AN
INTRODUCTION

Consider a rigid body consisting of two particles of
mass m at either end of a rigid massless rod of length TO

21. Suppose that the rod is rotating in free space with M ECHAN |CS

KLEPPNER /KOLENKOW

its angular momentum L, = 2ml*wé.. The speed of

each massisv, = wl

Suppose that a torque is applied only during a short time Ar while the rod is
instantaneously oriented along the x-axis. We assume that the torque is due to two
equal and opposite forces F, as shown. The total force is zero, and the center of mass
remains at rest. The momentum of each mass changes by:

Ap = m Av = FAL.

The velocity of each mass will change direction, as shown, and the rotation

vector will tilt by:
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The torque acting on the system is M, = 2F12y, and the angular momentum is L = 2ml*W.

Therefore A¢p = M At/L,, and the rate of precession is Q = A¢p/At =M /L,



Using spherical coordinates

PRECESSION IN DETAIL

A

starting at 0 = 7/2. ¢ = 0 Consider a bicycle wheel with mass M attached to a fixed pivot A
via an axel with length [. I
This wheel has the following moments

AG = I¢,

Mg = — Mge, = — Mg(cos Oe, — sin Oe,)

O

“inertial with respect to the depicted

axes passing through the CoM G:

The system has 3 possible modes of rotation:

> I”

» Rotating around its own axis e, with some angular velocity o,

—

® LI’ — I”C()Ser

e rotating around the pivot (rotating around ZZ/EQ it @ = 7/2) with angular velocity qb

e Ly= (I, + MI?)e.

» or falling down /pointing down (rotating around 2¢) with angular velocity 6

Gravity applies a torque at the center of mass:
M, =AG A Mg = (I¢,) A (—Mg(cos 02, — sin 0¢,))

= — Mgl(—sinO)e, A ¢,

Produces a torque
pointing into the
screen



PRECESSION IN DETAIL

Using spherical coordinates .
starting at @ = 7/2, ¢ = 0 Total angular momentum is:

—

Ly=L,+Ly+L,

=L, + (I, + MI*)pe, + (I, + MI*)0e,

Time derivative is:

— —

Ly=L,+Ly+L,
Lr — I”a)SE,,+I”a)S2,,

Mg = — Mgé, = — Mg(cos 0¢, — sin 0¢,) L ¢ — (IJ_ + Mlz)(éggb T éggb)

Ly =L@, + o, + I +MP)(Je, + Gé, + 0¢,)



PRECESSION IN DETAIL

Using spherical coordinates

starting at @ = 7/2, ¢ = 0 Consider the case when we start with no spin @, = 0.
Att=0, L , = 0
LA — (]J_ + Mlz)(¢.EZ + é2¢ + 92¢) Because we start
with no initial
rotation

On z: (IJ_+M12)§.b.=O — $=O,¢(t)zo
On phi: (I, + MI*)(0é, + 0¢,) = Mgl sin 0,

[ ]
—

AG = I, €, = —psinf e, —pcoshéy =0becausep =0
Mg = — Mge, = — Mg(cos B¢, — sin fe)

(I, + Mlz)(H) = Mglsind We've recovered

similar equation to
falling bar problem

Theta changes, the wheel tfalls. Torque and

angular momentum always point along E¢
which is fixed during the motion



PRECESSION IN DETAIL

Using spherical coordinates
starting at @ = 7/2, ¢ = 0 Consider the case when we start with a very large spin o,. At

t=O,_l:A = Il w:é,. Assume that w; stays constant: @, =0, and

the L, term dominates suchthat L ,= L,

The situation we considered
in the lecture video

_) _;

Ly=lwe, & =0+ psindé,
TjA — I”a)s[egg + ¢ Sin 95¢]

AG = [ . heta is constant, so stays
] Ontheta: w0 =0 at @ = 7/2

Mg = — Mge, = — Mg(cos Oe, — sin Oe,)

On phi: Lo sin® = Mglsin @

Mgl Constant precession
Iy, velocity

= ¢ =



Using spherical coordinates
startingat@ = z/2, ¢ =0

AG = I¢,

Mg = — Mge, = — Mg(cos Oe, — sin Oe,)

Onr: (I, + MI*)(¢pcos @ -

On theta: I”a)sé - (I

PRECESSION IN DETAIL

Consider the case when we start with a very large spin o,. At

t=0, L, = Lywe,. Assume that @, stays constant: @, = 0

An intermediate situation. Let's compare the
evolution of the theta coordinate

& =08 + psinfé,

—

€, = —psinf e, — pcosb ey

e, = cos fe, — sinOe,

+(I, + MIP)(@[cos 0, — sin 0] + ¢ , + O[sin O, — cos 0&,])

MI?)(¢ sin @

-Opsind) =0 = ¢cosd

O cos 0) = 0 @

O sin =0(")

Onphi:  Lodsind+ I, + MI») = Mglsing = ([, +MI*)0 = sindMgl — [jw,p) (3)



PRECESSION IN DETAIL

Using spherical coordinates
starting at 0 = 7/2, ¢ = 0 Consider the case when we start with a very large spin o,. At

t=0, fA = I w€,. Assume that w, stays constant: @, = 0
(1) ¢cosO+ Opsing =0
¢ = — O¢ sin O/cos 0
(2) L9 = +MP)sin6 + 0 cos ) = 0
= Liw,0 — (I, + MI*)((—0¢ sin§/cos )sin 0 + 6¢p cos ) = 0
= Lo, — (I, + MI*)((—¢ sin*0/cos 6) + ¢ cos*/cos 0) = 0

= L, — (I, + M) ? (—sin*0+cos*0) =0  cos?@ — sin? O = cos 20

cos @
o ¢ cos 20
= Lo, — (I, + MI”) =0
Mg = — Mge, = — Mg(cos fe, — sin 6¢,) cos &
Illa)s COS(Q)

— . —
¢ I, + MI? cos(26)



Using spherical coordinates
startingat@ = z/2, ¢ =0

€4

AG = I¢,

Mg = — Mge, = — Mg(cos Oe, — sin Oe,)

Motion with no spin @, = 0

PRECESSION IN DETAIL

Consider the case when we start with a very large spin o,. At
t=0, L, = Lywe,. Assume that @, stays constant: @, = 0

Lwg  cos(0)
I, + MI? cos(26)

(2) U+ MI*)0 = sin O(Mgl — I,w,p)

y liwg — cos(6)
(1, + M) = sin 6| Mgl - o )

— ¢ =

I, + MI? cos(20)

Lo, sin(20) )

I + M0 =M lsiné’—]a)(
L ) S I\, + M2 2 cos(20)

sinCo)

Mgl (liwy)”  sin(26)

;J | With spin, the acceleration
O = sin @ — | along theta is changed by
’ 2 2)2 } thi dt
I, + M (I, + MI2)2 2 cos(26) | s second term
.. Mgl
0 = sin @

I, + MI?




PRECESSION IN DETAIL

Using spherical coordinates
starting at @ = 7/2, ¢ = 0 Consider the case when we start with a very large spin o,. At

t=0, L, = Lywe,. Assume that @, stays constant: @, = 0

E— = = = - w—

si(2)

(I|| a)s)z

. Mgl . |
O = > Ss1n 6@ — ~ Solve for theta numerically
LM (I + MI2)2 2 cos(20) |
350 { — ws=100s"1
Ga.=10s "
3.25 {|=—— w;=0s71
. Has no spin and drops
T -
AG =le, S
_ R . S i
Mg =~ Mge, = — MglcosOe, = sin 0,) % . Intermediate regime where
- theta oscillates
2.00 -
1.75 - Has very high spin and
theta is a constant
1.50 -
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