear vectors @ and ¥ is defined as the unique vector
W = i A ¥ such that:

— The vector w is orthogonal to both given vectors = direction of ;

— The basis (i, U, %) is right-handed = orientation of ;

— @] = ||| - |8]] - | sin(@, 7)| = magnitude of .
If @ is colinear with @, then @A @ = 0 (in particular, @ A @ = 0). The cross product of
two vectors is computed using the pairwise cross multiplication of components according
to the following method:

ai b1 agbs — azby
al ax ; bl by = aAb| —a1bs+ aszb; (15)
as b3 a1by — agby
The formula obtained in Eq.15 implies that @ A b = —,5 A d. Tt is useful to know the

identities of the cross product between the basis vectors of the standard right-handed
Cartesian coordinate system (€, €y, €.):

& NE, = &, (16)
&y NE, = &, (17)
& NEy =, (18)

Note that often the alternative notation x instead of A is used to denote the cross product.

2 Trigonometry

In physics, we will often use angles in radians. A full circle measures 27 radians. This
definition allows us to directly relate the arc length to the angle and radius using the
formula [ = R, with # in radians.

h

Figure 4: Unit circle and arc length. 6 is defined relative to the (Ox) axis.



The trigonometric functions sin, cos, and tan are re-
lated to the lengths of the sides of a right triangle in
the following way:

it

gin@ — Opposite (19)

hypotenuse

dj t

. cos ) = djacent (20)

0 adjacente _ hypotenuse

sinf  opposite

tanf = = 21
Figure 5: Trigonometry in a right an cosf  adjacent (21)

triangle.

Trigonometric identities can be useful for solving problems, particularly:
— sin(m — 0) = sin(0), cos(m — ) = — cos(0)
— sin(m/2 — 0) = cos(0), cos(mw/2 — 0) = sin(f)
— sin(—0) = —sin(#), cos(—60) = cos(h)

— sin(m 4 0) = —sin(), cos(m + ) = — cos(h)

/2 tan 6

Figure 6: Trigonometry in the circle

cos? 0 + sin? @ = 1, for any angle 6.

1
cos2 6

tan?6 = 1

cos(a + b) = cosacosb — sinasinb

— sin(a 4+ b) =sinacosb +sinbcosa

10



It is common to use vectors and trigonometry together, for example when you need to
find the components of a vector whose magnitude and angle with respect to a reference axis
are known. In other words, projecting a given vector onto axes (not necessarily horizontal
or vertical). In Figure 7, the weight vector Pis decomposed into two components along
the z and y axes. The angle of inclination « can be placed in several locations on the
figure, allowing us to deduce: P = Psinaé, — Pcosa €y-

P- Penn e - Tos xey

Figure 7: Projection du poids P sur les axes inclinés z et Y

11



3 Calculus: derivatives, antiderivatives, integrals

Newton viewed calculus as the scientific description of the generation of motion, which we
will see applied when we cover Newton’s Laws in Chapter 3. The tools of calculus will be
used extensively throughout this course: derivatives, antiderivatives, and integrals.

3.1 Derivatives

The derivative of a function represents the rate of change of the function’s output with
respect to its input. To start, let’s consider a function y = f(x) represented by the curve
in Figure 8. We start at a point (1, y1 = f(z1)) on this curve, then move a distance Ax
along the z-axis to a new point (z1, y2), where:

x9 =21 + Az (22)

y2 = f(z2) = f(x1 + Ax) (23)
We moved our input value z by Ax, and the corresponding change in the function is:

Ay = f(z1 + Az) — f(z1) (24)

And thus the rate of change between these two points is Ay/Ax. This can also be charac-
terized by an angle 6 (see Figure 8), slope of the segment between points 1 and 2:

Ay
tan@ = M

o 477>

_

/\’7_

Figure 8: Here, point 1 denotes the point with coordinates (x1,y;) and point 2 the point
with coordinates (z2,y2). We have Ay = yo — y; and Ax = z9 — 27.

The derivative of the function f (sometimes denoted f’) at point 1 is the limit of
tan® = Ay/Ax as point 2 approaches point 1. It is therefore the slope of the tangent
to the curve.

Az—0 Ax  Az—0 Ax
Instead of using Az we define the infinitesimal variation dz: dx = lima, .0 Az. We can
then consider the infinitesimal variation of the function f given by:

df (1) = f(z1 +dz) — f(z1) (26)
The derivative of f at point xy is equivalently:

/ [y +dx) — f(z1)  df
fiz1) = T =

(25)

(1) (27)

12



The following table summarizes the derivatives of some common functions:

Function Derivative
cosx —sinzx
sinx COS T
tan 1/cos’z
Inz 1/z
e’ e’
" na !
T 1
constant value C 0

Table 1: Derivatives of common functions

For two functions f and g, we have the following rules:
— Product : (fg)'(x) = f'(z)g(x) + f(z)g'(x)
— Composition : (f(g(x))" = ¢'(z) [ (9(x))

These two rules allow us to derive many others—for example, the derivative of f/g, which
can be seen as the product of f and the composition of 1/ with g.

3.2 Antiderivatives (Indefinite Integrals)

The calculation of the antiderivative of f(x) is the "reverse operation" of differentiation.
That is, we seek a function F'(x) such that F'(x) = f(x). Since the derivative of a con-
stant is zero, we can add any constant to F' without changing its derivative. Therefore,
the antiderivative F' of f is defined up to an arbitrary constant: for F=F+ C, we still
have F'(z) = f(z). Thus F(z) and F(z) are both antiderivatives of f(z).

For example, for f(z) = cosx, an antiderivative of f is F(z) = sinxz + A, where A is a
constant of integration. If the value of F' is known at a particular point, say F(z¢) = Fy,
then we can determine A = Fy — sin xy.

3.3 Integrals

When we want to compute the area A under the curve of f(x) between a point = = a and
a point x = 2z, we use integration.

y 16 This area can be approximated by the sum of small
/ ” rectangles with height f(z;) and width Ax;:

el A~ Z fzi)Az;

N And by letting Az tend toward 0, we obtain the for-

mula for the integral, where F' is the antiderivative of

f:
Figure 9: Visualization of the inte- z
gral of a function and small rectan- A= /a f(x)dz = F(z) — F(a)

gles of width Az

13



4 Taylor series

The Taylor series or Taylor expansion of a function allows us to replace a complicated
function with an infinite sum of polynomial terms. The Taylor expansion of f around a
point zq is given by:
d ar
f(xo+e) = f($0)+%f($0)5+‘ *,dinf( 0) (29)
This expansion is a polynomial of degree n as a function of small displacement ¢, since the
derivatives of f at x( are constants.

As an example, we compute the Taylor expansion of f(x) = (1 + z)™ for small z, that
is, around g = 0. The first two derivatives of f are f/(z) = n(1 + z)" ! and f"(z) =
n(n — 1)(1 +z)"~2. We then have:

Flwo+2) = F(0) +ef/(0) + S £(0) +

2
where one derives: fle) =1+ne+n(n— 1)%
2
and replacing € with x : f(x)=14nz+n(n— 1)% +...
for z close to 0, 2% ~ 0 : f(x) ~ 1+ nzx.

The following table summarizes some useful Taylor expansions around xg = 0:

Function | Truncated Taylor series
cos T 1—2%/2
sinz x
tanx x
In(1+ ) x
e’ 14+
(14 x)" 1+nx
1/(1 4+ z)” 1 —nx

Table 2: Taylor expansions at 0 of common functions

12



Chapter 1

Kinematics

1 Reference Frames & Coordinate Systems

The term kinematics refers to the description of motion. To describe motion mathemati-
cally, we need the following:

— Reference frame: a system of reference with respect to which motion is measured.
For example: the laboratory frame, the geocentric frame (origin at the center of
the Earth), the heliocentric frame (origin at the center of the Sun). The choice of
reference frame depends on the problem being studied.

— Origin of the reference frame: a specific point that is fixed within the reference frame
and relative to which the position of an object is defined.

— Coordinate system (basis): a system of unit vectors forming a right-handed or-
thonormal triad, for example (€, €y, €>), used to mathematically describe and de-
compose motion.

Note: the coordinate system is not necessarily fixed within the reference frame, and
within a single reference frame, we can use multiple coordinate systems and switch
between them.

— Coordinates: a set of quantities that specify the position of a point. In other words,
these are the values provided to locate points in space. These coordinates are tied to
the chosen basis. For example, we have Cartesian coordinates in a Cartesian system,
or GPS coordinates on Earth.

2 'Trajectory, Velocity, Acceleration

To begin the course, any objects under study will be represented by a physical point P.
To describe the motion of P, we will use its position, velocity, and acceleration, as well as
its trajectory.

The trajectory is the set of points in space through which the object (point) passes over
time. It is represented by a line traced in space, and the position of the object as a function
of time is commonly denoted by P(t) — see Figure 1.1.

)

tmjecﬁm

Figure 1.1: Trajectory of an object P(t)

The position is measured relative to the fixed origin of the reference frame (usually called
O). We assume that at time ¢;, the object is at P;. The position of the object at ¢t = t;

13



is given by a position vector 7(t;) = O—P1> . The position vector O-P) is therefore a time-
dependent vector. Between t; and tg, the object moves from P(t;) = P; to P(t2) = Po.
The vector Py Ps is called the displacement vector A7 between ¢ and ¢y (see Figure 1.2).
By applying vector addition rules, we get:

(1) + AF = (to) (1.1)

AT = PPy = 7l(ts) — 7(t1)

At =ty —t; (1.3)
A7

The average velocity between ¢; and 3 is given by: Uy =

At

Figure 1.2: Trajectory of an object P(t) and displacement vector A7 between ¢; and ts.

The instantaneous velocity can be calculated using the displacement vector between
P(t) and P(t + dt) — see Figure 1.3. As the point P(t + dt) approaches P(t), the dis-
placement vector A7 becomes smaller, and so does the time interval d¢t. The displacement
vector thus becomes an infinitesimal vector dr.

Lo dr
o) = Jim o (1.4)
dF = 7t + dt) — 7(t) (1.5)
Lo Tt dt) — ()

o(t) = lim, i (1.6)

Does this look familiar? The instantaneous velocity #(t) is the derivative of the position
vector with respect to time. We can use the dot notation (indicating a time derivative):
U(t) = 7, not to be confused with the dot product.

Remarks :

— When dt becomes very small (dt — 0), the vector di also becomes very small in
magnitude and approaches the trajectory.

— The velocity vector 9(t) is colinear with dr. It is therefore tangent to the trajectory.

14



Figure 1.3: Trajectory of an object P(t) and displacement vector di between t and ¢ + dt.

Acceleration corresponds to a change in the velocity vector. If the object has a velocity
U(t1) at time ¢ = ¢; and ¥(t2) at time t = t9, then the average acceleration is given by:

Aoy = AT/ At (1.7)
where Al_f = ’[f(tg) — 17(251) and At = t2 — tl.

By considering very short time intervals (dt — 0) we obtain the instantaneous acceler-
ation:

(1.8)

This is the derivative of the velocity vector with respect to time. We can again use dot
notation: a(t) = 9(t) = 7(t), where 7(t) represents the second derivative with respect to
time d?7/dt?.

Table 1.1 summarizes the key results of this section concerning position, velocity, and
acceleration.

Position Velocity Acceleration
. ? Lo dr oy dU .
7(t) = O v(t)—dt—r a(t)—dt—v—r

Table 1.1: Position, velocity, and acceleration (instantaneous) of a physical point P.

The scalar speed is the magnitude of the velocity vector: v = ||#/]| and the scalar acceleration
is a = ||d@||. Remark: The magnitude of a derivative is different from the derivative of a
magnitude. For the velocity vector U, we have:

a||v|| dv
y d (1.9)
dt dt
—— ~——
derivative of the magnitude magnitude of the derivative
For example, in the case of uniform circular motion, v = ||¥|| = const, but the vector ¢/

3 3 . dv 0
changes over time (it rotates), so: % # 0.

3 Cartesian coordinate systems

In this section, we focus on the Cartesian coordinate system. Consider the origin of the
reference frame O and the three axes emerging from this point: (z,y, z), associated with the

15



unit vectors €, €y, €, respectively. Recall that the triad (€3, €y, €,) forms a right-handed
orthonormal basis.

(x,y, z) and the position vector 7(t):

7(t) = OB = wéy + &, + 2&,

The velocity vector (t) is given by :

. d, o R
u(t) =7(t) = a(azem +yé, +ze)

have:

U(t)=de+yé,+2e.
Figure 1.4: Trajectory of point P in
Cartesian coordinates.

Note: The point P moves over time (along its trajectory). The coordinates x,y, z are
therefore functions of time: x(t),y(t), z(t), but the time dependence will often be implicit.

In the same way, we go from the velocity vector ¢ to the acceleration vector @ by dif-
ferentiating once more with respect to time:

at)=ot) = at) q:f;;q (1.13)

4 Polar coordinates

Polar coordinates are a 2-dimensional system that allows us to locate a point in a plane.
The point P is represented by its distance p from the origin O and by the angle ¢ between
the (Ox) axis and the vector oP (Figure 1.5). The polar coordinates (p, ) and the
Cartesian coordinates (x,y) are related by the following formula:

{x:p@w with  pe[0,00) ¢ e€[0,2r) (1.14)
y = psing

The basis vectors €, €, are not constant vectors. They are related to €, €y by:

{é’p:coswé’m—l—singoé’y (1.15)

€y, = —slnpey + CosSpey

We see that if ¢ depends on time, then €, and €, do as well.

Note: The basis vectors defined in Eq.1.15 are unit vectors (norm equal to 1); for example,

|€,]] = \/cos?p +sin?p =1
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for €, we have:

In Figure 1.4, we visualize the point P along its trajec-
tory in space. At time ¢, the point P(t) has coordinates

Given that the vectors €, €y, €, are fixed in time, we



The time derivatives of the basis vectors €, €, are given by:

e, = e
SR (1.16)
Cp = ~¥Ep

4

N eﬁ

2 > f?;)

1 [)

P

-5

Figure 1.5: Description of point P in polar coordinates

Finally, we can express 7,7, d in polar coordinates (i.e., using p, ¢ and €, é€,). Table 1.2
summarizes these results:

Position Velocity Acceleration

(t) = pep U(t) = pé, + ppéy, a(t) = (p — pp?) & + (209 + p§) €,
Table 1.2: Position, velocity and acceleration (instantaneous) in polar coordinates
5 Curvilinear Coordinates
In a curvilinear coordinate system (also called the Frenet frame), we consider the distance

traveled along some trajectory: the curvilinear abscissa s(t). The scalar speed along
this trajectory is given by v(t) = ds/dt.

" e
b L dae

J

Figure 1.6: Unit vectors and osculating circle along the trajectory P(t).

How can we get a vector representation of the motion? We consider an osculating circle
at the point on the trajectory with radius p. We call 7 the unit vector tangent to the

17



trajectory in the direction of motion, and 7 the unit vector pointing towards the center
of the osculating circle (perpendicular to the trajectory). We can then define the velocity
vector as:

ds

vt =vT=—T 1.17
() =vT 7 T ( )
And the acceleration vector as:
d dv d dv v2
a(t) = —(v7) = —=7 —(7) = 74+ — 7 1.1
a(t) y7 (v7) T T—l-'Udt(T) i ; 7 (1.18)

using d7/dt = vii/p, which follows from Equation 1.16. The first term is called the tan-
gential acceleration d; and the second the normal (or centripetal) acceleration a,,.

Note: Tangential acceleration causes a change in scalar speed; normal acceleration causes
a change in the direction of the velocity.

6 Cylindrical Coordinates

Cylindrical coordinates are 3-dimensional coordinate systems whose basis vectors vary
depending on the position of the object. Cylindrical coordinates are simply the polar co-
ordinate system for the plane (zy) with the addition of the z—axis.

Figure 1.7: Description of point P in cylindrical coordinates

Cylindrical coordinates (p, ¢, z) and Cartesian coordinates (z,y, z) are related as follows:

T = pcosy
y = psing  with p€l0,00), pe0,2m), z€ (—00,00). (1.19)
z2=z

The basis vectors €, €,, €, are related to €, €,, €, by :

L

€p = COS Y € + SIN Y €y
€, = —sinp e, + cos p ey (1.20)
€, =ée,

18



Note: The vector €, is constant, but the vectors €, and €, still vary according to Eq. 1.16.
As before, we can express 7, , @ in cylindrical coordinates (i.e., using p, ¢, z and €,, €,,€>).
Table 1.2 summarizes these results:

Position Velocity Acceleration

F(t)=péy+ze  U(t)=p&+ppéy+ie. at)=(p—p?) e+ (209 + pp)ép + Z€.

Table 1.3: Position, velocity and acceleration (instantaneous) in cylindrical coordinates

7 Spherical Coordinates

Spherical coordinates are very useful when the physical problem has spherical symmetry.
It is possible to describe the position of a point in space with respect to its distance from
the origin and two rotation angles. The distance OP then represents the first coordinate
of this system, denoted p. The angle between the vertical z-axis and the segment OP is
the second coordinate, denoted 6, and finally, the angle of rotation of the point around the
z-axis is the third coordinate, denoted ¢.

Figure 1.8: Description of point P in spherical coordinates

The spherical coordinates (r,6, ) are related to the Cartesian coordinates (z,y,z) as
follows :

x = rsinf cos ¢

y=rsinfsinp with  pe0,00), 0€[0,7], ¢€[0,2m). (1.21)
z=rcosb

The basis vectors €., €, €, are related to €, €y, e, by :

€ = sinf cos p €, +sinfsinp €, + cosb e,
€p = cosf cos p €, + cosfsinp e, + —sinb e, (1.22)
€, = —sinpée; + cosp ey
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The time derivatives are

& =08 + ¢sinfe,
&y =—0¢ + pcosb e, (1.23)

€p = —psinf &, — pcosbéy

Finally, the vectors of motion (7,7, @) are:

position : (t) =ré, (1.24)
velocity : U(t) =7 & + 108 +rosindé, (1.25)
acceleration : a(t) = a, € + ag €y + ay, €, (1.26)

where the components of the acceleration vector (Eq. 1.26) are:

ap =i — 6% — rp?sin® 0 (1.27)
ap = 76 + 270 — 1% cos A sin 0 (1.28)
ap = r@sind 4 2r¢pd cos § + 2 sin 0 (1.29)

8 Circular Motion in Cylindrical Coordinates

In this section, we will see how to represent a rotation using a vector quantity. To do
this, we consider a point P undergoing circular motion in the (O, z,y) plane with angular
velocity w = ¢ (where ¢ comes from cylindrical coordinates): Figure 1.9.

2

Figure 1.9: Circular motion of point P described in cylindrical coordinates.

Let @ be the vector with magnitude w, perpendicular to the plane containing the circle
traced by P and oriented according to the right-hand rule. The vector & is called the
rotation vector; it contains information about both the speed and the axis of rotation.
Furthermore, the position vector 7 is affected by the rotation. The relationship between 7
and @ is given by:

=
d—: —GAT (1.30)

provided that 7 has constant magnitude (e.g., circular motion).
Note: More generally, for any vector @ of constant magnitude undergoing a rotation given
by &, we have & = J A u.
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Chapter 2

Accelerated Reference Frames

Newton’s laws are applicable in a so-called Galilean reference frame, also called inertial
reference frame. This is a frame that is either stationary or moving with constant linear
velocity. However, in some cases, the reference frame best suited for describing a problem
(e.g., a moving train, an orbiting planet) is not Galilean. In such cases, we must establish
the relationship between the two frames of reference.

1 Introduction and Notation

Let R be a fixed reference frame, equipped with the Cartesian coordinate system (O, Z1, Z2, Z3),
and let R’ be a reference frame in motion relative to R, equipped with the Cartesian co-
ordinate system (A, 41, ¥2, ¥3).

We denote by €, and €, the unit vectors of these two coordinate systems, respectively,
with 4 the axis index ¢ € {z,y,z}. A point P can be located in both reference frames in
the following way:

In R: OP =X .08,  Tr(P) = d€s  ar(P) =Y, iy,
In R AP =Y. yie,, Tp(P) =S iie,,  ar(P) = 3,68,

The motion of R’ in R can be separated into two components: a rotation and a translation.
The translation gives the motion of point A in R, and the rotation describes the rotation
of the (y;) axes relative to the (z;) axes. We denote the rotation vector by . The vectors
€y, therefore change in R. Their derivative is given by

d

T8, =&, =G NG, (2.1)

J

Figure 2.1:
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2 Position, Velocity, and Acceleration

We consider a point P moving in R’, equipped with the frame (A, 41, 2, ¥3). Furthermore,
R’ is moving within R: (O, Z1, Z2, T3).
The position vectors in the two reference frames are related as follows:

—
op = O0A + AP (2.2)
~— ~—~ ~—
position of P in R position of A in R position of P in R’

By differentiating with respect to time, we can obtain an expression to relate the velocities:

d N
2 (OP) = T (P)

= S(Oh) + L(AP) = tr(4) + ) < e, 23)

By differentiating and using the terms from the previous section in both frames, we then
have the following for the velocities:

Tr(P) = Tr(A) + T/ (P) + & A AP (2.4)

We proceed similarly for accelerations, by differentiating the velocity equation with respect
to time:

P = an(P) =an () + G060 + @A 6 (@5)

Again, using the product rule and the expressions from the previous section, we then have
the following for the accelerations:

R (P) = g/ (P) + dg(A) + 3 A AP + @ A (@A AP) + 23 A s (P) (2.6)

3 Analysis and Special Cases

3.1 Special Case 1

R’ has uniform translational motion in R:

3 "
A
‘11;/ 3"
P, %I

Figure 2.2: Uniform translation of the reference frame

We start from equations (2.4) and (2.6). Here, point A has uniform rectilinear motion in
R, and there is therefore no rotation of R’ relative to R; the axes remain parallel. These
two conditions can be expressed as:
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Ur (A) = constant 2.7)
ir(A) =0 2.8)
F=u=0 2.9
So, using these results in equations (2.4) and (2.6), we deduce that:
Ur(P) = Ur(A) + Ur/ (P) (2.10)
ar(P) = dr/(P) (2.11)

The resulting velocity is thus the composition of velocities in a translational motion.
Note: In the next chapter, we will study Newton’s laws. The fact that the acceleration is

the same here proves that R’ is a Galilean reference frame.

3.2 Special Case 2

R’ undergoes uniform rotational motion in R with A = O and P fixed in R':

Figure 2.3: Uniform rotation of the reference frame around Ozx3

We once again start from equations (2.4) and (2.6). Here, points A and O coincide, and P
is fixed in R/, so it describes uniform circular motion. These constraints imply that:

U/ (P) = dr/(P) =0 (2.12)
Tr(A) = dr(A) =0 (2.13)
& = constant (2.14)
G=0 (2.15)

—~
[\)

4) and (2.6), we deduce that:

7R (P) =& A OP (2.16)
ir(P) =& A (@ AOP) (2.17)

Thus, using these results in equations

~—

Let us analyze this result (concerning the motion of point P) by taking a top-down view
of the situation and introducing familiar notation:

!

(2.18)
(2.19)

o
™y

P Y1

!
!

.
[

12 Y2

23



N

Figure 2.4:

We can then re-express vg (P) and dr(P) in terms of the coordinates €, and €:

TR(P) = 3 NOP = wé,, Aré,, = rwé, (2.20)
AR (P) = wéy, A Twéy, = —Tw’é, (2.21)

The result obtained for the velocity is exactly the one previously found for velocity in polar
coordinates; and for acceleration, it corresponds to the result for centripetal accelera-
tion.

3.3 Special Case 3

R’ undergoes uniform rotational motion in R with A = O and P free:

xr
« "353

D
v X )
W

Figure 2.5: Uniform rotation of the reference frame with free P

This case is similar to the previous one, but since P is not fixed in R’, there are fewer
simplifications in equations (2.4) and (2.6): we only have vig(A) = dr(A) = 0 as well as
W = constant and its consequence & = 0. We then have:

TR(P) = @ (P) + & A OP (2.22)
R (P) = dg/(P) + @ A (@ A OP) + 23 A s (P) (2.23)

The first term of the acceleration is called the Relative Acceleration, the second is the
centripetal acceleration (seen in the previous special case), and the third is the Coriolis
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acceleration. This last term reflects not only the motion of P in R/, but also the rotation

of R/ within R.

Finally, the terminology in the general case is:

Gr(P) =  d(P) 4+ ar(A)+GAAP+GAGAAP) + 2B ATR(P)  (2.24)
relative acceleration transport ;rcceleration Coriolis acceleration
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Chapter 3

Newton’s Laws

1 Introduction

2 Mass and Momentum

Mass represents the amount of matter. It is an extensive quantity, meaning that a system
composed of the combination of m; and my will have a total mass equal to the sum of the
two: mq + ma. In classical mechanics, mass is conserved.

Momentum is an extensive vector quantity that characterizes the state of motion, and is
defined as:

p=mu (3.1)

A system composed of the combination of objects 1 and 2, having masses m, and ms, and
velocities ¥ and v respectively, will have a total momentum p, where, for i € {1,2}:

p=p1+p> (3.2)

Di = myv;

Like mass, momentum is a conserved quantity.

3 Newton’s First Law

"Every object perseveres in its state of rest, or of uniform motion in a straight line, unless
it is compelled to change that state by forces impressed thereon."

The so-called "state of motion" is the momentum, expressed by equation (3.1). By refor-
mulating this law in mathematical form, we can say that if the total forces F = 0, then
p = constant. For this law to hold, we must be in an inertial frame of reference, called a
Galilean frame, that is, a frame at rest or moving with uniform rectilinear motion.

A force is the action exerted by one body on another. There are several types:

e Fundamental Forces (arising from nature): gravity, electromagnetism, and the strong
and weak nuclear forces

e Phenomenological Forces (consequences of the former): friction, tension in a rope...

e Inertial/Fictitious Forces, which are not due to the action of one body on another,
but rather felt by an observer in a non-Galilean frame.

It is also possible to distinguish between internal and external forces. For example, in a
drop of water, the molecules exert forces on each other (internal), but the drop is subject
to its weight (external).
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4 Newton’s Second Law

"The change of motion of an object is proportional to the force impressed; and is made in
the direction of the straight line in which the force is impressed."

Mathematically:
Ap = FAt (3.4)

If F is the force, then FAt is the impulse (motive force), and we have:

dp = Fdt (3.5)

where F is the sum of all external forces. By dividing both sides by dt, we obtain the
general formulation:

L dp dm®) A5
Fo2_ & .
> dt a Mo ™ (3.6)

Where here we have assumed that m is constant. In this case, we call equation (3.6) the
Fundamental principle of dynamics.

5 Newton’s Third Law

"To every action, there is always opposed an equal reaction; or, the mutual actions of two
bodies upon each other are always equal, and directed to contrary parts.”

This means that for every force applied by one object on another, an equal and oppositely
directed force is applied back on the first object. This is the case, for example, when a
weight rests on a table, or a rock is pulled by a rope...

Note: There is no time delay between these forces—they act simultaneously as long as the
objects are interacting.

This law allows us to assert that > F’mt = 0 because internal forces cancel in pairs, as for
every internal force (from one molecule on another), an equal and opposite force exists to
cancel it.

6 Force Analysis

In an inertial reference frame, Zﬁext = md. Dimensional analysis lets us conclude that
IN = 1lkgms 2. To apply Newton’s second law and analyze the forces, one can proceed
as follows:

e I[dentify the system
e Choose the reference frame
e Choose a right-handed orthonormal coordinate system

e Draw a diagram

Project the forces

List the initial conditions

Solve the equations
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7 Non-Inertial Reference Frame

Suppose we are in a non-inertial reference frame R’, undergoing both translation and ro-
. . . —>
tation, with & = constant.

In order to apply Newton’s second law, one must be in an inertial (Galilean) reference
frame, therefore the following equation is only valid in R:

Z Fopy = md = mag(P) (3.7)

However, we are interested in the acceleration as observed in our non-inertial frame dg/(P).
We we will use equation (2.6) from the previous chapter to find @g/(P) as a function of
dr(P) and additional terms.

We know that the rotation occurs at constant angular velocity, so the 4th term in equation
(2.6) is zero, and we can then isolate dg/(P) and multiply the entire expression by m,
yielding:

mig: (P) = mag(P) — miag(A) — m@ A (G AAP) —m 23 Adri(P)  (3.8)
It is possible to use equation (3.7) to re-express the result as:

mir (P) =S Frat — mlir(A) + & A (@ A AP) + 25 A G (P) (3.9)

We see that the additional terms multiplied by m have the dimension of a force, but only
appeared because we are working in R’. These are called inertial forces or fictitious forces.
They can be broken down into:

e the Coriolis force: —2md A Ug/(P)

e the transport (or driving) force: —m(dr(A) + & A (DA ﬁ))

7.1 Example 1:

Let us consider the case where a pendulum oscillates in a train, which has constant accel-
eration and no rotation:

I : -3
o]__‘}i. D_{f{ /O_ b

73
A
O

Figure 3.1: Pendulum in a train with constant acceleration, without rotation

We have here:
e R Galilean with (O, z1, z2, z3)

e R’ non-Galilean attached to the train car with (A, y1, y2,y3)
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e G=0
- = —
e ir(A) = d. = constant

If we now take expression (3.8) and apply these constraints, we obtain:

mig: (P) = mig(P) = mde = Y Fept — mie = (mg + T) — ma. (3.10)

Thus, the observer in the non-Galilean reference frame R’ sees the pendulum subject to
the external forces (weight and tension), but also to the "force" due to the train’s constant
acceleration.

7.2 Example 2:

Let us consider the case where an object is stationary in a uniformly rotating reference
frame:

%.L ‘ ‘7~'|.

ol

;?0’“’
@ & ¢

13

S Px,

Figure 3.2: Stationary object in a uniformly rotating reference frame

We have here:
e R fixed and Galilean, with (O, x1, 2, x3)
e R’ non-Galilean, rotating constantly around the x3 axis, with (A, y1,y2,y3)
e A coincides with O: 7 (A) = @r(A) =0
e P stationary on (Ay;) at a distance R from A: g/ (P) =0

- - —
® W = W€y, = wWey, = constant

P then describes a uniform circular motion. By applying the constraints to equation (3.8),
we obtain:

mirs (P) = 3 Fopp —m& A (@A OP) = 3 Fout + mRw8), (3.11)

P has a uniform circular motion in R, and therefore a centripetal acceleration dg(P) =
—Rw?€,,. This results in a "centrifugal force" in R': mRw?€,,
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7.3 Example 3:

Let us now consider the case where the object in a uniformly rotating reference frame can
move freely:

Figure 3.3: Free object in a uniformly rotating reference frame

Here, only the term in dg (A) cancels out because A and O remain coincident, and equation
(3.8) then becomes:

mig/(P) = 3 Fout — m A (& A OP) — 2md A s (P) (3.12)

Suppose that P moves uniformly along (Ayi), so that Ur/(P) = vp€,,, then the previous
expression becomes:

mdg:(P) = Z Foo + me2€y1 — 2mwupey, (3.13)
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Chapter 4
Ballistics

1 Weight of an Object

In this section, we focus on the motion of an object subjected only to its weight. At the
scale of the laboratory, the Earth is flat and the acceleration due to the gravity of
Earth ¢ is directed downward. The force acting on a mass m is its weight P, given by:

P =mg (4.1)
with g = ||| = 9.8 m.s~2.

Remarks :

— The mass m is an intrinsic property of the body, whereas the weight depends on the
location (the gravitational acceleration g is not the same on Earth and on the Moon).

— Generally, the direction of the gravitational force points toward the center of the
Earth as a good approximation. There may be slight deviations due to the Earth’s
rotation and inhomogeneities in the Earth’s structure.

— At the scale of the laboratory, the direction of the gravitational force always points
down. If the ground is not horizontal, the gravitational force vector will not be
perpendicular to the ground.

2 Case of a vertical throw (1D)

We will work in the laboratory frame of reference and choose a Cartesian coordinate system
(O, z,y, z) with the z-axis pointing downward.

At t = 0, we have z(0) = 0, vp = ¥(0) = —vg €.

The object is only subject to its weight P= mg.
We then have:

mg=ma = a=gG=ge, (4.2)

By integrating the acceleration vector, we obtain
the expressions for the velocity and the position
(the motion is only along €&,):

\|©

v (t) = gt — v (4.3) -/
2(t) = %gtz’ — vt (4.4) ¥y

Remark:  The signs in expressions 4.3 and 4.4

change when the z-axis points upward. Figure 4.1: Diagram of the vertical throw

& coordinate system.
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3 General case

We consider the general case of the trajectory of a projectile, not necessarily launched
vertically.

Al% OXe. de Z,?jwuz/i&ffﬁ

Mﬁeo/‘

'SB’

v
®
|

0
_[

rI>OP+€/C
Figure 4.2: Diagram of the projectile’s parabolic trajectory

The initial conditions as t = 0 are:

Vg cos 0
7(0) = 9 0 (4.5)
vp sin 6

7o =7(0) =0

o o O

And, since the body is only subject to its weight P = mg, we have for the acceleration
(from mg = ma):
0
a=g| O (4.6)
-9

After integration, the velocity vector ¢ and the position vector 7 are given by:

Vo cos 0 (vp cos 0)t
(t) 0 ORI 0 (4.7)
—gt +vpsind ——gt% + (vosinO)t

2

Remark: Equation 4.7 is called the time equation of motion, or the parametric equation
of the trajectory (with ¢t as parameter)
4 Trajectory, maximum height, impact point

Here, we seek the trajectory z(x) (the motion is in the (z,z) plane). Taking the first
component of 7 (Eq. 4.7), we obtain ¢t = x/(vg cosf). Substituting this expression for ¢
into the last component (z), we obtain:

_ 9 2
z(x) = —Wx +tanf x (4.8)

The trajectory has the form z(z) = ax?+bx with a < 0: it is a downward-oriented parabola
passing through the origin (Figure 4.2).
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We solve the problem of the maximum height (point S) as follows: when the object is
at S, its position vector is s. Moreover, since S is the apex/vertex of the trajectory, the
velocity ¥g is purely horizontal, so the vertical component is 0:

Tg Vg cos 6
s | 0 et vg| 0 (4.9)
Zg 0

The expression for the velocity as a function of time is known (Eq. 4.7), and by setting
U(ts) = Us we find:
Vg sin 0
g
From this, we obtain the coordinates of point .S, by substituting the expression for tg into
Eq. 4.7:

tg = (4.10)

v% cosfsin @

rg = —— 4.11
p (4.11)
1v2sin? 6
= 4.12
=5 (4.12)

For the impact point (point A), we have:

202 cos 6 sin
T4 = ’UOCO; S1n (413)

za =20 (4.14)

Remark: The symmetry of the trajectory implies that x4 = 2, zg (knowing that zy = 0).

5 Maximum range or hitting a target

In this section, we use Eq. 4.13 in order to determine the angle 6.« for which the projectile
will travel the farthest (i.e. which maximizes x4). The speed vy is fixed. Using the
trigonometric identity sin 20 = 2sin  cos 6 (see Chapter 0), we have:

9 2 : 2
za(0) = Zypcosbsing %0 gin 20 (4.15)
g g

The angle that maximizes this expression is the one for which sin 260 = 1. We then find:
Brnax = % = 45° (4.16)

More generally, if we want to reach a target at xp, the equation to solve for 6 is sin 20 =
zpg/vi. We then obtain the following result:

-5 B

> 1 : no solution,
— Si —= =1 : unique solution 6 = 45°,

— Si —~ < 1: two solutions ; € [0,45°[ (flat shot) et 6 € ]45°,90°] (lob shot).
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6 Time of flight

The time of flight is the time ¢4 that the projectile takes to arrive at A. We then solve:

(vpcosB)ta % sin @ cos 6
74l 0 -l (4.17)
—2gt% + (vosinf) ta 0

from which we obtain the time of flight:

ty=2Lsin0 (4.18)
g

Remark: The time of flight t4 can be expressed as a function of the maximum height zg,
since both involve a term in vgsin @ := vg,. We then find:

2
=223 (4.19)
g

The time of flight depends on the maximum height: the greater zg is, the greater t4 will
be as well.

7 Enveloping parabola

For a given initial speed vy, a projectile cannot reach points outside the enveloping
parabola. This parabola defines the region of space that is inaccessible regardless of 6.

Trajectoire du projectile

1 T 1 T T
0 50 100 150 200 250
x (m)

Figure 4.3: Enveloping parabola for a given vg
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8 Effect of the Earth’s rotation

We consider dropping a stone from a height h from a tower located at the equator. By
how much and in which direction is the stone deflected?

Figure 4.4: Diagram of the problem of the stone falling from a tower

To do this, we explore two ways of analyzing the problem: an intuitive way and a complete
way. We define the following quantities: ) the angular velocity of the Earth’s rotation and
R the Earth’s radius.

Intuitive calculation:
We assume that the stone is given an initial constant velocity due to the Earth’s rotation
(along €,):

stone : v; = (R+ h) ey (4.20)

ground : U = R €y (4.21)
2h

trall = 4| — (4.22)
9

The displacement vectors (during the fall time) ﬁstone and ﬁground are along €:

= 2h

Dstone = Ui trann = (R4 h) Q4 " €y (4.23)
= [2h
Dground = 178 teall = RQ ; é’y (424)

The deviation is therefore given by:

- ~ 2h
D = Dstone — Dground =hQy|— gy (425)
g

Remark: For Q = 7.3 x 107° rad-s~! and h = 300 m, we find a deviation of about 17 cm.
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Complete calculation: We take a frame R(O,z,y,z) fixed with O the center of the
Earth, and a frame attached to the tower R'(A,z’,y’,2"). A is the top of the tower (the
point from which the stone is dropped): Figure 4.4.

In the Galilean frame R, Newton’s second law is written:

SF =mair(P)=mgj (4.26)
with § = —gvece,. Moreover, the Earth’s rotation vector is the same in R and R':
Q=0 =0é, (4.27)

The acceleration in the frame R is related to that in R’ by the following expression:

Gr(P) = dr/(P) +  Gr(A) +OAAP+OA (S AAP) +20A G (P)  (4.28)
N—— N—— ——
=g = QA(SAOA) —0
In Eq. 4.28, we want to isolate the term dx/(P). We then obtain:
dr/(P) = F— G A (G AOP) — 20 A G (P) (4.29)
= — et € — 20 A T (P) (4.30)

Where we combine the centripetal acceleration and acceleration due to gravity into one
“effective gravity” term with magnitude g.g. Because €2 is small for the Earth, g.f ~ ¢.

By integrating the acceleration vector in R’, we find the velocities along the 7/, v/, 2’ axes:

' = —geit +2Qy" ~ —gesrt
g =—-2Q2a (4.31)

2 =0

where the simplification of &’ results from the fact that the term in Q' is negligible com-
pared to gef-

By integrating first 2’ and then ¢/, we obtain the vector AP as a function of time:

AP 17 (4.32)

Finally, the deviation at t; = \/2h/geq is:

- 2 [ 2h

Why didn’t the intuitive calculation give us the same answer? We obtained the correct
order of magnitude but missed the factor 2/3. In the intuitive calculation, we were missing
the effect of conservation of angular momentum which will be covered later in the
course. Additionally, the g in Eq. 4.25 is replaced by the effective gravitational acceleration
Jeft-
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Chapter 5

Forces

1 Normal Force (fr: Réaction d’un support)

When a body is placed on a surface, the atoms of the two solids come closer together and
begin to have a significant interaction. The force involved is the electromagnetic force, but
its effect is modeled by phenomenological forces: normal force and friction.

The normal force is always perpendicular to the surface and denoted Ror N. It always
points out from the surface towards the object.

A In this example, we are interested in the

R relationship between weight due to gravity and
the normal force: a mass m is placed on a
horizontal plane.

'
P=mg The mass m is at rest, so md = 5. F = 0. The
forces acting are the weight P = mg and the
Y normal force R. We then obtain:
Figure 5.1: Weight and normal force mj+R=0 = R=-mg (5.1)

of a horizontal surface.

In Figure 5.2, a mass m is placed on a support
inclined at an angle @ with the horizontal. The
mass m remains on the plane, so vy, = 0. The
weight P = mg and the normal force R have
the following components:

P=m = 0 | mgsina
9 R>0" mg —mg cos « (5.2)
The constraint a, = 0 thus gives us:
Figure 5.2: Weight and normal force
R = mgcosf (5.3)

of an inclined surface.
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2 Dry friction forces

Friction is also a manifestation of complex electromagnetic interactions, which we simplify
using a phenomenological model.

A friction force opposes motion. We distinguish two types: dry friction (one solid on
another) and fluid friction (occurring within a fluid).

Dry friction takes two forms:
— When the body is stationary: static friction
> F =0, so the friction force Fr exactly compensates the force that tries to set the
object in motion, up to a limiting value. As long as Fr < ugsR, the body does not
move. us is called the coefficient of static friction.
— When the body is in motion: dynamic/kinetic friction

F is colinear with velocity and in the opposite direction, with magnitude Fr = u.R,
where . is the coefficient of kinetic friction.

Remark: In general, we have g > ..
3 A rolling wheel

In this section, we will use the friction model to show the following result: When a wheel
rolls without slipping, the velocity of the point of contact with the ground is zero.

1

Figure 5.3: Rolling without slipping of the wheel with center A.

In the laboratory reference frame R with Cartesian coordinates (x,y), we consider a wheel
of radius R placed on the ground: Figure 5.3. We denote A as the center of the wheel, C
its point of contact with the ground, and B the point diametrically opposite to C.

Attention: During the motion of the wheel, the atoms of the wheel in contact with the
ground will detach from the ground, and will no longer be a contact point. they are re-
placed by the next atoms on the surface of the wheel. It is at the moment when the
point is in contact with the ground that its velocity is zero.
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We also define the reference frame attached to the wheel R’ (4, 2',y') moving in R at the
velocity ¢;. By definition of the point of contact (without slipping):

Tr(C) =0 (5.4)
But, since we have a translational motion of R’ in R, we have:
1773(0) = 1773(14) + ER/(C) — UR/(C) = —U (5.5)

where we used that Ug(A) = 9, by definition of the translational velocity. Moreover, since
the wheel rotates with constant angular velocity w, the norm of the velocity of C' in R’ is
|t (C)|| = Rw. We then find the norm of the translational velocity:

vy = Rw (5.6)
Now, considering the point B diametrically opposite, we obtain the following results:

¥r(B) = 7 (5.7)
Br(B) = r(A) + T (B) = 25, (5.8)

Conclusion: In R, point C has zero velocity and point B moves at 2%;.

4 Fluid friction

The fluid friction force depends on the velocity and the geometry of the object. We dis-
tinguish two limiting cases.

For small velocities (laminar regime), the dependence is linear:
Frp=—b¢ (5.9)

where b; = Kn, with i the viscosity coefficient and K a factor depending on the shape of
the object.

At high velocities (turbulent regime), the dependence is quadratic:

Fp= b2’ (5.10)
v

where b; is a constant, and v = ||7]|.

Remark: Real cases are often intermediate between these two regimes: the dependence is
neither perfectly linear nor perfectly quadratic.

Expression 5.9 (laminar regime) leads us to a differential equation that we know how to
solve. We will study it according to two concrete cases where we seek the velocity v(¢):

1) We consider a projectile arriving with ¢ in a fluid of viscosity 7, with K the coefficient
related to the shape of the ball. We neglect the weight of the projectile. We then have:

dvy Kn
=Ty, 11
dt m v (5-11)

By setting A = K'n/m and with an initial velocity v,(0) = vy, we find:
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v (t) = voe M

(5.12)

I

Figure 5.4: Example n°1

2) An object is dropped without initial velocity and subjected only
to its weight P = mg. The viscosity of the fluid is n and the coef-
ficient related to the shape of the object is denoted K. Along the
vertical axis oriented downward, we have:

dv, 1
e E(mg — bvy) (5.13)

The terminal velocity is the velocity v}, at which the drag force
Fp exactly balances the weight P. The net force is zero and the
object will move with uniform rectilinear motion. This velocity is
given by:

mg
by

mg €, — byvim €, = 0 = Vlim = (5.14)
With A = Kn/m = b;/m, we have vy, = g/A. This velocity is
reached in the limit ¢ — co. We can now solve Eq. 5.12 with the
condition limy_,o v, (t) = g/A:

v,(t) =

(1 - e*M) (5.15)

LN

5 Tension in a rope

v =

Figure 9.5:
Example n°2

A massless, inextensible, taut rope simply transmits forces, possibly changing their direc-
tion. The tension force in a rope is a phenomenological force. It is often denoted T'.
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We present an example of force transmission using a
pulley: a block of mass m is attached to a rope (mass-
41 less, inextensible, taut) ar_{d a tenﬁion fl is applied at

its end. We then have ||T7|| = ||T3|| (Figure 5.6). By
Newton’s second law, the acceleration of the mass m
is:

ma, €, = —mgeé, + 11 €, (5.16)
Thus, we obtain the following result:

— If Th > mg: a, > 0 and the mass is accelerated
upward,

0+ L ""—i — If Ty = mg: a, = 0 and the mass is either at rest
or in uniform rectilinear motion,

- If 71 < mg: a, < 0 and the mass is accelerated

Figure 5.6: Case of a sim-
downward.

ple pulley

41



6 Hooke’s Law (restoring force of a spring)

In this section, we examine the restoring force of a spring when it is stretched or compressed.
We consider a spring with non-touching coils (so it can be compressed or extended), and
fixed at one of its ends. The behavior of the spring can be described as follows:

— When no force is applied to the spring, it has a natural length called the rest length,
denoted ly. This length will serve as a reference to define the compression or extension
of the spring z.

— If the end of the spring is pulled, it has length | = [y + = with z > 0. The spring is
stretched.

— If the end of the spring is compressed, it has length [ = [y +x with < 0. The spring
is compressed.

The spring will exert a force that tends to bring it back to its rest length ly. For example,
when the extension is negative (compression), the spring will try to expand.

In the ideal case, the force exerted by a spring is proportional to its change in length: this is
Hooke’s law. For this, one must remain in the domain of small (reversible) deformations.
In Figure 5.7, a spring is attached at one end and connected to a mass m. We take an
x-axis such that the extension z is zero when the spring is at rest (at its length ly). The
restoring force of the spring is then expressed as:

Fy = —kaé, (5.17)

where k is the stiffness constant expressed in N/m. Thus, if > 0, the restoring force will
be directed to the left (stretching). If z < 0, it will be to the right (compression).

Remark: Since we have the relation [ = [y + = with [ the length of the spring, Hooke’s
law is often written in the form: Fy = —k(l — ly) €.

7

m

7.

-5 -4 -3 -2 -1 0 1 2

Figure 5.7: Diagram of a stretched spring and the associated restoring force F, k-
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7 Archimedes’ Principle

A body immersed in a fluid experiences an upward buoyant force equal to the weight of
the displaced volume of fluid. We denote by m; the mass of displaced fluid: m; = pV/,
where p is the density of the fluid and V the volume of the body. The buoyant force
therefore has the following expression:

Fp=—pV§ (5.18)

We consider an object of mass m and volume V falling in a viscous fluid of density p. We
assume fluid friction in the laminar regime and look for the terminal velocity.

A%
LV
~ m
u
O+

Figure 5.8: Object falling in a viscous fluid

The forces acting on the object are the weight mg, the buoyant force F '4, and the viscous
drag force Fp. The terminal velocity ¥y is reached when the resultant of the forces is
zero. According to the Oz axis defined in Figure 5.8, we obtain:

m§+ﬁF+FA:6 “— —mg — bjvim + pVg =0 (5.19)
From which we derive the terminal velocity:

Vag—
Ulim = % (5.20)

Remark: If mg < pVg, that is, if the object is less dense than the fluid, then v}, > 0 and
the object will rise to the surface. If mg > pVg, the object will sink.
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Chapter 6

Work, Energy, Conservation Principles

1 Work of a Force, Power

We consider an object moving along a trajectory at point P(t). We denote by F the sum
of the forces acting on the object: F'= " F** We have the following decomposition:

F=F.7+F,i (6.1)

where 7 and 7 are the basis vectors of the Frenet frame. Thus, F; is the component of F
in the direction tangent to the trajectory.

Figure 6.1:

Remark: Since the velocity ¥ is tangent to the trajectory, it is F; that will vary the mag-
nitude of 7.

We define the work of F' for an infinitesimal displacement dr:

' — — —

SWE=F.dr=F-dr7 = F.dr (6.2)

Thus the work between A and B is obtained by the curvilinear integral along the path
AB:
_ B
Wi :/ F -dr (6.3)
A

Work is expressed in Joules [J]: 1 J = 1 N-m = 1 kg-m?-s72.

Warning 1: Along the trajectory AB, F may change, as well as the direction of 7.
Warning 2: F. is algebraic, it can be < 0 or > 0.

By definition, the power P is the variation of the work W per unit time. For a work §W
performed during dt, we have:
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. dr
P = =F.
dt dt

Power is expressed in Watts [W]: 1 W = 1 J.s~ 1.

=F-7 (6.4)

2 Kinetic Energy

We consider the case of a curvilinear motion under the action of a total force Eot. We
use a Frenet coordinate system with unit vectors 7 and 7. The work performed by Fiu
between A and B is given by:

B _ ~ B ~
Wfﬁ,’t = / Fiot - dr = / ma - dr (6.5)
A A
Now, in a curvilinear coordinate system, we have:
dr = drr (6.6)
2 d
i= % il + di; 7 (6.7)
The work then becomes:
B 2 d
Wj“gt—/ m(vpﬁ+d§7> dr 7 (6.8)
B B
d
=m ' =m vdv (6.9)
A dt A
5MVB — 5MV4
We define the kinetic energy by
Loy
E.= 5 (6.11)
The work obtained in Eq. 6.10 can then be rewritten as ijé’t =FE.p— Eca.

If the object is subjected to several forces F between A and B, we have the following
relation:
j’gt_/ ZFZ dr—Z/ Fi. dr—z (6.12)

3 Potential Energy and Mechanical Energy

By definition, the potential energy Ef (z,y,2) is a function of the spatial coordinates
(x,y, 2), is associated with the considered force F , and has the dimension of an energy. For

forces F' such that WE p is independent of the path taken between A and B, the potential
energy is such that:

Wi, = EF — Efg (6.13)

Equation 6.13 is only valid for certain forces F associated with a potential energy. These
forces are called conservative since they conserve mechanical energy. This is the case for
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the gravitational force or the restoring force of a spring. For non-conservative forces, one
must use Eq. 6.3.

Since the gravitational force is conservative:

WZ}? = —mge - AB = —myg(zB — 24) = Mgza — MYzB (6.14)

Thus, by recognition of the terms from Eq. 6.13, the potential energy in the terrestrial
gravitational field is given by:

E)Y = mgz (6.15)
Proceeding similarly for the restoring force of a spring:
7 B . B B 1 1
Wik = / FR-dr = / — k€, - dre, = —k/ zdr = —ka* — ~kak (6.16)
A A A 2 2
Thus, the potential energy of a spring is given by:
o 1
El = 5]4:1‘2 (6.17)

Note: Potential energy is defined up to a constant (the place where the reference is taken).
This is not a problem since only the difference in potential energy has physical meaning.

Furthermore, we define mechanical energy as the sum of potential and kinetic ener-
gies:
E,=E,+ E. (6.18)

If all the forces F; are associated with a potential energy Ef i we have:

—)O ﬁl ﬁz Fz
Wfbt = Z WAB = Z (Ep,A - Ep B) (619)
i i
=Y Eu—) Ep=FEpa—Epp (6.20)
i i
=bp,A =Lp,B

And with Eq. 6.10 which introduces kinetic energy, we obtain:

Eep —Eea=Epa—Epp (6.21)
 Epat+Ea=Eyp+E.>B (6.22)
— Em,A = Em,B (623)

Conclusion: When all forces F; are conservative, there is conservation of mechanical
energy.

4 Link between Force and Potential Energy
A force is said to be the derivative of a potential if and only if it is a conservative force.
In this case, the components of F' are given by:

. —0E,/0x .
F=| -0E,/0y :=-VE, (6.24)
—0E,/0z
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A force F is conservative if and only if (the conditions are equivalent):
— there exists a function E,(z,y, z) such that WEB = EEA - EEB,
— there exists a function E,(z,y, z) such that F = —ﬁEp,

~ the work of F' does not depend on the path taken,

~ the work of F' is zero along a closed path,

—

~ the curl of F is zero: VA F = 0.

5 Potential Energy and Equilibrium

In this section, we look at the link between potential energy and equilibrium position.
Consider an object moving along an z-axis and place it at position xg. Suppose that at
this position we have:

dr,

dx
Then, since F = fﬁEp, we deduce that F(xg) = 0. If the object is motionless at this
point, it will remain there: this is a position of equilibrium. This corresponds to an
extremum of the potential energy (maximum or minimum).

(z0) =0 (6.25)

If it is a minimum of E,, then we speak of a stable equilibrium position: the force will
bring the object back to zy for small deviations. However, if it is a maximum, then the
equilibrium position will be unstable.

>

 €ols)

- )

- — > 3
2% x, L% ] Yo KD¥
Figure 6.2: Stable equilibrium Figure 6.3: Unstable equilibrium
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Stable equilibrium (minimum) Unstable equilibrium (maximum)

dE, d’E, dE d’E
——+ =0and — >0 —+ =0and ——" <0
dx e ~ dx e <

Table 6.1: Stability of positions of equilibrium
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Chapter 7

Collisions & Variable systems of mass

1 Motivation

We consider the following problem: a pendulum at rest consists of a string and a mass
my attached to this string. A second pendulum (mass mg, attached at the same point) is
displaced from its equilibrium position and released with no initial velocity. The masses
of the two pendulums will then collide.

To determine the motion of m1, we must analyze the external forces: the weight, the ten-
sion of the string, but especially the force exerted by mass my during the collision.
The magnitude of this force and the duration of its application depend on the collision: it
will therefore be very difficult to model!

Solution: We consider the system consisting of both masses together. The force of the
collision will therefore be an internal force of the system, which will disappear when
analyzing the global system. The external forces on the system will be the two tensions,
as well as the weights of the two masses m1, mo.

By Newton’s 3" law (action-reaction), the sum of the internal forces will be zero since
mass mq will exert an equal and opposite force on ms:

Zﬁint :ﬁg_ﬂ—i-ﬁl_)g :6 (7.1)

Finally, the collision is a very short phenomenon. We will therefore assume that, during
the collision, the external forces do not have time to act and that the objects remain in
the same places in space. We will therefore not be concerned with the external
forces during the collision.
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2 Center of mass; center-of-mass reference frame

Consider a system of N particles (my,ma,...,my) at positions (7,7, ...,7n) in a refer-
ence frame (O, Z, 7, Z). The center of mass G of the system is defined as:

O?:mlf’lﬁL"'TLmNFN _ Zamoﬂ?a
mit o+ my M

(7.2)

where M is the total mass of the system. Thus, the position of G does not depend on the
origin of the reference frame.

Remark: Despite having “mass” in its name, the center of mass is a position and has units
of length.

The enter of mass is useful for expressing Newton’s law for an entire system. For a particle
«, the momentum is given by p, = ma¥,. The total momentum for the system of N

P=> o= mala (7.3)

Moreover, for the velocity of the center of mass we have:

particles is:

.. d1 N L
o=t gy T | = g = 5= 7

Finally, Newton’s second law for the overall system is written as:

—*_i*_ldﬁ_l ext > ext
G‘”G_ME_MZF = Mig=)» F (7.5)

The center-of-mass (cm) reference frame is the reference frame whose origin is at G
and which moves with it at velocity vg. If > F*** = ( then the cm reference frame is
Galilean.

A particle « has a velocity ¥, in the laboratory frame R and V,, in the cm reference frame.
These velocities are related by:
Uo = Vo + Ug (7.6)

Application: Consider two particles m; and me, with velocities ¢ and ¥ in R. In the cm
reference frame, the particles have velocities V; and V5 given by:

= ma N o

Vi=——"— — 7.7
1 m——— (U2 — 1) (7.7)
= my = -

Vo= ——— — 7.8
P m1+m2(02 o) (7.8)

and the momenta:
ﬁl = m1171 = —,u(’L_)'Q — 171) (79)
ﬁg = mQVQ = /1,('172 — 171) (7.10)

where we have defined the reduced mass p as:

_ _mmz (7.11)
mi + mg
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3 Types of Collisions

We consider the case > Fext — 6, so the total momentum pio¢ is conserved.
The nature of the internal forces will determine the type of collision: there are two main

types

e Elastic collision: mechanical energy is conserved, no dissipation of energy. (e.g.
bouncing ball).

e Perfectly inelastic or soft collision: the objects perfectly stick together after the
collision. Mechanical energy is not conserved in this case.

Note: Real cases almost always lie somewhere between the two.

4 Elastic collisions

We consider particles of cylindrical or spherical shape, and we place ourselves in the cm
reference frame. In this frame, the velocities are colinear and in opposite directions, but
do not necessarily lie along the same line. We define the distance between the vectors as
the impact parameter b, and when b is zero, the collision is head-on.

- /

Y/
ki o e

b=0 cloc fonkl

Figure 7.1: Definition of the impact parameter b. b = 0 corresponds to a head-on collision
(choc frontal).

Remark: If b > (R + R2) there is no collision between the particles.

4.1 Special case: Head-on collision (b=0) of two particles

In this case, the trajectories remain on the axis of the initial trajectories. The problem is
then 1 dimension in the cm reference frame.

Y
A

Figure 7.2: Head-on collision in the cm frame.

For an elastic collision, the momentum and kinetic energy are conserved:
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ﬁbefore = ﬁafter (712)
Ez)efore — ngter (713)

Notation : The instant after the impact will be denoted by the index ’ //
The total momentum before and after the collision is also conserved:

Pot=P + P =0 (7.14)
Py =P +P,=0 (7.15)

From the last two equations, by isolating the velocities before and after impact of particle
2 and substituting them into equation (7.13), one obtains:

Vi=-V, (7.16)
Vo=V, (7.17)

Therefore in the cm reference frame, the particles depart with velocities of the same mag-
nitude and opposite directions (because b = 0, the direction does not change if there is no
collision).

We now return to the reference frame R thanks to equation (7.6), and we then have for a
head-on collision:

4 (my — ma)V + 2mat

¥ = 7.18
! m1 + mg ( )
/ — Uy + 2mq v,

7, = (ma — m1)Us + 2my 0y (7.19)

mi + ms

Let us study the special case where U5 = 6, the velocities after collision then become:

_ mi —mso
= - = 7.20
Y1 mi + mg vl ( )
/ 2my
o = — 7 721
e mi + ma vl ( )

— If mqy > my : The 2 particles continue in the same direction
— If m1 = mo : Particle 1 stops, 2 moves with velocity;

— If mq < mgy : particle 1 moves in the other direction

4.2 Non-head-on collision of two cylindrical pucks

The complete calculation of non-head-on collisions is not part of the syllabus. But if you
are curious, the calculation can be done easily for cylindrical or spherical objects. In this
case, the velocity vector is separated into two components. The component projected
onto the line joining the centers of the pucks is treated as a head-on collision, the other
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component corresponds to a grazing interaction and does not change (no collision). This
approach is what allows the deterministic calculations of the graphical simulation tool.

R\

=\
Vitesser indhals down o Comstruchuwm deo vilesses \/,J/\-l';
u’{_«’mh‘el enhe do woase af.rés Lo oloe dows .&Aa;[,’rm N c.d.m

Figure 7.3: Non-head on collision

5 Inelastic collision

For an inelastic (perfectly inelastic) collision, the two particles remain stuck together after
the collision (or they were stuck together before an explosion). Momentum is still con-
served, but not kinetic energy: part of it is dissipated as heat.

>

m;+m,,
V2

m;

Figure 7.4: Inelastic collision

Let us consider the collision of two particles with different masses and velocities. The
velocity after the collision of the two particles stuck together will be denoted #. Since

momentum is conserved, we have:

Piot = m10) + mots (7.22)
P, = (my +ms)0 (7.23)
Pt = Py, (7.24)
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We can then isolate ¥ and deduce an expression for the velocity after the collision:

L MU + mov
7= [P me (7.25)
mi + mg
We notice that this is also the expression for the velocity of the center of mass G: ¥g
remains unchanged during the collision because > F* = (.

If we now consider the kinetic energy, it is not conserved, but we can calculate the difference
in energy before and after the collision. Denoting the energy before and after the collision
respectively as E.1 and E.2, we have:

1 1

E.= §m1v% + 5m2v§ (7.26)
1
EQQ = §(m1 + mg)’L)Q (727)

We then need to calculate v? by taking the dot product of ¥ with itself:

V2 b miv? + 2m1m217117§ + m3v3 (7.28)
(m1 4+ ma)
And we then deduce, after substituting and simplifying the square:
L mime .,
E.o—F.41=——"""= (8 — 7.29
e2 = Ber = =5 == (U1 — U2) (7.29)

This difference in kinetic energy is always negative or zero, indicating that if the collision
occurs (negative) there is a loss of energy through transformation, and if there is no loss
(zero) then the collision does not occur.

6 Variable-mass system: rocket

We will now study a variable-mass system, meaning a system where the mass changes over
time. The example chosen here will be a rocket propelled by the matter ejected from its
nozzles. In this case, we must go back to the origin of Newton’s second law and cannot
simply apply F= md, because the mass is no longer constant!

Reference frame: Vertical z-axis pointing upward.
System: Rocket at instant ¢ with mass m(t), velocity v(t))

— Rocket with initial mass m(t = 0) = my.

— The gases are ejected at constant velocity relative to the rocket (¢, = constant) and

at a constant rate (%—T = constant)

— After a time (¢ + dt), the rocket has ejected a mass —dm (where we take dm < 0)
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t

Figure 7.5: Rocket at time ¢ and ¢ 4 dt

Newton’s second law can be written as follows:

dp _ plt+dt) = i)
dt dt

We then need to write the difference in momentum between ¢ and (t 4 dt). At time ¢ this
is straightforward:

Fext — (7.30)

p(t) = m(t)v(t) (7.31)

For time (¢+dt), we need to consider how the system has changed. The rocket has expelled
mass —dm, so m(t + dt) = m(t) — (—dm) = m(t) + dm. The rocket has velocity ¥ + dv.
The mass element ejected by the rocket has mass —dm and velocity ¥4, the speed of the
ejected matter in our reference frame:

Ugaz = Ue + U+ dU (7.32)

With these elements we can write p(t + dt) of the system, which consists of the rocket and
its ejected matter:

p(t +dt) = (m + dm)(V + dv) + (—dm)Ugay (7.33)
7.34)
We then obtain:
p(t + dt) — p(t) = mdv — dm, (7.35)
o, p(t + dt) — p(t) dv  _ dm
Fext — p( — = —F— )
dt Mt T (7.36)

Let us consider the case where the rocket rises vertically and is far from any mass in
interstellar space (F¢*' = (). By projecting equation (7.35) onto the vertical z-axis, and
taking into account that ¥, = —v.€, (pointing downward), we can isolate the derivative of
the velocity and integrate to obtain:
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— =~V 7.37
vl (737)

o(t) — v(0) = —ve In—> (7.38)

If we assume that the initial velocity is zero, we finally obtain an expression for the rocket’s
velocity as a function of time and the mass at time ¢:

mo
t) = vl :
v(t)=w nm(t) (7.39)
We then observe that v(t) is large if v or % are large.

Similarly, for the case where the rocket rises vertically and is subject to the gravi-
tational field (ﬁEXt = mg), we can reason in the same way: project equation (7.35) onto
the z-axis, isolate the derivative of the velocity, and integrate with respect to time. We
then obtain the following equations respectively:

L (7.40)
ar e Y '
mo
S L 7.41
() = v tn 0 g (7.41)
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Chapter 8

Harmonic Oscillator

0 Complex numbers

The analysis of the harmonic oscillator becomes much easier if we use complex numbers, as
we’ll see for the damped and driven harmonic oscillators. Here we summarize the algebra
of complex numbers.

Cartesian representation: Every complex number z can be written in a Cartesian form
a + ib, where a and b are real numbers and > = —1. We say that a is the real part of z,
and b is the imaginary part of z.

Sum: The sum of two complex numbers z; = aq + ib; and z9 = ag + iby is the complex
number
21+ 290 = (a1 + ag2) +i(by + b2).

Product: The product of z1 and 2z is
2129 = (a1 + ibl)(ag + ibg) = arag +ia1by +ibjas + inle = (a1a2 — blbz) + i(albg + blag).

Equality: If two complex numbers are equal, the real parts and the imaginary parts are
respectively equal: a; + ib1 = ag + tbe, implying that a; = a2 and by = bo.

Complex conjugate: z* = a — ib is the complex conjugate of z = a + ib. The quantity
|z| = Vzz* is the magnitude of z:

|2 = Vzz* = \/(a +ib)(a — ib) = Va2 + b2.
0

Polar representation: Every complex number z can be written in the polar form re®. r
is a real number, the modulus, and 6 is the argument. To go from Cartesian to polar form
we use De Moivre’s theorem:

e = cosf +isinb.

Hence,
re' = rcosf + irsinf = a + ib,

from which it follows that
a=rcosf, b=rsinf

and

b
r=+va?+ b2, G—arctan<a> )

We see that r = |z|.
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1 Free Harmonic Oscillator

Let us study a model system: A mass m slides without friction on a horizontal axis. It is
attached to a spring with stiffness constant k and rest length [g which is fixed at its other
end. We pull the mass to the right and at ¢ = 0 we release it without any initial velocity.

m

—dde

0
W‘/\/\/\)‘
F.
, - - - . , >
-4 -3 2 -1 0 1 o

7 A

Figure 8.1: Free (non-damped) harmonic oscillator

Let us apply Newton’s second law to the mass m:

— Along the vertical direction y, the weight mg and the normal force R cancel each
other (R = —mg), so there is no acceleration.

— Along the horizontal direction z, the restoring force of the spring F), = —ka€, creates
the acceleration.

By projecting along the z axis, we obtain the equation of motion ma = ﬁk where @ = Zé,,
and therefore:

mx = —kx (8.1)

k
i+ —x=0 (8.2)
m

Equation (8.2) is obtained by dividing by m and bringing the terms to the same side. We
can then define )y, the natural angular frequency of the system, such that:

Q) = \/Z (8.3)

And thus equation (8.2) can be rewritten as:

i) + Q3x(t) =0 (8.4)

The equation of motion (8.4) linearly links the function z(¢) to its second derivative, there-
fore it is a second-order Linear Differential Equation.
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The solution of this equation is harmonic (as a sum of sine and cosine), and can be written
in different but equivalent forms:

z(t) = A * cos(Qot) + B = sin(Qot) (8.5)
z(t) = C x cos(Qot + &) (8.6)
z(t) = D *sin(Qot + ) (8.7)

It is possible to derive expression (8.5) by expanding (8.6) or (8.7) using trigonometric
formulas, so we will focus on this solution in this section.

To find the constants A and B for a given problem, we use the initial conditions for
the position and the velocity of the mass at t=0. We have zero velocity at the start
(#(t =0) = 0) and a non-zero initial displacement (z(t = 0) = z9), thus:

z(0) = A xcos(2 % 0) + B *sin(Qpx0) = A = xo (8.8)
z(0) = —AQpsin(Qg x 0) + BQg cos(g x0) = BQy =0 (8.9)

Since the natural angular frequency is non-zero, we obtain A = xy and B = 0. The function
x(t) reduces to:
x(t) = xg cos(Qot) (8.10)

Therefore the position will oscillate with time.

X&)

05+

0.5

10!

A

T péuede po=

Figure 8.2: Position as a function of time. Tj is the natural period of the system.

The motion is therefore periodic, and we can define the Natural Period of the system T}

as:
2 m

To=—=2 — A1

0= ™ % (8.11)

We note that it depends only on the mass and the stiffness of the spring, and is therefore
independent of the initial conditions. When Tj is independent of xg, we call the system a
Harmonic Oscillator.
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Example: the Simple Pendulum

e

Figure 8.3: Simple pendulum

To analyze the simple pendulum we use polar coordinates, and project the forces (the
weight of the mass and the tension of the string) and the acceleration as follows:

mg = mg(cos(¢)€, — sin(¢)éy) (8.12)
T =-Té, (8.13)
i = (p— pp*)é, + (pd + 200)é (8.14)

However, since the length of the string is constant we have p = [ and therefore p = p = 0.
Thus, by applying Newton’s Second Law and projecting along €, and €4, we obtain the
following system of equations:

along €,: — mlg? = —T + mg cos() (8.15)
along €y: mlp = —mgsin(e) (8.16)

The equation that interests us is (8.16) because the position of the mass with respect to
time is given by the coordinates (p;®) where p = [ is constant. Therefore it is entirely
determined by the function ¢(t). By simplifying, the equation becomes:

b+ %sm(@ —0 (8.17)

However, equation (8.17) is a nonlinear differential equation, and therefore does not cor-
respond to a Harmonic Oscillator.

This equation can be approximated as linear for small ¢ using the small-angle approxi-
mation: if ¢ < 1 (small), then sin(¢) ~ ¢. In this case, equation (8.17) can be rewritten
as:

b+ 0o =0 (8.18)
We define the natural angular frequency of this system as Qg = \/% . The natural period

Ty = ?Tz is therefore indeed independent of the initial condition ¢q: it is a Harmonic Os-
cillator.
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Since equation (8.18) has the same form as equation (8.4), the solution has the same form
as well. We then have (for initial conditions ¢(0) = ¢ and ¢(0) = 0) the following solution:

o(t) = ¢o cos(Qot) (8.19)

Warning: This result is valid only in the small-angle approximation!

2 Undamped Harmonic Oscillator and Energy

Let us study the kinetic, potential, and mechanical energy of the harmonic oscillator. For
the basic system of a mass attached to an undamped spring (Figure 8.1), the mechanical
energy is the sum of the potential energy of the spring and the kinetic energy due to the
motion of the mass:

k Lo, 1 5

E,. =E +FE,=-kx*+ -mv (8.20)

P 2 2
Now the expression for z(t) was obtained in the previous section, equation (8.10), and can
therefore be substituted into equation (8.20). After simplification, we then obtain:

1
2
This result makes sense because the mechanical energy is conserved since there is no dis-
sipation. However, the kinetic and potential energy themselves are not conserved; there is
constant conversion from one to the other during the motion of the system.

E,, = —kx3 = constant (8.21)

For the one-dimensional case (@ = #€,) where the force derives from a potential, we can
write F (projected along x) as:

dE,
F= —d—; = mi (8.22)

And then, if the potential energy can be written as a function of x, we can obtain the
differential equation of motion using this potential.

Remark: To have oscillations, one must be around a minimum of Ej,.

For the oscillator to be harmonic, it is necessary and sufficient that the potential
energy takes the following quadratic form:

E, = A(x — 20)*> + Epo (8.23)
with A constant and positive.
Proof: By substituting expression (8.23) into (8.22), we obtain after differentiation:
mi = —2A(z — xo) (8.24)

We must then perform a change of reference frame. We define X = 2 — o, and thus we
deduce X = & and X = Z. Therefore, by moving everything to the same side, dividing by
m, and defining Q2 = % (only valid for A > 0), we obtain:

X4+02X =0 (8.25)

Which is the differential equation of a harmonic oscillator (Q.E.D.).
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Example: Energy of the Simple Pendulum

Let us resume the study of the simple pendulum of Figure 8.3 using energy. We take the
following reference frame:

L% Q\\\
e =4 54 >
22_

Figure 8.4: Simple pendulum

The tension does no work, the gravitational force derives from a potential (E, = mgy).
We need to find an expression for y as a function of x; for this we use the Pythagorean
theorem and deduce for E,(x):

= (1—y)*+2? (8.26)
y=1—1?— 22 (8.27)

X

Ey(x) = mg[l — V12 — 22] = mgl [1 —/1- <l)2] (8.28)

Expression (8.28) is clearly not a parabola of the form (8.23), therefore the oscillator is
anharmonic, just as we found in the force-based study.

However, if the oscillations are small ( 7 < 1), we can define a small € = (%)2 and have:

Ep(z) = mgl(1 — (1 —€)'/?) (8.29)

Since € < 1, we take the Taylor expansion (1 — €)1/ ~ 1 — %e, and then the potential
energy for small oscillations becomes:

1 mg o
E = —_— — ——
p(T) mgl2e 5

We therefore obtain a potential energy of the form (8.23), and thus the oscillator is har-
monic for small oscillations, just as we found in the force-based study.

(8.30)
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3 Damped Harmonic Oscillator

We consider the oscillator from section 8.1, but this time it is subject to fluid friction in
the laminar regime.

m

—

7 Al
Y

\
I Fi m
- 4 -3 2 -1 0 1!
Figure 8.5: Damped Harmonic Oscillator
The friction force is written:
Fr = bt = —bjie, = —(Kn)ié, (8.31)

This force is always in the direction opposite to the motion, which is why there is a minus
sign in front of the velocity vector. We note that the type of motion will depend on the
relative magnitude of the friction coefficient b; to to the spring constant k.

Using Newton’s Second Law along = (along y the weight and the normal force cancel), we
obtain:

mi = —bx — kx (8.32)
b k
Pt i+ —x =0 (8.33)
m m
i+ 2yt 4+ Q=0 (8.34)
Where we have defined 2y = % = % and Qp = 4/ % This is a second-order linear

differential equation, but we cannot easily solve it as we did in the undamped case because
of the first derivative of x.
3.1 General method of solving such an equation

The first step is to solve the characteristic equation, which is a quadratic equation
formed from (8.34), which takes the form:

M 4292+ 02=0 (8.35)

We obtain this equation by replacing &, &, and = with A2, A, and A\’ = 1, respectively. The
order of derivation of x is replaced by the corresponding power of lambda, while keeping
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the same constant coefficients in front of the variables.

Remember that for a generic quadratic equation:

ar’ + b +c=0 (8.36)

We have the discriminant A = b — 4ac. To solve equation (8.36), we use the discriminant
, 2

A = (27)?2—4%03, and we can even use the reduced discriminant A" = % — Q2 (2 was

defined with this factor for this particular reason of simplification). The 3 cases will then
depend on the value of the reduced discriminant A" = 42 — 03.

Case 1: Critical damping (A" =0, v = Q)
Equation (8.36) has a single solution A = v = €. The solution of (8.34) is then:

z(t) = (A+ Bt)e (8.37)
Case 2: Strong damping (A/ >0, 72 > 03)

Equation (8.36) has two distinct solutions given by:

— 4+ /2_92
A= L 17 f (8.38)

The solution of (8.34) is then:
z(t) = AeM? 4 Bet?t (8.39)

Since both lambdas are negative, x(t) is a sum of two decreasing exponentials.

Case 3: Under-damped regime (A/ <0, y2 < 03)

A’ is then complex! Let us define w = Q2 —~2, so we can write A" = +iw. The solution
of equation (8.36) is in this case A\j 2 = —y +iw. The solution of (8.34) is then:

x(t) = Ae(TrFiwt | pe(=v—iw)t — o=t (Ae™t 4 Be~t) (8.40)

The equation of motion x(¢) is real, but A, B and the exponentials in i are complex numbers!
We must then separate real and imaginary parts, and therefore write:

A =a; +iag (8.41)
B = by + iby (8.42)
e = coswt + isinwt (8.43)
e~ = coswt — isinwt (8.44)

Now it only remains to substitute the above expressions into (8.39), and keep only the real
part because x(t) is a displacement, and thus a real number. After expansion and isolating
the real part (the imaginary part must be set to =0), we obtain:

z(t) = e 7" % (A coswt + B’ sinwt) (8.45)

It is also possible to write the solution in the following form:

z(t) = C'e™ " % cos (wt + ) (8.46)

Where A’ = a1 + b1, B’ = ay + by, and O’ and ¢ are integration constants given by the
initial conditions.
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3.2 Analysis of the results

When we are in Case 3 where v < g, the function z(¢) has a form following (8.46),
represented graphically is:

a > T m&c‘pémxb_ T= % w f)seuJD’M,Qbeow

100 1 1 I

075 \ ”ﬂ

050 +

0.25 1

0.00 4

x(t)

-0.25 4

-0.50 1
-0.75 4 U U

-1.00

0 5 10 15 20 2 30 35 40
temps(s)

Figure 8.6: z(t) in the under-damped regime.

Thanks to the pseudoangular frequency w defined in the previous section as w =
\/Q% —~2, we can also define the time interval between two peaks as the pseudoperiod
T =21

w

In Case 2 where v > Qg, the solution (8.39) represented graphically is:

10

08

06 1

x(t)

04

02

0.0 A

0 5 10 15 20 % 0 35 20
tempsl(s)

Figure 8.7: z(t) in the over-damped regime.

There is no oscillation in this case, and the system returns to equilibrium more or less
quickly depending on the values of A1 and As.
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Finally, for Case 1 where v = g, the solution (8.37) represented graphically is:

08

06

x(t)

04

02

0.0

; - - - - T - - r
0 5 10 15 20 pL3 30 35 40
temps(s)

Figure 8.8: z(t) in the critically-damped regime.

The return to equilibrium happens as quickly as possible.

4 Forced Oscillations

We again take the damped harmonic oscillator, but now we apply an external “driving”
force that has a sinusoidal form:

F,=F.&, = Fy cos(wet)éy (8.47)

A

Figure 8.9: Oscillator driven by a periodic force
By applying Newton’s Second Law to the system, we have the same forces as before with

the addition of the driving force. We can then proceed in the same way as for the damped,
non-forced case, and from equation (8.34) obtain:

i+ 2vyi 4+ Q2z = fo cos(wet) (8.48)
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where fy = % This is a second-order linear differential equation with a forcing
term. This forcing term is a function of time.

4.1 Method for solving a second-order linear differential equation with
forcing term

The general method is to search for:

1) x2(t), the general solution of the equation without the forcing term (thus with
integration constants): this is the solution for f(t) = 0, found using the procedure
from section (3.1).

2) x1(t), a particular solution of the equation with forcing term (thus a function that
“works”).

The general solution of the equation with forcing term is:

x(t) = z1(t) + z2(t) (8.49)

The analysis of the results from section (3.2) indicates that the general solution tends
towards 0 when t tends to infinity. Therefore in this limit, which we will call the steady
state, z3(t) — 0. In this case, we deduce that (8.49) becomes, in the steady state,

z(t) ~ x1(¢).

By observing experimentally the displacement x(t), we can make hypotheses on the form
of z1(t), and suppose that it will be of the form:

x1(t) = A(we) * cos (wet + d(we)) (8.50)

We want to express A and ¢ as functions of w, and the data of our system; we must
therefore solve equation (8.48) using a particular solution of the form (8.50). It will here
be useful to switch to the complex domain and use the polar notation, that is:

a = ae” = a(cosf + isinh) (8.51)
Let us study the following complex differential equation:
i+ 2yi + Qfz = foe™! (8.52)

By taking the real part of the left and right-hand sides respectively, we recover equation
(8.48) that we wish to study. In the complex domain we thus have a solution of the form:

21 (1) = A(we)e! @) = A(w,)eele® = y eet (8.53)

We define Y0 = A(we)e’®“e) which does not depend on time. This is a complex number
whose modulus is A(w.) and whose argument is ¢(we).

With this notation, the time derivatives of x are simplified:



We substitute expressions (8.53), (8.54) and (8.55) into equation (8.52). We can then
simplify the term e™¢* on both sides, and we are left with:

—Xowe + 217X oWe + Xo$% = fo (8.56)
It is then easy to factorize X, and isolate it to find its expression:
Xo = Jo = A(we)e™e) (8.57)

— (w2 — 93) + 2iywe

Now it is possible to relate A and ¢ to the specifics of the problem thanks to the above
relation. It suffices to compute the modulus and argument of the left-hand side of (8.57),
and we finally obtain:

fo
Alwe) = 8.58
R (- 1 K (559
. 2we
tan ¢ = -2 (8.59)

where ¢ € [—7,0].

Remark: If the driving force is sinusoidal and not cosinusoidal as in the above case, A
remains the same but ¢ no longer evolves in the same interval (because the sine is a
phase-shifted cosine): cos(wt) = sin(wt + 7/2)

4.2 Analysis of the results

Establishment of the steady state

We are interested in the time response of the driven harmonic oscillator:

0.1 4

= X2 : solution générale de I'é¢quation SSM

=== solution totale

— x1 : régime permanent

T T T T T T T T T T T
10 15 20

| | | ’ tempss] \_’——\r\/e

Figure 8.10: Establishment of the steady-state

t
0

We observe two well-distinguished time domains between the startup and the subsequent
response. At the beginning, we are in the Transient Regime, in which x2(t) (the general
solution of the differential equation without forcing term) has not yet converged to 0. Once
x2(t) becomes sufficiently small and converges to 0, we are in the Steady State Regime. We
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can then graphically observe A as the amplitude of the oscillations of the total response
x(t), and the phase shift ¢ is the phase difference between the driving force and the response

.’El(t).

Analysis of the steady state

In the steady state, the response is z(t) = x1(t) = A(we) * cos (wet + P(we)). We know
that the amplitude and the phase shift are functions of the excitation frequency, let us look
at their dependence on w.,. We also vary the friction coefficient and study the different
damping regimes.

—— by=3kgls oo
—— by=5kgls
— b= 10kgls s
—— b= 30kg/s
—— b= 80kg/s

= b;=3kgls
—— b;=5kgls
—— bi=10kg/s
—— b= 30kg/s
—— b= 80kg/s

[] 1 2 3

s ‘Fd,hm do sonnamce
Figure 8.11: Amplitude and phase as a function of the driving frequency.

The amplitude is always positive, starts at the same initial value and goes to 0 if the driving
frequency increases regardless of the friction coefficient b;. It reaches a peak if b; is not too
large, otherwise the peak is never reached and the function is monotonically decreasing.
The frequency for which A reaches its maximum is called the Resonance Frequency and
denoted wres.

The phase shift reaches —7 for an excitation frequency equal to (), the natural frequency
of the system. We note that when the resonance is pronounced (weak damping), wyes =~ €.

To calculate wyes one must look for the maximum of the amplitude A. From equation
(8.58), let us define the term in the square root in the denominator as a function:

g(we) = (wg - 93)2 + 472w§ (8.60)

Finding the extrema of A amounts to finding the extrema of g, but the calculation is much
simpler. By differentiating ¢ with respect to w, and setting it equal to 0, we find 2 possible
solutions:

we =0 (8.61)
wi=03-2v* (8.62)

Result (8.61) corresponds to the beginning of the values of A, and means a horizontal
tangent. The second extremum given by (8.62) corresponds to the frequency for which
maximizes A. It is therefore the resonance angular frequency:
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Wres = \/Q(Q) — 272 (8.63)

However, this result is only possible if 2% < Q% so that the square root of expression (8.63)
is positive. Therefore there is no resonance if 272 > Q3!

We see that replacing expression (8.63) into results (8.58) and (8.59) indeed gives mathe-
matically the same thing as the observations made from figure (8.11).
Summary of the angular frequencies

— Qg is the natural angular frequency of the system, i.e. the angular frequency of
oscillations if there is neither damping nor a driving force.

— w =4/ Q% — 72 is the pseudo-angular-frequency of the damped but not forced system,
when the damping is undercritical.

— we is the driving/forcing angular frequency: a frequency imposed by the user in the
case of a driven oscillator.

~ Wres = /3 — 272 is the resonance angular frequency: a particular value of w, for
which the system response has a maximum amplitude in the steady state

Reminder: Period = 27 / angular frequency

Quality Factor

In order to obtain a universal description of the amplitude and phase shift curves, we define
the Quality Factor (dimensionless) as follows:

=20 (8.64)

With this expression, the condition to obtain a resonance becomes Q) > % The larger @
is, the larger the maximum amplitude (in resonance) is.

We can also express A as a function of Q:

A A
Mo = g e = (569
V-0 g 6 e
where W, = 5—3 is called the Reduced Pulsation.
When in resonance, we have:
A 2
Althes) = A — 207 (8.66)
1
Q-1

In particular, if @ > 1, we have Apax ~ A(0)Q and therefore Q = ‘2"(‘83‘: Q directly gives
a measure of the "quality" of the resonance.
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Chapter 9

Angular Momentum & Gravitation

It is possible to describe Newton’s Laws differently in order to facilitate the study of rota-
tional dynamics. For this, we will introduce new quantities built from force and momentum.

1 Angular momentum and torque (moment of a force)

Angular momentum characterizes the rotation of an object around a point O. Torque,
also called the moment of a force, makes it possible to characterize the ability of a force
to produce such rotational motion.

Let us study the following situation: a point P with mass m, which has momentum p and
is subject to an external force F'.

v

-
rd

¢

Figure 9.1: A point P with mass m, which has momentum p and is subject to an external
force F.

We can then define the angular momentum with respect to point O as:
Lo=0PAG (9.1)
Similarly, we define the Moment of the force F with respect to point O as:

Np=O0PAF (9.2)

Note: Moments and angular momentum are defined with respect to a reference point and
therefore depend on that point! One may choose any fixed point in space.
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If there are several forces Fio; = > F;, then ]\710 =>, MZO => O? A F

L depends on the linear momentum and M on the force. From Newton’s Second Law we
know that F' = %. We can therefore differentiate equation (9.1) with respect to time to
link it to (9.2):

dlo _ d
dt  dt

(O]DA@:O]D/\Z—];:MO (9.3)

The relation above is called the Balance of Angular Momentum, and it is a reformu-
lation of Newton’s Second Law.

Note: The reference point O must be the same on both sides of the equation.

Example 1: Circular Motion

Let us consider the following situation: an object of mass m moves along a circle of radius
R centered at the origin O, with a velocity v. Let us take cylindrical coordinates:

P>
- —>
o= R >
®
r - ¢
v
(

o

Figure 9.2: Example circular movement

Here, p = R = constant, so the p term in the velocity is zero. We then have:

The angular momentum with respect to O is therefore:

Lo = OP Aj = (R&,) A (mRyE,) = mR*gé, = mR*® (9.7)
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Example 2: Planar Curvilinear Motion in Cylindrical Coordinates

Y, A

® f
Figure 9.3: Example of curvilinear movement

In this case, p is no longer constant, and it is therefore necessary to include the term in p
of the velocity:

And the angular momentum in this case is:

Lo = O—}% AP = (p,) Nm(pE, + ppé,) = mp*pé, = mp*is (9.10)
The result is the same as in the previous example because the cross product of €, with

itself is 0.

2 Central Force

F is a Central Force centered at O if it is always collinear with O? Two well-known
examples are the electrostatic force and the gravitational force.

For the central force F centered at O:

e The torque (moment of force) with respect to O is zero, because F and O? are
collinear.

e By applying the Angular Momentum Theorem (eq. 9.3), Lo = constant since its
time derivative is zero.

A central force centered at O conserves the angular momentum with respect to O.
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3 Gravitational Force

Historical Reminder: Kepler’s Laws

1) The planets revolve around the Sun in elliptical orbits, with the Sun occupying one
of the foci.

2) The areas swept by the radius vectors are proportional to the times taken to sweep
them.

3) The squares of the orbital periods of the planets around the Sun are proportional to
the cubes of the major axes of their orbits.

It is by using these three laws that Newton derived the expression for the Gravitational
Force. In the general case, this force is given by:

Ay — - GMm, (9.11)

where the gravitational constant is G = 6.674 x 10711, m3kg—1s72.

Note: One can relate the constant g to G by equating the gravitational force at the Earth’s

surface to the weight: g = %—24, where Rp is the Earth’s radius.
T

Simple case: circular motion

Let us now analyze circular motion in a plane under the effect of a gravitational force, show
that it is uniform, and calculate the velocity as a function of the radius of the trajectory:

&

Figure 9.4: Circular motion under the force of gravity

Using the expression of the acceleration in polar coordinates and that of the gravitational
force (9.11), Newton’s Second Law gives:

-, R v dv -
ZF:ma:m(—;eP—l—%e@) = Ig (9.12)

By projecting onto €p and €y, the equations of motion are:
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On ey — o =1 (9.13)
dv

Oné,: m—=0 9.14

n €, mdt ( )

Since the mass is non-zero, the equation along € tells us that v = constant, which proves
that the motion is uniform. The expression for the velocity can then be found from the
equation along ép:

GM
=4/ — 9.15
o=/ (9.15)
The period is the time required to complete one revolution of length 27w R. Thus:
2R R3
- = om/ —— 9.16
v m GM ( )

We recover Kepler’s Third Law in this expression.

It is also possible to express the mass of the Sun as a function of the period:

472 R3

Hence, one can determine the mass of the star if the orbital radius and the period are
known.

4 Energy of the Gravitational Force

Gravitational Potential Energy

Previously, we saw that the local gravitational force (weight) can be derived from a poten-
tial energy. However, weight is only a particular case of the gravitational force, so we can
seek the potential energy associated with the general ﬁg. We wish to find an expression
for the work done between A and B by the gravitational force as the difference in potential
energy between A and B.

T fo

Figure 9.5:

Due to the symmetry of the gravitational force, we work in spherical coordinates, and thus
return to equation 9.11.
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We seek to express the work done from A to B by the gravitational force:

B
7 GMm -
Fo _ _ 2. - d 1
5 /A ( 2 >er r (9.18)

We can express dr as a function of the velocity in spherical coordinates:
dr = 3dt = (7€, + 10y + rsin 08,)dt (9.19)

By substituting this expression into Eq 9.18, only the term along €, remains:

_, B GM . B 1
ng = /A (— rzm)é} (1€ +rfey + rsinfe,)dt = GMm/A (—T—z)f‘dt (9.20)

By integrating:

E 1 1 GMm GMm
WAEZGMm(g—a):(— A ) — (= g

) (9.21)

We then recognize the desired functional form, the difference in potential energy between
A and B, and we deduce that:

7GMm

T

ES = (9.22)

Escape velocity

The escape velocity is the necessary speed for an object to escape Earth’s gravitational
potential. We can calculate its value using the expressions derived previously.

Consider an object initially at point A on the surface of the Earth (R4 = Ry), launched
with velocity ¥, and arriving at an infinite distance (Rp = o0) at point B.

=% T [T

Figure 9.6:

Since the only force acting on the object is the gravitational force, which is conservative,
we can apply the Conservation of Mechanical Energy, which implies:

Em,A = Em,B (923)
Epa+Eca=Enp+ EeB (9.24)
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We assume that the object just barely reaches infinity at point B, thus with zero velocity
and therefore zero kinetic energy: E. p = 0. We use equation (9.22) for the potential terms
and (6.11) for the remaining kinetic term:

1

Eoa= 5mug (9.25)
GMm

Epp=— 9.26

E,5=0 (9.27)

We can then substitute these results into equation (9.24) and isolate the escape velocity:

2GM
T

v =

~ 11km/s (9.28)

Note: To escape Earth’s gravitational field, the only condition is on the magnitude of the
velocity. Therefore, it is possible to launch the object in any direction at this speed, and
that will be sufficient for the object to escape.

Effective Potential Energy

Let us study the conservation of mechanical energy in the following case: an object of mass
m moves with velocity ¥ in a plane around a larger object of mass M, and it is subject to
the gravitational force. Using polar coordinates, we have:

Figure 9.7:

We can express this conservation in terms of the distance separating the two objects,
denoted r, which here is not necessarily constant. The conservation of mechanical energy
is written:

1 GM
E,=E.+E,= imUQ — Tm = cste (9.29)

We must then express v as a function of r and its derivatives. The vector ¥ is written:

U= pep + ppé, + 28, = pe, + ppéy, (9.30)

The term along €, is zero because the motion will stay in a plane, which we choose as the
(x-y) plane. We want to find v?, the square of the magnitude of
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V=77
= (ﬁgp + P@gw) : (ng + P@gw)
= (p)* + (p)*

To obtain a relation between ¢ and r, we use result (9.10) studied previously. Thus:

LY = imr2pé,| = m*rip? = cste (9.31)
o _ L}
= 9.32
= (9.32)
v? = 7%+ (r¢?) (9.33)

— .34
2 2mr? r (9-34)

In expression (9.34), the first term has the dimensions of kinetic energy, while the other
two have the dimensions of potential energy. These two terms together—the gravitational
potential energy and the second term from the kinetic energy—are called the Effective
Potential Energy.

L? GMm
_ (@)
Epen(r) = 55— — (9.35)
Let us analyze its graph:
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Figure 9.8: Effective potential energy as a function of distance r
It is possible to deduce from the graph the trajectory of the celestial body of mass m
around the star of mass M. It depends on the value of the mechanical energy, which being

constant, is represented by horizontal lines on the diagram:

e The case E,, < E,qq is impossible, because in that case we would have %mi‘Q < 0.
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o If £, ¢ < E), <0, there are two points of intersection in the graph. This corresponds
to an elliptical trajectory, where the abscissas of the two intersection points are the
lengths of the semi-major axes of the ellipse (if they are equal, the trajectory is
circular).

o If F,, = 0, there is one point of intersection, corresponding to a minimal distance
between the two bodies but no maximal distance. This is a parabolic trajectory.

o If £, > 0, the resulting trajectory is a hyperbola.
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Chapter 10

Rigid body mechanics

In the previous chapters we have only considered objects to be point masses. Now we
will consider solid (having a certain extent) and rigid (no internal degrees of freedom; un-
deformable) objects. A rigid solid may undergo translational motion but also rotational

A AN

gﬁ N/
Trajectoire parabolique 0
\ du centre de gravité 0%

A

motion!

Figure 10.1: The center of mass follows a parabolic trajectory, and the solid rotates around
the center of mass.

1 Center of Mass and Newton’s Laws

1.1 Formation of the Laws for solids

We previously defined the center of mass (COM) for a collection of point masses and the
associated Newton’s laws:

Z maroz ZamaFa
0C = e = (10.1)

> F = Mg (10.2)
Ptot = M'UG (103)

We can extend these to a rigid body by moving from a discrete description to a continuous
one:

?« fvol rdm fvol TP(T_‘)dV f f f Tz y; = $ 3 Ys Z)dv
0 == M (10.4)
And similarly for angular momentum and its theorem, which for a system of point masses

is written:
LSt = Z LY = Z oo A Mgy Tay (10.5)

§ : ext

Ltot

(10.6)

79



And can be extended to the solid by writing:

LY = / dLo = / 7 A dmi(7) (10.7)
vol vol
. dI_:solid
> Mgt = dot (10.8)

Important: The gravitational force will always act at the center of mass G.

It is possible to determine the center of mass of an object without performing the triple
integration as long as it possesses one or more axes of symmetry:

1. If the solid has one axis of symmetry, the center of mass lies on that axis.

2. If the object has several axes of symmetry, the center of mass will be at the inter-
section of those axes.

1.2 Specific solids

For two-dimensional objects (disks, plates), one can write M = pg * S with pg the surface
mass density (in kg/m?).

For one-dimensional objects (a bar), one can write M = p; * [ with p; the linear mass
density (in kg/m).

It is also possible, due to the geometry of certain objects, for the center of mass to lie
outside of the object itself, for example for a ring (or a hollow cylinder). Its center of
mass is located at the geometric center of the object (where there is no material), at the
intersection of its axes of symmetry.

1.3 Composite objects

If two solids are superimposed or otherwise combined, one finds the center of mass of the
"total" object using the centers of mass and masses of the two individual objects, treating
them as point masses. Thus:

O? _ ml(ﬁl + mQO?Q

m1 + mg

(10.9)

m,

&
S

Q

o

2
|2 S o i —ttt e el

i

Figure 10.2: Centre of Mass of a Superposition of two solids
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1.4 Solid with a Hole

To calculate the COM of a solid with a hole, we can proceed by taking two superimposed
objects:

- The plug of mass m; with COM denoted 0?1, which would fill the hole

- The perforated object of interest, of mass M and with COM denoted O?, which we
want to determine

By then using the formula for the COM of the total superposed object (the non-perforated
base object, called 2, with mass mo and COM denoted O?g), we have:

? MO?-I—TTHO?l MO?-I—TTLlO?l
O 2 = =

10.1
M +my meo ( 0 O)
We can then deduce the desired COM from this expression by isolating O?:
0C = ma0C — m 0G (10.11)
M
LWC‘A-OI/L Ao tmadse M,

conde. de Wasge &,

Figure 10.3: Center of Mass of an Object with a Hole

We note that finding the center of mass of an object with a hole amounts to superposing
the non-perforated object and a hole of “negative mass.”

2 Statics

In statics we analyze a stationary solid, and we seek the conditions under which it remains
stationary. Two conditions must then be satisfied (no translation and no rotation of the
object):

Ft = (10.12)
Mgt =0 (10.13)

With O a fixed point of the reference frame.

Example: Beam (non-homogeneous) on 2 supports
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Let a non-homogeneous beam (COM not centered) rest on 2 supports A and B. We know
the mass, the position of the COM, and we define the distances to the supports AG = a1
and GB = x3. The objective is to determine the forces at the supports F4 and Fp.

. /]

T Yoe, )rma B

Figure 10.4: Non-homogeneous beam on 2 supports

By applying the two conditions cited above, and taking point A for the sum of moments
(so as to use the known distances and have only one unknown), the system is:

ST FS = Fy + Fp +mg = (Fa+ Fp — mg)é. =0 (10.14)
- — .
ZMA:ﬁ/\mg’—{—ﬁ/\FB:(mgml—(x1+x2)FB)€y:0 (10.15)

By projecting the sum of forces on the axis z (vertical) and the sum of moments on the
axis y, one can isolate the supporting forces:

(10.16)

(10.17)

3 (Kinetic) Energy of Rotation

Let us first consider the following system: A rigid rod connects two equal masses each with
mass m (its center of mass is therefore at the midpoint of the rod), and it rotates around
an axis of rotation (Gz) at constant speed. The masses then each describe uniform circular
trajectories.
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Using spherical coordinates, we define:

W0 = we, (10.18)
OP, = ré, (10.19)
r=1/2 (10.20)
R =rsind (10.21)

We also deduce the expressions for velocity and thus for kinetic energy (which are equal)
for the respective masses, as well as for the entire system:

Velocity of a mass: ¥ = Rwél, (10.22)
1 1
Kinetic energy of a mass F,, = imv2 = imR2w2 (10.23)
1 1
Kinetic energy of the total system:E. ot = 2 * imv2 = 5(277@)]%%}2 (10.24)

We note that the total kinetic energy can be divided into two parts:

1. an expression that depends simply on the geometry of the object: %(2771)]%2

2. an expression that depends on the rotational speed: w?

Let us now generalize this to an arbitrary solid:
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An arbitrary point P in the solid behaves like the point mass in the previous case. It is
occupying an infinitesimal volume dV with mass dm. This element dm has a rotational
energy from which, using the previous case, we deduce the rotational energy of the solid:

Mass centered at P:dm = pxdV (10.25)

1 1
Energy: E. gm = 5dm(Rw)2 = ip(F’)szQdV (10.26)

Energy of the system: E. o = /

vol

1 1
SRRV = 2o / p(FR2V  (1027)

vol

We introduce the notion of Moment of Inertia of the solid with respect to the Oz axis
as:

I, = / p(F)R*dV (10.28)
vol
This allows us to rewrite the (kinetic) rotational energy as:
L9
E.rot = glzw (10.29)

We notice the structure of this expression, which is reminiscent of translational kinetic
energy: I plays the role of mass, while w plays the role of velocity.

4 Moment of Inertia of a Solid with Respect to an Axis

The moment of inertia depends on both the geometry of the solid and the specific axis of
rotation.
4.1 Simple rod with two masses

Consider a massless rod, of length I, with 2 masses m at each end. By calculating its
moment of inertia with respect to a rotation axis perpendicular to the rod, at the center
of mass, we obtain:
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In = m<7>2 + m<7>2 = ~mi? (10.30)

4.2 Thin hollow cylinder

The hollow cylinder has a radius R and a total mass M. Its moment of inertia with respect
to its axis of symmetry is:

In = MR? (10.31)

4.3 Rod: Linear Mass Density

Let us now study a thin rod of mass M distributed along its length L. Its linear mass density
is defined as p;, = M/L. For a moment of inertia around rotation axis A perpendicular to
the rod at its center of mass, we define an x-axis with the origin at the center of mass G,
and then compute:

1/2 1
In = / pr * 2dr = — ML? (10.32)
—1/2 12
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4.4 Common Homogeneous Solids

Sphere

In=~MR? (10.33)

Nwosse

ro.a.aM

Rectangular Parallelepiped

1
I = EM(aﬂ + %) (10.34)

H wage

i
LB

Remark: For a thin rectangular plate, the expression above can be reused because for this
axis, the moment of inertia does not depend on c.

Cylinder

Depending on the chosen axis:

1

In = §MR2 (10.35)
1 h?

In = Z-lM(R2 +3) (10.36)
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4.5 Steiner’s Theorem
Let two parallel axes (Oz) and (Gz) be separated by a distance a, with G bring the center

of mass of the object. If I, is the moment of inertia with respect to (Gz), then Ip,, the
moment of inertia with respect to (Oz), is:

Io. = Ig. + ma® (10.37)

5- @)

2 P 2

o disrame enhe | ( %) d’[l%)

Example: Homogeneous Rod Rotating Around One End
The moment of inertia of a homogeneous rod (uniformly distributed linear mass) around

an axis perpendicular to its center of mass is known. By applying Steiner’s theorem, we
can calculate the moment of rotation around one end.
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1 1\2
Io, = —mi? (7) 10.
0 12ml +m( 5 (10.38)
1 1 1
— 2 _ — = — 2
Io, =ml (12+4) 3ml (10.39)

4.6 Composite Solids and Solids with Holes

The moment of inertia is calculated by integration. Since the integral is additive, it is
possible to compute the moment of inertia of composite solids by adding the moments of
inertia of the solids that compose them:

15t =15) +15) (10.40)

Similarly, the moment of inertia of a solid with a hole is obtained by subtracting from the
non-perforated solid the moment of inertia of the plug corresponding to the hole:

I = 15 — pggehon (10.42)
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5 Application

A hollow cylinder of mass M and radius R rolls without slipping down an inclined plane.
It is released with no initial velocity at point A at height h, and we seek its velocity at

point B.
WA’C eroes

e B

It is subject to the weight due to gravity, the normal force, and the friction force at the
surface. However, only gravity does work because the velocity at the point of contact is
zero (rolling without slipping), and the normal force acts perpendicular to the trajectory:
W = Wp + Wgr + Wy = Wp. The mechanical energy of the center of mass G at a given
point is written:

1 1

En(G) = Ep+ Eeyot + FBey = Ep + 5[@002 + ing (10.43)

I = MR? (10.44)
(e

vg=Rwew= R (10.45)

Let us take as reference for the potential energy the base of the inclined plane, so that
E,(A) = Mgh and E,(B) = 0. By conservation of mechanical energy between A and B
(because the weight is a conservative force):

2

1 1 1 1
E(A) = En(B) & Mgh = Jlcwh + 5 Mof = S MR » % + M (10.46)

v =/ gh (10.47)
The expression resembles that obtained for an object that slides without rolling: vy =

v2gh. The velocity here is smaller because for the same initial potential energy, part of it
is used to make the object rotate and give it rotational energy.
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6 Angular Momentum of a Solid

Let us now study the angular momentum of a general solid and no longer of a simple
particle. The quantity was defined by equation (9.1), and the angular momentum theorem
by (9.3).

General Case: arbitrary solid in rotation

Let a solid be rotating around an axis passing through G. We choose the axis (Gz) so that
it is the axis of rotation. The goal will be to compute the angular momentum of this solid
associated with the rotation.

Consider an infinitesimal element of the solid centered at point P, with volume dV and
mass dm = pdV . Let us study the problem in spherical coordinates.

The infinitesimal angular momentum in the neighborhood of the chosen point P is written:

dLg = 7 A dj = 7 A dm * O(P) (10.48)
U(P) = Rwé, = rsinf we, (10.49)
— dLg = ré. Adm *rsinf wé,, = r2dm sin fw(—&p) (10.50)

For the entire solid, we then write:

Lo :/ r2dmsin @ w(—é) (10.51)
vol

For each point P of the solid, the resulting infinitesimal angular momentum will each have
a different direction. Therefore this computation is an integration of many vector elements
with different directions, and it is far too complex to intuitively obtain Lg in the general
case.

Simple Case: dumbbell in rotation

Let us simplify the problem by studying a dumbbell (massless rod with small mass attached
at each end).
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The total angular momentum will be the sum of the angular momentum of each mass. We
can write:

I_;g) =7 AmvU = ré. Am(rwsinfe,) = —mr2wsin 6, (10.52)
LY = —FAm(-0) = LY (10.53)
LY = Eg) + E(GQ) = —(2m)r*wsin 0&y = —Mr*wsin 0& (10.54)

The obtained angular momentum is perpendicular to the axis of the rod, passing through
the center of mass G. While rotating, the solid traces a cone, and the direction of the
angular-momentum vector also changes, describing a cone with a different angle
relative to the horizontal (angle 0).

If the angular momentum changes, its derivative is nonzero, and therefore it is necessary to
apply a torque to maintain the rotation (consistent with the angular momentum theorem
seen previously).

In general the angular momentum is not parallel to the axis of rotation of the
solid, unless some symmetry exists in the mass distribution. Maintaining such an axis of
rotation requires applying a torque.
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Examples of Symmetric Cases

Let us now double dumbbell. We have the first dumbbell with two masses (A), and have
added a second identical dumbbell (B), symmetric with respect to the axis of rotation.

The total angular momentum of the solid will be I_:tGOt = I_;é + [_:g, collinear with €, due to
the symmetry of the problem. Using the expression for solid (A) projected onto the z-axis
by a dot product and M = 4m the total mass, we then have:

L& = |L%e, = (2L4 - &.)e. = 4m(r? sin® O)we, = MR*wé, = Iod (10.55)

Here the angular momentum is parallel to the vector & because the problem is symmetric!
It is possible to generalize this expression to standard solids:

Nwasse

(‘au.aou\

~

In all three cases, the solid can be cut along two planes that allow us, by gathering the
four quadrants into four infinitesimal masses, to recover the previous situation (double
symmetric dumbbell).

There therefore exist symmetry axes such that for a rotation around such an axis, Lo =

Ic,@ : these are called principal axes of inertia. Every solid has at least 3 principal
axes of inertia.
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Example: Pulley and Rope

Let us consider a pulley modeled as a homogeneous solid disk fixed to the axis A passing
through G, of mass M and radius R. A massless rope winds around it. During a time tg, a
tension T is applied to the rope, and the system is initially at rest: we want to determine
the length of rope unwound after time t.

R*

Taking into account all the forces present (weight of the pulley, tension of the rope, reaction
at the axis) and paying attention to their respective points of application (at G or A
respectively). We then apply the angular momentum theorem at the center of mass G-

dLg
dt
Since the axis A is a principal axis of inertia, the angular momentum can be written as
La = Igywey = %M R?wé,. In this expression, only w depends on time, the other terms
are constant. Returning to the angular momentum theorem and projecting onto the y-axis,
we can then isolate and integrate twice:

> Mg' =RTé, = (10.56)

1

5MR%;; =RT (10.57)

L (10.58)

w = R = cSste .
2T 2T

w Rt Hw(t=0) i (10.59)
T ,

b= R (1060)

The length of rope unwound is then written:

L=0;%R=—13 (10.61)

7 Rolling Solid

Let us now study a cylinder rolling without slipping along an inclined plane with angle a.
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We have seen so far that it is possible to apply the angular momentum theorem to solve the
problem at a fixed point. The 3 points of interest here are O, the origin of the coordinate
system, A, the point of contact between the solid and the plane, and G, the center of mass
of the cylinder. O is fixed; A and G are not!

Furthermore, we must be able to compute the angular momentum at the chosen point of
application. This is possible for the center of mass G or for a point of the solid with zero
velocity:

e for G: I_;G = Iq,@ if Gz is a principal axis of inertia

o for A: Ly=1I4,Gif Aisa point of the solid with zero velocity and Az is a principal
axis of inertia

e for O: neither a point of the solid with zero velocity nor the center of mass. We
cannot write Lo = Ip,&

It is therefore a problem to apply the angular momentum theorem in this example: the
fixed-point constraint in the reference frame is too restrictive.

Let us study its application at an arbitrary non-fixed point A in the reference frame R.
Returning to the integral expression of angular momentum, and using the known relations
(p*°t = MUR(G); > Mo = >, OPapp A F™Y;, Lo = fvolO?/\ dm, R (P)) :

EA—/ ﬁ/\dmvn / 1@4-0? ) A dmig(P) (10.62)

VO

Li= A0 /\/ dmig (P +/ OP A dmig(P) = —OA NP + Lo (10.63)
vol
ALa _ —GR(A) AP — OAN ST F 4370 (10.64)
dt © '
L
%“ — —MR(4) A TR(G) + 3 (A0 + OPyyp) A F (10.65)

From this we deduce the general formula for an arbitrary point A:

dl 4

= > " My — Mig(A) A or(G) (10.66)

The second term will be zero in three cases:
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e if Aisfixedin R
e if A is the center of mass

o if Ur(A) is colinear with vz (G)

Returning now to the case of the cylinder and the inclined plane: the reference point A in
the frame R has a nonzero velocity and is colinear with that of G (different from
the zero velocity of the material point in contact with the plane), because at each instant
¢ the point A changes position. Therefore, we can eliminate the second term and apply
ddL—tA =) My directly. This is also possible, as discussed earlier, for the center of mass G,

but not for point O (due to the problem of computing I_;O)!

Furthermore, knowing the principal axis of inertia is important in order to compute the an-
gular momentum at the chosen point. Under what condition, then, are the axes (O, z,y, 2)
principal axes of inertia for a point O?

We assume that this is the case if (G, z,y, z) are principal axes of inertia, and if
O lies on one of them. In this case, for a rotation around (0z): & = we, and Lo = Ip,&.

In our example, the point A lies on the principal axis Oy, and therefore the axes (A, z, vy, 2)

are also principal axes.
e O

1

8 Inertia Tensor (outside the syllabus)

In the general case, when the rotation does not occur around a principal axis of inertia,
the angular momentum is written as the product between a tensor (matrix) and a vector:

Lo =13 (10.67)

With I the inertia tensor, which depends on the chosen origin and axes. Its expression
is:

[W*+2%)dm  — [xydm — [@zdm
Io=| —[aydm  [(2®>+2%)dm  — [yzdm (10.68)
— [@zdm — [yzdm  [(z%+y*)dm
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Example

For the example of the simple non-symmetric dumbbell, the calculation allows us to obtain

in (G,z,y,2):

%A O

D

0
=10
w
2m(r cos 6)* 0
I = 0 2mr?
—2mr?sinf cos b 0
—2mwr? sin 6 cos 0
Log=1,0= 0

2mwr? sin 6
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2m(r sin 0)?

(10.69)

(10.70)

(10.71)



Chapter 11

Applications of Rigid Body Mechan-
1CS
1 Falling Bar and Physical Pendulum

1.1 Problems and Generalities

A bar that falls from a vertical position is, physically, an example close to the physical
pendulum, which consists of a bar oscillating around an equilibrium position instead of a
mass suspended by a string.

éf[, ) Wﬁﬁffz@

A
7
\
oy
z.

G
Cp;ﬂ—e—- V {f/ M cp:ﬂ-—e'-

Depending on the problem, it will be more appropriate to choose the angle # (which varies
between 0 and 27) or the angle ¢ (varying between —7 and 7), between the vertical and
our object. This choice is made according to the particularities of the problem:

e Fall: The solid falls from the vertical until it reaches the ground (horizontal) and no
longer moves. The angle 6 is more appropriate here because it will vary only between
0 and 90 degrees.

e Pendulum: Here the solid oscillates over the two lower quadrants, and it is then
much more appropriate to choose the angle ¢ around which the solid moves, with
¢ = 0 the equilibrium position.

Note that the two angles are related by the relation ¢ = 7 — 6, and the angle ¢ is the one
associated with the cylindrical coordinates (O, p, ¢, z), taken with respect to the vertical
axis Ox pointing downward.

Regarless of the choice between ¢ or 6, the forces present are the weight mg and the normal

force N. At point O, the moment of N is zero. Moreover, the pivot at point O, with the
axis (Oz) as a principal axis of inertia, we can write:
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Lo =Io@ (11.1)

12 mi> mi®> 1 2

o=latmy =4y T 3" (11.2)
- dL
ZMO:d—tO:O?/\mg* (11.3)
Let us study the motion using the two different angles.
Using 6:
& = —0¢, (11.4)
l l
OC A mg = % sin(m — 0)(—¢,) = —% sin fe, (11.5)
dLo 1 . l
dTO = gml’(=0)e. = —% sin 0€, (11.6)
. 3
e—i%sme:o (11.7)
Using ¢:
s= L =gt (11.8)
W=——(r—y)e. =ge :
l l
OC A mg = % sin(p)(—€,) = —% sin pé, (11.9)
d[_:o_l 9w Img .
ke gml pez = —— sinpe; (11.10)
3
¢+§%singo:0 (11.11)

The obtained equations inform us about the most appropriate choice for each case:

e Pendulum: If one wants to obtain a harmonic oscillator equation, it is necessary to
use the small-angle approximation. With ¢, the approximation is made near 0, and
we can directly approximate sin ¢ by . However, for 6, the approximation must be
made near 7, and therefore requires the Taylor expansion of the sine function around
this nonzero equilibrium point. Thus, it <s more appropriate to choose .

e Falling bar: Here, regardless of the chosen description, we cannot apply the small-
angle approximation and reduce the motion to a harmonic oscillator: the solution is
found through a numerical resolution (seen in Analysis IV). We choose 0 because it
parameterizes the problem with an angle that is an increasing function of time.

1.2 Falling Bar
We release the bar at the initial angular position 6(0) = 6y and with zero velocity 8(0) = 0.

A point P on the bar, at a distance d from O, describes a non-uniform circular motion.
Our goal is to determine the acceleration of point P.
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Let us return to the equation of motion in terms of § and the relations between the angles:

b — g%sinﬁ =0 (11.13)

Using the known expression of acceleration in polar coordinates, the angular relations,

substituting p = d at point P and replacing 0 using the previous differential equation, we
obtain:

@, = —pp°E, + ppé, (11.14)
@, = —db*e, — dbe, (11.15)
Q) (t) = —d6>(t)e, — d(%? sin 6(1)é, (11.16)

The two quantities 8 and sin @ have been obtained numerically, as a function of time, using
the Runge-Kutta algorithm (Analysis IV). Thus, using a table of given values, we can
determine the acceleration of point P.

Experimentally:
e we choose an initial position 6
e we measure at regular intervals At the position 6 and the velocity 0 of point P
e for each position, we calculate @, using the equation of motion determined above and
the measured position and velocity
We will now examine the projection of the acceleration on the vertical axis (Ozx), at the

point P = A at the end of the bar: this amounts to calculating the dot product @,(t) - €.
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Using the relations derived in the chapter on polar coordinates, trigonometric formulas,
and the expression of the acceleration calculated above, for a point on the bar at an
arbitrary distance d we obtain:

€p - € = (cos €y + sinpé,) - €, = cos = cos(m — @) = —cos b (11.17)

€y - €x = (—sin e, + cos pey) - €, = —sinp = —sin(mr — ) = —sinf (11.18)
. 3

i, :d92cose+d2—? sin? 0 (11.19)

Let us consider two particular points:
. 3
A, the end of the bar @, - &,(d =) = 1§* cos 6 + 29 sin” 0 (11.20)

l.
G, the center of mass of the bar d, - é€,(d =1/2) = 502 cos 0 + zg sin?  (11.21)

It is then possible to plot graphically the acceleration of the bar as a function of the angle
0 for the two particular points:
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We notice graphically that the acceleration at the end exceeds the gravitational
acceleration g from approximately 50 degrees. This may seem surprising, but it is
due to the fact that the bar is rigid and fixed at a pivot. Each part of the bar contributes
to driving the next part, exerting internal forces, which allow a(A4) > g.
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2 Gyroscopic Motion

Let a solid disk rotate around an axis (C'z) passing through its center C.

In this case, EC = Ic.@ and Y Mo = dﬁ—f. The angular momentum can be changed if a
torque is applied.

If we want to rotate the object around a vertical axis, we see that L¢ moves while remaining
in a horizontal plane. Therefore, its derivative is also in this plane. The moment of the
force is thus also in this horizontal plane, and therefore the force itself is along a vertical
axis, since it is perpendicular to the moment! The larger I_;C is (i.e., the heavier or faster
the disk rotates), the greater the torque needed for a given deviation angle «.

Now consider a gyroscope, composed of a spinning disk connected to a counterweight and
held by a support:

i

This system is subjected to the normal force of the support (applied at point O) and the
weight (applied at the center of mass G). The disk rotates with angular velocity & = wé),.
We use the angular momentum theorem here at point O because it is a fixed point, in
order to eliminate the reaction force from the equations:
. . . dLo
E:MO:O?/\NJr(ﬁAMg:W (11.22)

The total angular momentum consists of that due to the rotation of the disk, as well as that
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due to the rotation of the entire system on the horizontal plane. However, the contribution
of the latter is negligible compared to that of the disk, so we consider Lo = I_;‘(i)iSk = giSch.
Thus, assuming the disk does not slow down its rotation (w = este) and denoting dg = OG,
developing each side of the equation and isolating the angular velocity of precession

(angular velocity of the gyroscope around its support) = ¢, we have:

(—OG&,) A (—Mgé,) = Mgda(—2,) (11.23)

d . d, . o

§(Iowep) = IOW@(CP) = IO(,UQOCSO (1124)
. Mgdg

Q=0 = 11.25
= e (11.25)

We notice that this decreases when w increases, because if the disk spins faster, its angular
momentum increases and it will be more difficult to change it by the same angle .

It should be noted, however, that here we neglect the angular momentum due to the
rotation of the gyroscope itself, which would lead to a motion not strictly circular in the
horizontal plane, but would add vertical oscillations called "nutation".
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