
Phys-101   Week 10
Physique générale : mécanique (classe inversée en anglais) 
Prof. Emma Tolley,  10 November 2025

Consider a mass m suspended from a spring of rest 
length l0 and spring constant k, attached vertically. The 
origin of the coordinate system O is placed at the 
position of the end of the spring when the spring at 
rest. When the mass is attached to the spring, the 
equilibrium position is denoted d0. The mass is pulled 
downwards by a distance x0, in addition to d0, and 
released from rest. 

Calculate the position of the mass as a function of time 



Examen blanc / practice exam
Available next week! No room booked, but we will put a 
practice final exam on the course website 
 
You can use the formula sheet linked on the Moodle, and 
one 1-sided hand-written sheet. No calculators, 
computers, phones, etc
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Recitation content
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• Requirements for a simple harmonic oscillator: 
• Restoring force proportional to displacement 
• Quadratic potential 
• Damped oscillator adds a force proportional to negative 

velocity 
• In this course: spring & pendulum, but many other examples of 

oscillators in nature & engineering

Harmonic Oscillator
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Fk = − kx

Ff = − β ·x



ϕ = ϕ0ϕ = − ϕ0

ϕ = 0

Quiz: Pendulum
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ϕ = ϕ0ϕ = − ϕ0

ϕ = 0

Quiz: Pendulum
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✓

✓
✓



Differential equations
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Differential 
equation

General solution

df
dt

+ Λf = 0 f(t) = Aeλt

Fluid friction alone

Ff = − β ·x
Newton’s 2nd Law

m··x = − β ·x

f = ·x, Λ = β/m



Differential equations
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Differential equation General solution

df
dt

+ Λf = 0 Λ > 0 f(t) = Aeλt

df
dt

= λAeλt



Differential equations
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Differential equation General solution

df
dt

+ Λf = 0 Λ > 0 f(t) = Aeλt

df
dt

= λAeλt

(λAeλt) + Λ(Aeλt) = 0
λ + Λ = 0



Differential equations
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Differential equation General solution

df
dt

+ Λf = 0 Λ > 0 f(t) = Aeλt

df
dt

= λAeλt

(λAeλt) + Λ(Aeλt) = 0
λ + Λ = 0 λ = − Λ f(t) = Ae−Λt

Real number



Differential equations
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Differential equation Solution

d2f
dt2

+ Ω2
0 f = 0 f(t) = Aeλt?

df
dt

= λAeλt

d2f
dt2

= λ2Aeλt

(λ2Aeλt) + Ω2
0(Aeλt) = 0

λ2 + Ω2
0 = 0 λ2 = − Ω2

0 λ = ± iΩ0

Two imaginary 
numbers



Differential equations
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Differential equation Solution

d2f
dt2

+ Ω2
0 f = 0 f(t) = AeiΩ0t + Be−iΩ0t

If f(t) is real, we take only the 
real part of this equation

ℜ[ f(t)] = A′￼cos(Ω0t) + B′￼sin(Ω0t) = C cos(Ω0t + ϕ)

See slides 21/22 of the CH8 
course video for this derivation



Differential equations
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Differential equation General solution

Ω2
0 > 0, Y > 0

d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0

(λ2Aeλt) + 2Y(λAeλt) + Ω2
0(Aeλt) = 0

λ2 + 2Yλ + Ω2
0 = 0

λ = − Y ± Y2 − Ω2
0

Could be 2 real numbers, 2 complex 
numbers, or 1 real number

f(t) = Aeλt?

Characteristic 
equation



Differential equations
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Differential equation General solution
d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0

2 roots f(t) = Aeλ1t + Beλ2t

λ2 = − Y − Y2 − Ω2
0λ1 = − Y + Y2 − Ω2

0

λ1 = λ2, Y = Ω2
0

f(t) = (A + Bt)eλ2t1 root

Need to take  
the real part of 

f if roots are 
complex

Ω2
0 > 0, Y > 0



Differential equations
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f(t) = Aeλt



Complex plane
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i2 = − 1

z1 = Aeiθ z2 = Beiϕ

z3 = z1z2 = AeiθBeiϕ = ABei(θ+ϕ)

ϕ
θ B

A

Multiplication

z3 = ABei(θ+ϕ)

Scale by B

Rotate by ϕ



Complex plane
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i2 = − 1

z1 = Aeiθ z2 = Beiϕ

z3 = z1z2 = AeiθBeiϕ = ABei(θ+ϕ)

ϕ
θ B

A

Multiplication

z3 = ABei(θ+ϕ)

Scale by B

Rotate by ϕ

f(t + dt) = Aeλ(t+dt) = Aeλteλ dt = f(t)eλ dt



Complex plane
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i2 = − 1

z1 = Aeiθ z2 = Beiϕ

z3 = z1z2 = AeiθBeiϕ = ABei(θ+ϕ)

ϕ
θ B

A

Multiplication

z3 = ABei(θ+ϕ)

Scale by B

Rotate by ϕ

f(t + dt) = Aeλ(t+dt) = Aeλteλ dt = f(t)eλ dt

λ = a + ib f(t + dt) = f(t)eb dteia dt

Imaginary part rotates

Real part scales



Differential equations
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d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0

Exponential envelope is determined by 
the real part of the root

λ = − Y ± Y2 − Ω2
0

Real part of the root comes from damping term



Differential equations
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Oscillation period is determined by the 
imaginary part of the root

Imaginary part of 
the root 

determined by 
natural frequency 

& damping

d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0

λ = − Y ± Y2 − Ω2
0



General strategy
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Step 1: analyze the forces, write Newton’s 2nd law, 
project along relevant axes

Step 2: from the resulting differential equation, use the 
appropriate solution



Foucault Pendulum
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Exercise: Vertical spring
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Consider a mass m suspended from a spring of rest 
length l0 and spring constant k, attached vertically. The 
origin of the coordinate system O is placed at the 
position of the end of the spring when the spring at 
rest. When the mass is attached to the spring, the 
equilibrium position is denoted d0. The mass is pulled 
downwards by a distance x0, in addition to d0, and 
released from rest. 

Calculate the position of the mass as a function of time 



Exercise: Vertical spring
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Mass m, spring of rest length l0, spring constant k, mass position d0, 
initial displacement to x0 + d0, and released from rest. 
1. Calculate d0 as a function of the given data. 
2. Find the the differential equation of motion using the in the 
coordinate system shown in the figure. 
3. Make a change of variable on x to obtain the usual differential 
equation and solve it. 
4. Calculate and draw the potential energy in the reference frame of 
the figure. 
5. Use this potential energy to find the previous solution 



Quiz: Underwater Vertical spring
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Quiz: Underwater Vertical spring
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✓



Appendix: Critical damping
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Differential equation General solution
d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0 f(t) = u(t)eλ1t?

λ2 + 2Yλ + 2YΩ2
0

Assume that  is a root ofλ1

Bonus exercise: show that if 

λ2 = − Y − Y2 − Ω2
0λ1 = − Y + Y2 − Ω2

0

λ1 = λ2 = − Y = − Ω0 (Critical damping)

f(t) = (A + Bt)eλ1t



Appendix: Critical damping
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Differential equation General solution
d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0

(··ueλ1t + 2λ1
·ueλ1t + λ2

1ueλ1t) + 2Y( ·ueλ1t + λ1ueλ1t) + Ω2
0(ueλ1t) = 0

f(t) = u(t)eλ1t?
·f = ·ueλ1t + λ1ueλ1t

··f = ··ueλ1t + 2λ1
·ueλ1t + λ2

1ueλ1t

··u + 2λ1
·u + λ2

1u + 2Y ·u + 2Yλ1u + Ω2
0u = 0

··u + ·u(2λ1 + 2Y) + u(λ2
1 + 2Yλ1 + 2YΩ2

0) = 0
Zero because λ is a root of this term

··u + ·u(2λ1 + 2Y) = 0
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Differential equation General solution
d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0 f(t) = u(t)eλ1t?

··u + ·u(2λ1 + 2Y) = 0

Appendix: Critical damping

λ2 = − Y − Y2 − Ω2
0λ1 = − Y + Y2 − Ω2

0 λ1 + λ2 = − 2Y

2λ1 + 2Y = 2λ1 − λ1 − λ2 = λ1 − λ2

··u + ·u(λ1 − λ2) = 0
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Differential equation General solution
d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0 f(t) = u(t)eλ1t?

·u = Ae−(λ1−λ2)t

u =
A

λ1 − λ2
e−(λ1−λ2)t + B

Appendix: Critical damping

··u + ·u(λ1 − λ2) = 0

if λ1 ≠ λ2

f(t) =
A

λ1 − λ2
e−(λ1−λ2)teλ1t + Beλ1t

f(t) =
A

λ1 − λ2
eλ2t + Beλ1t

Over damped or 
underdamped
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Differential equation General solution
d2f
dt2

+ 2Y
df
dt

+ Ω2
0 f = 0 f(t) = u(t)eλ1t?

Appendix: Critical damping

··u + ·u(λ1 − λ2) = 0

if λ1 = λ2

f(t) = (A + Bt)eλ1t

Critically damped ··u + ·u × (0) = 0
··u = 0
u = A + Bt


