Physique générale : mécanique
Prof. E. Tolley Inverted Course (english) Exercises for week 4

Exercises

Exercise 1

A rowdy student shoots paper balls at a speed of vg = 10 m/s from a height of 1.2 m using
his blowgun. He aims at the top of the blackboard 3 m in front of him. The blackboard is
hung 1 m above the floor and is 1.50 m high. Does he hit the blackboard ?

Tip : —& =1+ tano?

cos a?

Exercise 2 , 30 minutes **

A cannon is placed at the foot of a hill whose slope forms an angle ¢ with the horizontal. If
the cannon is pointed at an angle « from the horizontal and the shell has an initial velocity
Vg, find the distance [ measured on the hill at which it will fall.

Exercise 3 Winter is coming

A student in a physics class gets into a snowball fight with a friend. The friend manages
to catch the snowballs and throw them back immediately.

The student knows that a snowball can be thrown at two different angles but with the same
speed and still hit the same target. However, the flight times are different. So, to win the
game, the student decides to throw two balls at different times, one on a higher trajectory
than the other. The higher ball will create a diversion, and while the friend prepares to
catch it, the second ball will arrive and both balls will strike simultaneously. If the friends
are at a distance L from each other and they throw the balls at an initial velocity vy :

1. What are the firing angles?
2. How long should you wait before throwing the second ball 7

3. Numerical application : L = 25 m and vy = 20 m/s.

Exercise 4 David and Goliath
This is an example of an exercise that requires (a little) modeling of the problem and brea-
king it down into elements. This approach is part of an engineer’s daily routine.

A slingshot consists of a 30 cm long string that holds a stone and is spun quickly in a
horizontal plane, then released abruptly. If the slingshot is used from a height of 1.8 meters
and the aim is to hit a target on the ground 10 meters away, how fast must the slingshot
be spun ? How could you achieve a lower rotation speed (using the same slingshot) ? What
is the minimum rotation speed ?
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Solutions

Solution 1
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Note : y(t4) = 1.98 m. The ball therefore hits the wall 1.98 m above the ground.
The board is hit.
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Solution 2

System : shell ; reference frame : terrestrial ; coordinate system (OZY).
Note : it is better to use this reference point because in this case the equations of motion
are easier to write (acceleration according to (Og) only).

For the shell fired at ¢ = 0 from O at v, we have :

P 0 7 Vg COS v - (v cos a)t
- \—g =gt +vgsina b = —1gt? + (vosin )t
The shell falls on the hill when the curve described by the shell intersects the equation of

the hill y = x tan ¢.
The shell falls at P = (xp ) and therefore y, = x, tan ¢.

Yp
xp = (vg cos a)ty (1)
Tp = 1 :
Yp = —Egtf, + (vo sin a)t,, (2)
Yp = Tptanyp (3)
We have three equations with three unknowns x,, y,, t,. We are looking for z, or y,. ..
Let us eliminate t, : (1) = ¢, = voiﬁ

1 Tp 2 . Tp
= —— Vg sin o) ————
I 29 (vocosa) + (vo )vgcosa

Yp = Tptanp
Combining these two equations, we get

1 1 9
Tptany + —g———-—x, —tanax, =0
P v 2903(}05204 p P

It follows that :

21)(%@903204:312’ — (tana — tan )z, = 0 = x, = 0 (not useful)
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#xp =tana — tanp

208 cos?
Thus :

203 cos? a

Ty = ——[tan o — tan ¢

SO :

- 202 cos? aftan a — tan )
B g cos g

With a few trigonometric transformations, we could also write

- Lz;%cosozsin(a — )

g cos? ¢

Solution 3

1. The equations of motion are :

a— 0 5 Vg COS P vgcosat
\—g ~ \—gt +vpsina T\ —1gt? + (vosin )t

The equations of motion at point L give :

L =wvycosaty
0= —%gt% +wvpsinaty

Variant 1 We combine these two equations to obtain

. L
F= V) COS

. g
2sinacosa = —
Yo

Knowing that 2sin a cos a = sin 2a, we obtain sin 2o = %, which gives us two
0

angles of fire, since sin a = sin(m — «).
Variant 2 We rearrange these two equations to obtain

vpCos @ = —
t
vosina = %gtf

By adding the square of each of these equations, we obtain

L 1
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which allows us to find, using Viet’s formula :

) Vg £\ /vg — g2 L2
ty = 1g2

Both solutions give the flight times for each trajectory ; the angles are obtained

using the formula cos @ = -
votf

2. Shooting time for both balls (variant 1) :

L
tho=—"-——
Vg COS 04172
and so : I . .
FORTSIA S
Vo \COSQiy  COS(

3. Note : The firing angles are : oy = 18.9° and a; = 71.1°; the flight times become
ty =1.32 8, to = 3.86 s, so At =2.54 s.

Solution 4

First, we assume that the slingshot and the stone are on the same plane parallel to the
ground.

The reference frame is terrestrial and the reference point is (O, z,y), where O is the at-
tachment point of the slingshot.

Let P be the point of impact of the stone. Then

=)

The first thing to do is to calculate the velocity vy that the stone must have in order to
reach P. Then, with vg, we will be able to calculate the angular velocity of the slingshot. ..

Ballistics gives us :

i = 0 7= Vo 7= Uot
—g —gt —5gt?

The arrival at the ground occurs at P = <—lh> at tp, i.e.

. votp = (4)
r(tp) = —%gtf, —_p (5)
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From , we have ¢, = %, which we substitute into () : %gi—z = h, from which we obtain :
0

Vo = l i
2h
From the relationship vy = woR, we have :
L g
wn = — ]2
"~ RV2n

Note : wy = g1/ 5ok = 55 rad/s.

It is possible to reduce the speed of rotation of the slingshot to hit the target by changing
the angle of fire. To determine this, the speed must be minimized in relation to this angle.
By adding a defined angle of fire relative to the horizontal to the problem (as a reminder,
— arctan% < a < %), we find the equation for velocity as follows :

o 0 . Vg COS . vot cos «
a= U= . 7(t) = 1 .2 .
—g —gt + vg sin —359t" + volsina
votp cosa = [ (6)
¥ = (ﬁ = 1, ]
— §gtp + votpsina = —h (7)
From @, we get 1 ¢, = o Closa, which in substitute into (7)) : —%gvg CZOZSQQ + ltana = —h,
SO %g% = h + [tan «, and finally :
0
l g N l g
Vo = w1 =
07 cosa 2(h 4 ltan o) '~ Rcosa 2(h + ltan o)
dvg _

Minimizing vy corresponds to determining % = 0, which can be solved numerically with
a good calculator...or literally after a clever expansion. Let us rewrite v :

- gl2/2 B cte
vo(ar) = cos?a(h+Iltana) | f(«)

with f(a) = cos?a(h + [tana). Since the function 1/x is monotonically decreasing for
x > 0 and the function /x is monotonically increasing, minimizing v is equivalent to
maximizing f(x). We therefore seek the value of a such that df /da = 0. This is already
less daunting than working with vg ...
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f(a) = hcos? a + Isinacos a

a _

= —2hsinacosa + [(cos
da

This expression is only canceled when [ cos2a — hsin2a = 0, i.e., when tan2a = % The
expression for the optimal firing angle then becomes relatively simple

2 —sin? a) = —hsin(2a) + 1 cos(2a)

Lo
= —arctan —
Qopt = 5 h

Note : agpt = 39.8°, w1 = 30,2 rad/s.



