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Today’s agenda (Serway 9, MIT 15)
1. Collisions 

2. Elastic collisions 

3. Inelastic collisions 

4. More collisions
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Last few weeks - conserved quantities
• Conservation of momentum: 

In a given inertial reference frame,                                        
the total momentum of an isolated system stays constant.
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There is no net external force
and no mass exchange
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∑ ⃗pi = ∑ ⃗pf
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Last few weeks - conserved quantities
• Conservation of momentum: 

In a given inertial reference frame,                                        
the total momentum of an isolated system stays constant.
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∑ ⃗pi = ∑ ⃗pf ⇒ ∑ m ⃗vi = ∑ m ⃗vf



• Conservation of energy: 

The total energy of a system stays constant,                        
as long as energy doesn’t leave or enter the system. 

6

Last few weeks - conserved quantities



• Conservation of energy: 

The total energy of a system stays constant,                        
as long as energy doesn’t leave or enter the system. 

∑ Ei = ∑ Ef
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• Conservation of energy: 

The total energy of a system stays constant,                        
as long as energy doesn’t leave or enter the system. 

 

• Conservation of mechanical energy: 

If all forces doing work on a system are conservative, then 
its mechanical energy is conserved.

∑ Ei = ∑ Ef
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Last few weeks - conserved quantities
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• Conservation of energy: 

The total energy of a system stays constant,                        
as long as energy doesn’t leave or enter the system. 

 

• Conservation of mechanical energy: 

If all forces doing work on a system are conservative, then 
its mechanical energy is conserved.

∑ Ei = ∑ Ef
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Last few weeks - conserved quantities

∑ Emi = ∑ Emf ⇒ ∑ Ki + ∑ Ui = ∑ Kf + ∑ Uf

At timeti At timef



DEMO (82)

Dropping things on an anvil
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Elastic versus inelastic collisions

12

⃗vAi ⃗vBi• Throughout a collision: 

• Momentum is always 
conserved (when the net 
external force is zero or 
when using the impulse 
approximation) 



Elastic versus inelastic collisions
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⃗vAi ⃗vBi

⃗vAf ⃗vBf

• Throughout a collision: 

• Momentum is always 
conserved (when the net 
external force is zero or 
when using the impulse 
approximation) 

• Kinetic energy is 
conserved when the 
collision is elastic (i.e. no 
nonconservative work, no 
change in potential energy) 



⃗vAf ⃗vBf

Elastic versus inelastic collisions
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⃗vAi ⃗vBi

⃗vAf ⃗vBf

• Throughout a collision: 

• Momentum is always 
conserved (when the net 
external force is zero or 
when using the impulse 
approximation) 

• Kinetic energy is 
conserved when the 
collision is elastic (i.e. no 
nonconservative work, no 
change in potential energy) 

• Kinetic energy is not 
conserved when the 
collision is inelastic



Conceptual question
A ball is thrown at a wall. The ball bounces off and returns 
with a speed equal to the speed it had before colliding with 
the wall. Which of the following quantities are the same after 
the collision as they were before the collision? 

A. The kinetic energy of the ball. 
B. The momentum of the ball. 
C. Both the kinetic energy and the momentum of the ball. 
D. Neither the kinetic energy nor the momentum of the ball.
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=> mV =MV



⃗vAi ⃗vBi

⃗vAf ⃗vBf

Elastic collision in one dimension
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• Remember elastic collisions conserve 
both momentum and kinetic energy

^

×

cons. of momentum : Epi = Zpt
rAix =NBix

⇌MAVit MBUY = Mar + MBUBG D
=> MaVai +mgVbi = maaftMbubf e ma (Vai-Vaf) =mB(Bf-VBi)
since "elastic" kin. energy is conserved : EK;= EK*

#MAVECHAMBUY = #MAVER + #MBUBE
⇒ MAYF-MAVAR = MBVBR - MBVBR
E ma(Vai-VAf) (aitVaf) = mg(BF-VBi) (VgF +VBi) ⑫

I divide& by D to obtain : Vaitvaf = VBf +Vid
I multiply & by mg : MBVaitMBVaf = MBVgi+ MBuBf D



Elastic collision in one dimension
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Finally I subtract From D

M 些MBVBA -MBBI -MBVBi-MBBr—
=

-2MBVBi

=> Uai (mA-MB) + Vaf (-mA-MB) = -2MBYBi

=> Vaf (MatMB) = VAi (MA-mB) + 2mBVBi

⇒ AftMBYi 't tMBUBi
VBA =M#MVBitimpVAi
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Cart A, with mass  moving with speed , collides head-on 
with cart B of equal mass. What are the speeds of the two 
carts after the collision, assuming it is elastic? 

A. Cart B is initially at rest ( )

m vAi

vBi = 0

DEMO (766): Elastic collision, same mass

MA= MB = m

Vaf =mAitmvco
VBA = #misp + #VAi = VAi
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Cart A, with mass  moving with speed , collides head-on 
with cart B of equal mass. What are the speeds of the two 
carts after the collision, assuming it is elastic? 

A. Cart B is initially at rest ( ) 

B. Cart B is also moving with an initial velocity 

m vAi

vBi = 0

vBi

DEMO (766): Elastic collision, same mass

MA= MB = m

Vaf =mAitmvco
VBf = #misp + #VAi = VAi

0

VAR =i + 惑= VBi

VBE=VA
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Cart A, with mass  moving with speed , collides head-on 
with cart B of equal mass. What are the speeds of the two 
carts after the collision, assuming it is elastic? 

• When objects with equal mass collide elastically in 1D, 
they simply swap velocities

m vAi

DEMO (766): Elastic collision, same mass



DEMO (89): Newton’s cradle
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DEMO (89): Newton’s cradle
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DEMO (89): Newton’s cradle
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DEMO (89): Newton’s cradle
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Cart A, with mass  moving with speed , experiences a 
head-on elastic collision with cart B, which has mass  and 
is at rest. 

A. What are the final velocities of the carts?

mA vAi
mB

DEMO (766): Elastic collision, different mass

VBi =O

VAF = #MBVAi
VF=V
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Cart A, with mass  moving with speed , experiences a 
head-on elastic collision with cart B, which has mass  and 
is at rest. 

B. What if  is much larger than ? 

C. What if  is much smaller than ?

mA vAi
mB

mA mB

mA mB

DEMO (766): Elastic collision, different mass

VBi =O

ma>Mr means that

VAftmBVAi≈ 舞Ai= Vti A→i ⑬ MA +MB MA

↓ Change MA-MB * MA
frame toVBA = #AMBUAire#VAi =VAi ㅣ
more with A

①o
MAXMB means that

VAF = #ATMBVAi 2 1 BVAi =-VAi MA +MB * MB

MA-MB * -MB
VBF = =-22 & ≈ㅇ



Two small balls are dropped from the same height , one on 
top of the other. Ball 2 is on top, while ball 1 is below and is 
much more massive with . First, ball 1 collides with 
the ground at speed  and rebounds elastically. Then, as 
ball 1 starts to move upward, it collides elastically with ball 2 
which is still moving downwards also with speed . What is 
the relative speed between the two balls after they collide?

h

m1 ≫ m2
v0

v0

g

̂y
h

m1

m2

Example
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It is 2Vo

Notice that in the
fixed
,
the speed

of the small ball
is 30

↓ i"→①踏。



DEMO (492)

Seismic accelerator
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Conceptual question
A small spacecraft with speed  approaches Saturn, which 
is moving in the opposite direction at speed . Due to 
gravitational interactions with Saturn, the spacecraft swings 
around Saturn and heads off in the direction opposite to its 
approach. After it is far enough away to be effectively free of 
Saturn’s gravity, the final speed of the spacecraft  is… 

A. . 
B. .  

C. . 
D. . 
E. .

vi
vS

vf

vi − vS
vi + 2vS
vi − 2vS
vi + vS
2vi − vS
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vi

vf
vS
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MXXMs
If VSDO IVs) =Vs In fixed frame 가

= -Is/X Ms

D = ViY
In frame of Saturn m

=  - = 0
→

#l = VivV s = ViY--VIII) In fixed frame
= (vitus 1)× ttis

Elastic collision
, memsY =- Cit/Us)) * lvs/ *

vf = -Vπ= -(vi+| vs1)x
=

- (Vi + 2/Vs))X
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Inelastic collisions
• Inelastic collisions do not conserve kinetic energy, but still 

conserve momentum (as long as the system is isolated)
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Inelastic collisions
• Inelastic collisions do not conserve kinetic energy, but still 

conserve momentum (as long as the system is isolated) 

• Energy can be lost to potential energy or thermal energy 
(i.e. heat) due to friction
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Inelastic collisions
• Inelastic collisions do not conserve kinetic energy, but still 

conserve momentum (as long as the system is isolated) 

• Energy can be lost to potential energy or thermal energy 
(i.e. heat) due to friction 

• A “perfectly inelastic” collision is when the objects stick 
together afterwards, so there is one final velocity

WY
mB
⇒ σD→u

Ma+MB
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Inelastic collisions
• Inelastic collisions do not conserve kinetic energy, but still 

conserve momentum (as long as the system is isolated) 

• Energy can be lost to potential energy or thermal energy 
(i.e. heat) due to friction 

• A “perfectly inelastic” collision is when the objects stick 
together afterwards, so there is one final velocity 

• Impose   instead of energy conservation⃗vAf = ⃗vBf = ⃗vf

⑤→时 ⑨mB
⇒ σD→:

Ma+MB



34

Inelastic collisions
• Inelastic collisions do not conserve kinetic energy, but still 

conserve momentum (as long as the system is isolated) 

• Energy can be lost to potential energy or thermal energy 
(i.e. heat) due to friction 

• A “perfectly inelastic” collision is when the objects stick 
together afterwards, so there is one final velocity 

• Impose   instead of energy conservation 

• Kinetic energy can sometimes even be gained through an 
inelastic collision! 

• “How?!”, you ask…

⃗vAf = ⃗vBf = ⃗vf



35

Fusion!
2 H 3 H

Proton

Neutron

4 He + 3.5 MeV

n + 14.1 MeV



We’ve already seen inelastic collisions
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Problem set 7



Perfectly inelastic collision in one dimension
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• Inelastic collisions conserve 
momentum, but not kinetic 
energy (so we need an 
additional constraint) 

• In this case, we can find a 
completely general solution for 
the final velocities in terms of the 
initial velocities

⃗vAi ⃗vBi

Approach

⃗vf

If perfectly inelastic

Collision

cons. of momentum : Zp = zpf
^ ~

Maai +Mi = MaaftMüf
In perfectly inelastic case

,
Tar=pr=f

⇒ MAV +MBVBi =MAVi +MB ☆=(MAtMB )VI ⇒V☆=MAmB
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Cart A, with mass  moving with speed , collides head-
on with cart B, which has mass  and is at rest. What are 
the speeds of the two carts after the collision, assuming it is 
perfectly inelastic?

mA vAi
mB

DEMO (766): Perfectly inelastic collision

VBi = D

VR = MAtmy
プ

= MAtmyVti
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Collisions in two or three dimensions

vBf

vAf

x

y

mA vAi
mB

θA

θB

」

=

VAf[COS(@A) *

-

= Vai
+sin (PA)Y]

Δ

⇌

VBf[cos(ob)*

-sin(B)]]
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Collisions in two or three dimensions

• Still apply conservation of momentum and kinetic energy 
(or alternative condition), but significantly more math

vBf

vAf

x

y

mA vAi
mB

θA

θB



2D elastic collision, same mass
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A ball of mass  moving with speed  without friction on a 
horizontal surface collides elastically with another ball of an 
equal mass, at rest. After the collision, what is the angle 
between their velocities ?

m vAi

θA + θB

_

ー

ー

MA = mB =m Vi =D

cons. of momentum: i +mb E = Atübf
In : Vai= VarCos(fa) + VBf Cos(ad)
In Y : 0 = Vasin(a)- VBfsin(aß)
Now I square both sides and add them :

VEi + O = [VArCos(fa) + vBE Cos(ad)72 + [Vagsin(*A)- VBtsin(op)]3
cos(A)+cos(o) + 2VarEcos(fa)cos(or)
#sin() + vsine) - 2AtYfsin(a) sin(pp)
= varitablecos(ed)- sin(a)sin(ap)]> cos(fat&B)
= Vituf + 2VafVbf cos(ea + fB) D
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2D elastic collision, same mass
Elastic collision: Ki = Ek
MVl IMVIAIVBPS VARI VAIP +UBR ②

Now I subtract & from Di

D = 2Vafsf COs(oa +fB)

This condition is satisfied when :

1) Yaf =O Head-on collision
or 2) Va=O No collision

or 3) costate = 0 -> OatOr=



DEMO (763)

Billiard table
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• To solve for the 4 unknowns ( , , , ), we need a 
fourth equation 

• Knowing the “impact parameter” , allows you to directly 
determine 

vAf vBf θA θB

d
θB

2D elastic collision, same mass

vBf

vAf

x

y

mA vAi

d

θBmB

θA



Summary
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• As long as the system is isolated, momentum is conserved 
in any collision 

• If the collision is elastic, kinetic energy is also conserved 

• Elastic means that the nonconservative work is zero 
and there is no change in the potential energy 

• If the collision is inelastic, kinetic energy is not conserved, 
so you need to find some other condition 

• If the collision is perfectly inelastic, the objects stick 
together, so the other condition is to set the final velocities 
of the objects to be equal
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See you tomorrow for fusion reactions


