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Kepler's laws,
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Mechanics

DESPITE YEARS OF STUDYING
PHYSICS, T STILL FIND
GYROSCOPES A LITTLE FREAKY.
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* Next Monday (December 15t) we will start the lecture with
written course feedback
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* Next Monday (December 15t) we will start the lecture with
written course feedback

 Next Monday | will give back the graded Mock exams for
those of you who turned them in
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regarding the Formula sheet
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 An agreement was reached among PHYS-101 lecturers
regarding the Formula sheet

* You will be given a Formula sheet prepared by me

e | will upload it to Moodle this week
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 An agreement was reached among PHYS-101 lecturers
regarding the Formula sheet

* You will be given a Formula sheet prepared by me
e | will upload it to Moodle this week

e Additionally, you are allowed to bring a one-sided A4
sheet made by you.

e Handwritten, no solved exercises.
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Today’'s agenda (Serway 11,13; MIT 22,23) = .

1. Kepler's laws of planetary motion
2. Gyroscopes
3. Harmonic motion

e Simple harmonic motion



Kepler's laws of planetary motion

e From 1610-1619 Johannes Kepler
wrote:



Kepler's laws of planetary motion

« From 1610-1619 Johannes Kepler / \
wrote: ..
1. The orbit of each planet is \

an ellipse, with the Sun at — L —
one focus.




Kepler’'s laws of planetary motion o

e From 1610-1619 Johannes Kepler
wrote:

1. The orbit of each planet is
an ellipse, with the Sun at
one focus.

2. An imaginary line drawn
from each planet to the Sun
sweeps out equal areas In
equal times.
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Kepler’'s laws of planetary motion " S
. From 1610-1619 Johannes Kepler / \

WrOte: | Fogui‘l- I Focusz
1. The orbit of each planet is
an ellipse, with the Sun at ——;
one focus. K
2. An imaginary line drawn A Yar
from each planet to the Sun
sweeps out equal areas In
equal times.
: Planet (E:.erﬂf’?,é;) Avt%%‘?:‘a:r:ce (10-25T;Irr27km3)
3. The square of a planet’s T
orbital period is proportional vews | osis 1082 299
to the cube of its mean Earth | 1 1496 299
. Mars 1.88 227.9 2.99
distance from the Sun.
Saturn 29.5 1427 2.99
Uranus 84.0 2870 2.98 11
Neptune 165 4497 2.99




Kepler's laws of planetary motion o
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3. The square of a planet’s orbital ptanet | Period, T

Avg distance T2/p3

: _ | (Earth year) t(‘;(g”kr:;‘)r (1025 yr2/km?
period is proportional to the cube Yo YT — s
of its mean distance from the Sun. vens | o6 108.2 2.99
Earth 1 149.6 2.99
. . . Mars 1.88 227.9 2.99
e Approximate orbits as circular and e | 1es 778 298
u Se Saturn 29.5 1427 2.99
Uranus 84.0 2870 2.98
= _ G mpms l//\' Neptune 165 4497 2.99
G —_ —
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Kepler's laws of planetary motion o

2. An imaginary line drawn from
each planet to the Sun sweeps
out equal areas in equal times.
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Kepler’'s laws of planetary motion o

2. An imaginary line drawn from
each planet to the Sun sweeps
out equal areas in equal times. dt<

R —
o Gravity is a central force, so r || F'

14



Kepler’'s laws of planetary motion o

2. An imaginary line drawn from
each planet to the Sun sweeps
out equal areas in equal times. dt<

R —
o Gravity is a central force, so r || F'

- - g — - -
e Thus, 7, =r X F; =0, so Lp = r X m,V is conserved
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Kepler’'s laws of planetary motion o

2. An imaginary line drawn from
each planet to the Sun sweeps
out equal areas in equal times. dt(

R —

o Gravity is a central force, so r || F'
- - g — - - .

e Thus, 7, =r X F; =0, so Lp = r X m,V is conserved

e How is this related to area”?

-V

r
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Kepler’'s laws of planetary motion o

2. An imaginary line drawn from
each planet to the Sun sweeps
out equal areas in equal times. dt<

R —
o Gravity is a central force, so r || F'

- - g — - -
e Thus, 7, =r X F; =0, so Lp = r X m,V is conserved

e How is this related to area?
N Ay (AL
A\ A= 2A= el sive)
L*AV AVF . :é-)'(‘éxﬂ‘
= (PRl B I < By ah = &)
1
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Kepler's laws of planetary motion

1.

The orbit of each planet is an
ellipse, with the Sun at one focus. - N
# { ';;__‘_---‘---—-_---—‘ Maior axi:

Need to know the universal
gravitational potential energy

Apply mechanical energy conservation:
- - 4 _om, _
Egs K Us = L2~ 675 = const
Apply conservation of angular momentum:

Lf = ?’( M{? = COﬂS{_

Considerable mathematical magic
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Today’s agenda (Serway 11,13; MIT 22,23)

1. Kepler's laws of planetary motion

2. Gyroscopes
3. Harmonic motion

e Simple harmonic motion
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Bicycle wheel
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Analyzing fixed axis rotation - s.v;ﬁrgra

Be o + wheel 15 o) 5{‘01)[:2 &15 ZY‘ZO) z [T\’;O

ZF=0
2FE=9Q~= B+ Ez—vnj = Fq'—'-mj"g

C"\OOSK ‘(O ’,’O ,0['\/01'
0xF =0 (22/)><CF 2)= 2Fﬂ<f=<2) 2L (C9) =~2E 25
’E,:(,(’.f)x(—*vnjz) -'ijﬂ,(/ﬁxz\) ijfeq)

PN
tr/

ET“—QFUY *chj/(q) (—QF{'WD)ZCP =0
Mo §: 26,0920 > F=ing > F=mg-boge Lo
Fy = o= 2md

gl




DEMO (48): A gyroscope
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Analyzing a gyroscope
'Z\ (l choost O as Iow‘o]L o\jq,n>
lj\% = Oxﬂ -0 (x%) ><< sz) Mj,€<p

> bt = SF= A1 mﬁwww,%z(@fé
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Analyzing a gyroscope "
N A A - A | 2 :
Vfloyu = Lyt I‘,U’WW,AH’ I!WFZ N

A — :
Mﬂv OrF J-“/‘A)v’ = W\V‘O% C()‘,‘COF’\SII’

. ) Q)
In é\i J= I'Dud', = wf:O > u)r::cmsf P

/\ 2
In P . Mjﬁ?— EEVJ\,MJ': y)ﬂw‘,wl,
M}f

S o2 3k
7 |, T
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Gyroscopes
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Today’s agenda (Serway 11,13; MIT 22,23)

1. Kepler's laws of planetary motion

2. Gyroscopes
3. Harmonic motion

e Simple harmonic motion
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Harmonic motion o

e Special type of periodic motion czgq_sed by forces of the

form -G
— |

F = —kAF
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e Special type of periodic motion caused by forces of the
form

F = —kAF

 This is has the same form as the spring force, which can
represent many systems

e e.g. atoms in crystals, pendulums, balls rolling in bowls
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“Simple™ harmonic oscillation in 1D "
%o S
| =
k
JUUU UL m
— X

e Consider a frictionless mass-spring system

= ~KM = ~K(X%)
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Simple”™ harmonic oscillation in 1D o
%020 X

F )
k
10000 ( m
A
7 p—> X
e Consider a frictionless mass-spring system .
Gl
e The spring has equilibrium position x, = 0 = ~kX
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* Consider a frictionless mass-spring system
 The spring has equilibrium position x, = 0, so
F=—kx
e Newtons 2nd law, FF = ma , then yields
—kx =ma = w %’2— Az ﬂﬂj’;(‘%):%
> di = -5x
> 2% fx=0
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* Consider a frictionless mass-spring system
 The spring has equilibrium position x, = 0, so
F=—kx

e Newtons 2nd law, FF = ma , then yields

—kx = ma
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“Simple” harmonic oscillation in 1D

e The solution of

d*x  k
F—x =0
dr’? m

is x(t) = Aycos(wyt) + By sin(wyt)
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“Simple™ harmonic oscillation in 1D "
 The solution of .
d’x k
F—x =0 m
dt?  m ,
is x(t) = Aycos(wyt) + By sin(wyt)
e Using trigonometric identities, this is equivalent to
x(1) = A cos(wyt + @)
where X
e A is the amplitude of the oscillation ’M\ B ‘/ﬁ
Wi
NV

35



=PrL

“Simple™ harmonic oscillation in 1D "
e The solution of .
d? k
. F—x =0 m
dr’? m -

is x(t) = Aycos(wyt) + By sin(wyt)

e Using trigonometric identities, this is equivalent to
x(1) = A cos(wyt + @)
where
e A is the amplitude of the oscillation

e ¢ is the initial phase N\ /7
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“Simple™ harmonic oscillation in 1D "
e The solution of .
d? k
;C F—x =0 m
dt m, %

is x(t) = Aycos(wyt) + By sin(wyt)

e Using trigonometric identities, this is equivalent to
x(1) = A cos(wyt + @) "

where ALRS N 7
e A is the amplitude of the oscillation ] Wt
AT = V. °

e  is the initial phase

o wy =1\ kim = 2r/T,where T is the period of the
oscillation. @y, is called the angular frequency.
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“Simple™ harmonic oscillation in 1D "
e The solution of .
d? k
. F—x =0 m
dr’? m -

is x(t) = Aycos(wyt) + By sin(wyt)

e Using trigonometric identities, this is equivalent to
x(1) = A cos(wyt + @) o,
X(‘f) J'K [Acoﬁ(wﬁ‘l’)] A;[—TrICOS(WH“?)] Al 5N\(U’++‘f’)] J'Z‘W’l’w“l
< —Au, sinfa )
X(t)= ;ﬁt(”lx ‘;’H Ad 5m(w++ﬂ - Aul, cos(wtt ) w,
= ~ WA cosa, P44 =~ ()
> 0= P’r Ex=—ufx+Ly= lr€)x 2 o=y > \*’o”'/g
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Kinetic energy of oscillation

L - m ,
e Kinetic energy is still K = —v

K = dm[-Adsinfate )] = L Aulsid(ut+d)
= LK B sin2(whed) = L KA sifwgt +)
= LA [1 ~ cost(oif )]
= jz_KAz—- %Kﬁ cos(wt+d) J %
- 1% KA - % Kx?




Total energy of oscillation

* Potential energy is still

k
U=—x’
2

40



Total energy of oscillation o

* Potential energy is still

k
U=—x’
2

o TotalenergyisE, = K+ U

EM = K‘l'U = <%KAQ'- %4’% Energy
=L kA°




 \What is the motion of a mass suspended
from a weightless, inextensible string?

ZF(P —MOXS\(](d)) :vy]q¢ d‘@ = ,QK: K‘{‘—Q‘%

= -—o\szv’)(CP):' f(‘%’} \‘®\ ‘
> |48+ 3 sin8) =0

F g then in@)n é (ac{"uq”y s®)= - Pr..)
0 Hhat cais,

2 ' : Tafor
OLQ 94 = 5!“'\{’5: hafinonic O&¢1
M2+£¢ Y W‘H\ wozs% 2 W= f‘%]
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Mass and frequency of a pendulum
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An object can execute harmonic motion (i.e. oscillate)
about...

A. any point.

B. any equilibrium point.

@ any stable equilibrium point.

D. any point, provided the forces exerted on the object obey
Hooke's law.

Ug)

~_ ~
NP
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See you tomorrow!




