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Applications of rigid 
body mechanics
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∑ ⃗MA =
d ⃗LA

dt

Theory of angular momentum for a 
point A on the object which is: fixed, the  
CoM, or moving collinear to the CoM 

axis of 
rotation Δ

G

 is a principal axis of 
inertia so 
Δ ⃗L G = IGΔ ⃗ω

⃗ω



The Anagyre/Rattleback/CELT
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Applications of rigid 
body mechanics
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S

What’s the total angular momentum of the Earth with mass M 
with respect to the Sun?

ωs

⃗r

ωo



Applications of rigid 
body mechanics
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⃗L total = ⃗L s + ⃗L o

S

What’s the total angular momentum of the Earth with mass M 
with respect to the Sun?

ωs

⃗r

ωo

Sum angular momentum around the center of 
mass  with the orbital angular momentum ⃗L s

⃗L o



Applications of rigid 
body mechanics
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⃗L total = ⃗L s + ⃗L o = I0 ⃗ω s + ⃗r ∧ M ⃗v

S

What’s the total angular momentum of the Earth with mass M 
with respect to the Sun?

ωs

⃗r

ωo



Applications of rigid 
body mechanics
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⃗L total = ⃗L s + ⃗L o = I0 ⃗ω s + ⃗r ∧ M ⃗v

S

What’s the total angular momentum of the Earth with mass M 
with respect to the Sun?

ωs

⃗r

ωo

⃗v = ⃗ωo ∧ ⃗rCircular motion implies: (Eq. 1.30 in Course Notes)
Use ⃗r = r ⃗eρ, ⃗ωo = ωo ⃗ez



Applications of rigid 
body mechanics
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⃗L total = ⃗L s + ⃗L o = I0 ⃗ω s + ⃗r ∧ M ⃗v

S

What’s the total angular momentum of the Earth with mass M 
with respect to the Sun?

ωs

⃗r

ωo

⃗v = ⃗ωo ∧ ⃗rCircular motion implies: (Eq. 1.30 in Course Notes)
Use ⃗r = r ⃗eρ, ⃗ωo = ωo ⃗ez

⃗r ∧ M ⃗v = (r ⃗eρ) ∧ M(ωo ⃗ez ∧ r ⃗eρ) = Mr2 ⃗ωoez = Mr2 ⃗ωo



Applications of rigid 
body mechanics
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⃗L total = ⃗L s + ⃗L o = I0 ⃗ω s + ⃗r ∧ M ⃗v

S

What’s the total angular momentum of the Earth with mass M 
with respect to the Sun?

ωs

⃗r

ωo

⃗v = ⃗ωo ∧ ⃗rCircular motion implies: (Eq. 1.30 in Course Notes)
Use ⃗r = r ⃗eρ, ⃗ωo = ωo ⃗ez

⃗r ∧ M ⃗v = (r ⃗eρ) ∧ M(ωo ⃗ez ∧ r ⃗eρ) = Mr2 ⃗ωoez = Mr2 ⃗ωo

If , then ωo = ωs
⃗L total = I0 ⃗ω s + Mr2 ⃗ω s = (I0 + Mr2) ⃗ω s



Exercise: Wheel
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A thin hoop of mass M and radius R rolls without slipping about the z 
axis. It is supported by an axle of length R through its center, as shown. 
The hoop circles around the z axis with angular speed . 

A) What is the total angular velocity  of the hoop? 
B) What is the angular momentum L of the hoop? Is L parallel to ? 

(Note: the moment of inertia of a hoop for an axis along its 

diameter is ) 

Ω

ω
ω

1
2

MR2



GYroscopes
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⃗v

⃗ω ⃗L G = IΔG ⃗ω

⃗v

⃗ω

⃗L G(t)

⃗v⃗v

⃗L G(t + dt)
⃗dLG = ⃗MGdt



GYroscopes
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⃗v

⃗ω ⃗L G = IΔG ⃗ω

⃗ω

⃗L G(t)

⃗v

⃗L G(t + dt)
⃗dLG = ⃗MGdt

⃗MG = ⃗GA ∧ ⃗F

⃗GA

⃗F

Useful:
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Bicycle as a 
Gyroscope
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Bicycle as a 
Gyroscope



Exercise: Gyroscope on a wire
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A gyroscope wheel is at one end of an axle of length l. The other end 
of the axle is suspended from a string of length L. The wheel is set into 
motion so that it executes uniform precession in the horizontal plane. 
The wheel has mass M and moment of inertia about its center of mass 
IG, Its spin angular velocity is . Neglect the mass of the shaft and of 
the string.  
Find the angle  that the string makes with the vertical. Assume that  
is so small that approximations like  are justified, and that the 
precession angular velocity is much smaller than  

ωs

β β
sin β ≈ β

ωs



Angular 
momentum 
of the earth
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Angular momentum 
of the earth
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Angular 
momentum 
of the earth

Winter

Summer



G

⃗GA

x

y
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Angular momentum of 
the earth

Winter

⃗F A = − FA ⃗ex

⃗F B = − FB ⃗ex

FA > FB

⃗GA = − ⃗GB = R(−cos θ ⃗ex + sin θ ⃗ey)

Forces

Lever arm

θ



G

⃗GA

x

y
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Angular momentum of 
the earth

Winter

⃗F A = − FA ⃗ex

⃗F B = − FB ⃗ex

FA > FB

⃗GA = − ⃗GB = R(−cos θ ⃗ex + sin θ ⃗ey)

Forces

Lever arm

Torque
⃗MG = ⃗GA ∧ ⃗F A + ⃗GB ∧ ⃗F B

= ⃗GA ∧ ⃗F A − ⃗GA ∧ ⃗F B

= ⃗GA ∧ ( ⃗F A − ⃗F B)

θ



G

⃗GA

x

y
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Angular momentum of 
the earth

Winter

⃗F A = − FA ⃗ex

⃗F B = − FB ⃗ex

FA > FB

⃗GA = − ⃗GB = R(−cos θ ⃗ex + sin θ ⃗ey)

Forces

Lever arm

Torque
⃗MG = ⃗GA ∧ ⃗F A + ⃗GB ∧ ⃗F B

= ⃗GA ∧ ⃗F A − ⃗GA ∧ ⃗F B

= ⃗GA ∧ ( ⃗F A − ⃗F B) = ⃗GA ∧ ⃗ex(−FA + FB)

θ

= R (FB − FA) sin θ ⃗ey ∧ ⃗ex⃗MG = R (FA − FB) sin θ ⃗ez Points in positive z direction
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Angular momentum of 
the earth

Summer

⃗F A = FA ⃗ex

⃗F B = FB ⃗ex

FB > FA

⃗GB = − ⃗GA = R(cos θ ⃗ex − sin θ ⃗ey)

Forces

Lever arm

θ
G

⃗GB

x

y
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Angular momentum of 
the earth

Summer

⃗F A = FA ⃗ex

⃗F B = FB ⃗ex

FB > FA

⃗GB = − ⃗GA = R(cos θ ⃗ex − sin θ ⃗ey)

Forces

Lever arm

Torque
⃗MG = ⃗GB ∧ ⃗F B − ⃗GB ∧ ⃗F A

= ⃗GB ∧ ( ⃗F B − ⃗F A) = ⃗GB ∧ ⃗ex(FB − FA)

θ
G

⃗GB

x

y
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Angular momentum of 
the earth

Summer

⃗F A = FA ⃗ex

⃗F B = FB ⃗ex

FB > FA

⃗GB = − ⃗GA = R(cos θ ⃗ex − sin θ ⃗ey)

Forces

Lever arm

Torque
⃗MG = ⃗GB ∧ ⃗F B − ⃗GB ∧ ⃗F A

= ⃗GB ∧ ( ⃗F B − ⃗F A) = ⃗GB ∧ ⃗ex(FB − FA)

θ

= R (FB − FA)(−sin θ) ⃗ey ∧ ⃗ex
⃗MG = R (FB − FA) sin θ ⃗ez Points in positive z direction

G

⃗GB

x

y
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Angular 
momentum 
of the earth

Earth has a precession 
period of ~26,00 years



Spinning 
physical 
Pendulum
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Exercises for week 15
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A uniform rope with linear mass 
density  is coiled on a smooth 
horizontal table. One end is pulled 
straight up with constant speed Vo. 
A) Find the force exerted on the end of 

the rope as a function of height y. 
B) Compare the power delivered to 

the rope with the rate of change of 
the rope's total mechanical energy

λ



Exercises for week 15
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A pendulum is rigidly fixed to an axle held by two 
supports so that it can swing only in a plane 
perpendicular to the axle. The pendulum consists of a 
mass M attached to a massless rod of length l. The 
supports are mounted on a platform which rotates with 
constant angular velocity . Find the pendulum's 
angular frequency assuming that the amplitude is small.  

Ω



Exercises for week 15
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A rod of length I and mass m, pivoted at one 
end, is held by a spring at its midpoint and a 
spring at its far end, both pulling in opposite 
directions. The springs have spring constant k, 
and at equilibrium their pull is perpendicular to 
the rod. Find the frequency of small oscilla· 
tions about the equilibrium position.  


