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Final chapter
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Rigid solids



Main concepts
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Center of mass (a position!)

⃗OG =
1
M ∭ ⃗r dm =

1
M ∭ ⃗rρ( ⃗r)dV

axis of 
rotation Δ

G

O

⃗OG
⃗r

Can usually calculate 
this using symmetry
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Main concepts
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Center of mass (a position!)

⃗OG =
1
M ∭ ⃗r dm =

1
M ∭ ⃗rρ( ⃗r)dV

axis of 
rotation Δ

G

O

⃗OG
⃗r

Can usually calculate 
this using symmetry

Refining Newton’s 2nd Law:

∑ ⃗F ext = m ⃗aG
Acceleration of the 

center of mass

Moment of inertia  with respect to axis of rotation IΔ Δ

Kinetic energy of rotation

Ec,rot =
1
2

IΔω2

IΔ = ∭ (RΔ( ⃗r))2ρ( ⃗r)dV Given for certain solids

Calculate offsets with Steiner’s 
theorem IΔ′￼

= IΔ + Ma2



Motion along an Inclined plane

7

Point mass m slides without friction, starting from a 
height h with zero velocity and moving to a height 0

m ⃗g

⃗N
Only work is due to gravity:

h

ΔEc = EpG(h) − EpG(0)
1
2

mv2 = mgh

⟹ v = 2gh

Final velocity depends 
only on g and h



Motion along an Inclined plane

8

Solid object with radius R and mass m rolls without slipping, 
starting from a height h with zero velocity and moving to a height 0

m ⃗g

⃗N
Only work is due to gravity:

h

ΔEc = EpG(h) − EpG(0)
1
2

mv2 +
1
2

IΔω2 = mgh

Much more 
complicated!

Rolling without slipping: ω = v/R

v2 =
2gh

1 + IΔ

mR2



Motion along an Inclined plane
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IΔ =
2
3

mR2IΔ =
2
5

mR2IΔ =
1
2

mR2 IΔ = mR2

m ⃗g

⃗N

h



Motion along an Inclined plane
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v2 =
2gh

1 + IΔ

mR2

IΔ =
2
3

mR2IΔ =
2
5

mR2IΔ =
1
2

mR2 IΔ = mR2

m ⃗g

⃗N

h

v2 = ghv2 =
4
3

gh ≈ 1.3gh v2 =
10
7

gh ≈ 1.4gh

Point mass Generic solid

v2 = 2gh v2 =
6
5

gh ≈ 1.2gh

Radius and mass do not matter, only geometry, g, h



Revisiting the marble in the loop
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Centripetal acceleration which creates 
circular motion comes from the normal force 
and gravity, so: mV2

R
= N + mg

Ball moves on the inside of the loop:
N > 0
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Centripetal acceleration which creates 
circular motion comes from the normal force 
and gravity, so: mV2

R
= N + mg

Ball moves on the inside of the loop:

N > 0 ⟹ N =
mV2
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Revisiting the marble in the loop
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Centripetal acceleration which creates 
circular motion comes from the normal force 
and gravity, so: mV2

R
= N + mg

Ball moves on the inside of the loop:

N > 0 ⟹ N =
mV2

R
− mg > 0 ⟹ v2 > gR

Only force doing work is gravity:
ΔEc = EpG(h) − EpG(z = 2R)
1
2

mv2 = mg(h − 2R) ⟹ v2 = 2g(h − 2R)

2g(h − 2R) > gR ⟹ h > 2.5R



Revisiting the marble in the loop
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Centripetal acceleration which creates 
circular motion comes from the normal force 
and gravity, so: mV2

R
= N + mg

Ball moves on the inside of the loop:

N > 0 ⟹ N =
mV2

R
− mg > 0 ⟹ v2 > gR

Only force doing work is gravity:
ΔEc = EpG(h) − EpG(z = 2R)
1
2

mv2 = mg(h − 2R) ⟹ v2 = 2g(h − 2R)

2g(h − 2R) > gR ⟹ h > 2.5R

This ignores rotation!!



Main concepts, 
continued
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∑ ⃗MA =
d ⃗LA

dt

Theory of angular momentum for a point A on the object 
which is: fixed, the  CoM, or moving collinear to the CoM 

Angular momentum if the object is 
rotating along a principal axis of inertia

⃗LA = IΔ′￼
⃗ω

axis of 
rotation Δ

G

O

⃗OG

axis of 
rotation Δ′￼

A a⃗LG = IΔ ⃗ω



Unrolling spool
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m ⃗g

m ⃗g



Torsion pendulum
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Motion along an Inclined plane
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Point mass m slides without friction:

m ⃗g

⃗N

α

x

y

⃗N = N ⃗ey, N ≥ 0 s . t . ·y = 0

m··x = mg sin α ⟹ ··x = g sin α

Newton’s 2nd Law on along x-axis:

m ⃗g = mg sin α ⃗ex − mg cos α ⃗ey



Motion along an Inclined plane
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Point mass m with static friction:

m ⃗g

⃗N

α

x

y

⃗N = N ⃗ey, N ≥ 0 s . t . ·y = 0

m··x = mg sin α − Ff ⟹ ··x = 0, Ff = mg sin α

Newton’s 2nd Law on along x-axis:

m ⃗g = mg sin α ⃗ex − mg cos α ⃗ey

⃗F f

⃗F f = − Ff ⃗ex, Ff ≥ 0 s . t . v = 0



Motion along an Inclined plane
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Solid rolling object?

α

x

y



Exercise: simple pendulum
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A simple pendulum consists of a bar of mass m and length l attached to a pivot, with a 
disk of radius R and mass M attached to the end of the bar. The pivot point is a distance 
d from the edge of the bar. At t = 0, it is displaced by an angle  from its equilibrium 
position and released from rest. 
Establish the differential equation of motion and solve it in the case of small oscillations.

ϕ0

M



Exercise: simple pendulum
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Step 1: find the CoM 
Step 2: calculate the moment of inertia 
Step 3: find an expression for the torque acting on the system 
Step 4: use the theory of angular momentum 
Sanity check: see that we recover the normal equation of motion 
for a pendulum if d=0, m=0, R=0

M

A simple pendulum consists of a bar of mass m and length l attached to a pivot, with a 
disk of radius R and mass M attached to the end of the bar. The pivot point is a distance 
d from the edge of the bar. At t = 0, it is displaced by an angle  from its equilibrium 
position and released from rest. 
Establish the differential equation of motion and solve it in the case of small oscillations.

ϕ0


