Solutions to the Final Exam
16 January 2026

PHYS-101(en)

Multiple Choice Questions (2 points each)

Note: Explanations to the multiple choice questions are just to clarify the answers and are not needed on
the exam.

QL.

Q2.

Q3.

Q4.

Q5.

Correct answer: B. It is smaller than in the case of the massless pulley.

Explanation: The acceleration is smaller because the massive pulley has a nonzero moment of inertia,
so part of the net force is required to accelerate the pulley. This reduces the force available to accelerate
the mass, resulting in a smaller acceleration than in the case of the massless pulley.

Correct answer: C. Vector 3.

Explanation: In the absence of the centripetal force provided by the string, the mass will continue in
the direction of the tangential velocity vector, orthogonal to the position vector at the moment the
string breaks.

Correct answer: B. It is deflected toward the west.

Explanation: At the moment of launch, both the ground-based observer and the rocket have the same
tangential velocity with respect to the earth’s axis due to the rotation of the earth. As the rocket
travels straight up, its distance from the rotational axis increases, but its tangential velocity remains
constant. As a result, the angular velocity (w = vg/r) of the rocket decreases. To the ground-based
observer, this appears as if the rocket is deflected to the west. Another way to see this is by realizing
that the ground-based observer is in a non-inertial reference frame rotating with angular velocity Q.
Then, the motion of the rocket as seen by the observer will be affected by a Coriolis term —2m;, Qp X U,
which points to the West.

Correct answer: C. The equilibrium point corresponds to a minimum of the sum of the
spring’s elastic potential energy and gravitational potential energy.

Explanation: Since the system is frictionless and subject only to conservative forces, equilibrium occurs
at a minimum of the total potential energy. In this case, the total potential energy is the sum of the
gravitational potential energy and the spring’s elastic potential energy.

Correct answer: A. The wheel undergoes a precession motion about axis Z in the coun-
terclockwise direction (top view), with angular velocity Q, = Q2

Explanation: Gravity exerts a torque about the support point given by 7 = 7 x mg. In cylindrical
coordinates, the position vector of the wheel’s center of mass points along +p and the gravitational

force points along —%. The direction of the torque is then 7 = (4p) x (—2) = +¢. The wheel has

ditot
dt

and L is along +p, there must be some change in angular momentum that is in the direction of the
torque, ¢. As seen in class, this happens if the wheel rotates around the z-axis in the counterclockwise
direction with a constant angular speed. This rotation is called "precession".

. Since 7 is along +¢

angular momentum L=13=1Iw p. The total external torque satisfies 7 =
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Q6. Correct answer: E. Cylinder B.

Explanation: As the cylinders roll without slipping, gravitational potential energy is converted into
both translational and rotational kinetic energy. Since both cylinders have the same mass and outer
radius, the distribution of kinetic energy depends on their moments of inertia. The hollow cylinder,
cylinder A, has a larger moment of inertia, so a greater fraction of the available energy goes into
rotational motion, leaving less energy for translation. As a result, its acceleration is smaller, and the
solid cylinder reaches the bottom first.
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1. Inclined plane, blocks, and pulley (13 points)

a. (1.0 points) Free-body diagrams for blocks A and B are shown in figure[l} Note that, since the pulley
is massless, Ty =T =1T.

Figure 1: Free-body diagrams for blocks A and B.

b. (3.0 points) Using the free-body diagrams, determine the forces acting on blocks A and B:

Block B: YF, =T —mpgcos(f) =0 = T =mpgcos(f) (1)
Block A: XF, =Ny —magcos(8) =0 = Nis=maugcos(f) (2)
YF, =magsin(B) —T—F;=0 (3)

In this case, friction is static:
Ff:FsgﬂsNA:/JsmAgCOS(ﬂ) (4)

Therefore, for block A not to slide down the inclined plane:

Fy=mygsin(f) — T =ma gsin(B) —mp gcos(B) < prsma gcos(B) (5)
= ma(sin(B) — pus cos(B)) < mp cos(B) (6)
o ma < mp cos() %

~ sin(fB) — ps cos(5)

The minimum mass of block A is then:

min mp cos(f)
"= SB) — o cosB) )

c. (2.0 points) If block A starts sliding down the plane, then for block B:

YF, =T —mpgcos(f) =mpagy 9)
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For block A:

YF,=Ng—magcos(8) =0 = Ns=magcos(f) (same as before)
YF,=magsin(f) —T —Ff =myaa,

= ma gsin(f) — [mp gcos(f) + mp apy] — pr ma gcos(B) = ma aag

= M4 aay + Mpapy =ma g [sin(8) — g cos(8)] — mp g cos(B)

(
(
(
(

The inextensible rope connecting block A and block B provides the constraint aa, = apy. As a result:

s = m [mA(sin(ﬁ) — pk cos(B)) — mpcos(B)| & (14)

d. (1.0 points) Figure [2 shows the forces acting on the pulley and their point of application. Fy,;, is the
force exerted by the support of the pulley.

P>
éﬁi Fop
2

Tg

Ta

Mg

Figure 2: Diagram showing the forces acting on the pulley and their point of application.

e. (2.0 points) To find the angular acceleration of the pulley (&), it is first necessary to determine the
net torque acting on the pulley:

YT =Tr, + Try + Trup + Ta, (15)

However, T, = Ta, = 0 because these forces act on the pivot. The tension of the rope acting on the
pulley then gives:

ST =17, X (Tad) + 7, x (=TBY) (16)
= (Rg) x (Taz) + (=R2) x (-Ts ) (17)
=—-RTA2+RTp2=R(ITp—Ta)Z (18)

For the pulley, the net torque is related to the angular acceleration by 7 = I, &. This gives:

. R ) R R
d==(Tp—Ta)2 = |d==|Tg—Ta|==|Ta—Ts| (19)
I I, I,

p

f. (4.0 points) Because the rope does not slip on the pulley, @ = %|ampe|. In this reference frame, @
is positive if the pulley accelerates counterclockwise. This corresponds to a tangential acceleration in
—2 at the point of contact of the rope attached to block A. As a result, ay = —Grope = —04, and
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o = _%an'
With the massive pulley, Ty # T. Therefore, for block B:
YF,=Tg —mpgcos(f) =mpapy (20)

For block A, the sum of forces in the y-direction is the same as before, given by equation [I0] In the
x-direction, it becomes:

YF,=magsin(B) —Ta— Ff=myaa, (21)
= My asg =mag[sin(f) — ug cos(B)] — Ta (22)

Adding together equations [20] and
Ma @Ay + Mpapy =ma g[sin(8) — i cos(B)] —Ta + T — mp gcos(f) (23)

From the relationship found in equation we can substitute Tg — T4 = %a into equation

. I,
Ma sy +Mpapy =ma g[sin(8) — ug cos(8)] —mp gcos(B) + Efa (24)
I .
= MAGAx + MBaBy — Efa =mu g [sin(B) — ux cos(B)] — mp gcos(B) (25)
To solve for a4, recall that apy, = aa, and that o = —%aAz. Also, for a solid cylinder pulley

I, =(1/2) M, R*:

I M,
MA QA +Mpagy — Ef'a = (mA +mp + 2p> aAs (26)

Substituting this into the left-hand side of equation gives the expression for a,. Since as, = 0,

we have:
g= — [mA (sin(B) — pk cos(B)) — mp 608(5)} & (27)
ma+mp+ 5>
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2. Hole-in-one (12 points)

a. (2.0 points) To find the velocity of m 4 before the collision with the ball, conservation of mechanical
energy can be used since gravity is the only force that does work in this system. As a result, for m 4,
Er. 0, = Em, g. By considering the potential and kinetic energy of m4 at angles 6y and /3, we can

write:
Ko, +Uy(b0) = K + Uy (B) (1)

Recognizing that K, = 0 and Kz = +m4 v?:

1 1
Ug(bo) = 5mavh +UplB) = UylBo) — Uy(8) = 5ma v} 2)
To solve for vy, the difference in the height of m4 at angles 6y and 8 must then be found. From figure 3]
and the geometry of the system, it can be seen that the height difference is Ah = I(cos(8) — cos(6p)):

¢ (cos(B) — cos(6y))

Figure 3: Schematic of table-top golf.

Plugging this value into equation [2] we find v:

Ug(00) — Uyg(B) = ma g Ah (3)
ma gl(cos(B) — cos(bp)) = %mA v4 (4)
va = V291 [c0s(B) — cos(60)] (5)

b. (3.0 points) Since the collision is head on and elastic, the ball, mp, will move in the same direction
that m 4 is moving immediately prior to impact. To determine the trajectory of m 4 at that moment,
we recognize that its motion is circular. As a result, the velocity of m 4 is perpendicular to the string.
The direction of motion of m4 right before impacting the ball is 04 = cos(f) & + sin(8) §. Therefore,

g = cos(B) & + sin(B) §.

To find the magnitude of vg, the formula for 1D elastic collisions can be used. In this case, vg; =0,
va; =v4, and vp §y = vp. Since mp = ma/2, we find:
2ma 2ma 4
(6)

v = vaA = VA = ZVA
ma +mp ma+ma/2 3
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Combining the magnitude and direction, the expression for v is:

Up =vpip = %UA UB @
75 = Y2 /Tl (B) = oon(@0)] (cos(8) & + sin(#) ) ®)

The impulse approximation is necessary so that external forces can be ignored when analyzing the
collision between m 4 and mp. This allows the application of the formula for 1D elastic collisions.

c. (3.0 points) The ball, mp, experiences projectile motion with an initial velocity of U5 and an initial
position of 2y = yo = 0. The trajectory of mp is shown in figure [4

Figure 4: Trajectory of mpg is shown in red, with the launch angle 3.

The time it takes to reach the apex of its trajectory, to, at = L/2 and where v, = 0 is:
1 .
Uy =—gtg +voy = tg= ;UB sin(8) (9)

We can then write an expression for L:

% = Vg5 - ta = vp cos(f) - évB sin(5) (10)
L= U;BZ sin(f) cos(B) = vg%sin@ﬂ) (11)
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Substituting in the magnitude of vp from equation

L= ésinm) (? Valleos(®) — cos(@0)]) (12)
_ ésin(Zﬁ) . %gl [cos(8) — cos(o)] (13)
_ %?l[cos(ﬁ) — cos(60)] sin(28) (14)

It is then clear that L has a maximum value when 6y = 7, for which cos(6) = 0:

32 64
Lunax = L(6 = g) = 5 Leos(8) sin(28) = —-Isin(B) cos”(8) (15)
d. (1.0 points) To find the initial angle, 6y, required for the ball to land in the hole, we solve for L = d
in the expression given in equation [T4}

d= 39—2l [cos(B) — cos(bp)] sin(28) (16)

d 32
Sn(2F) = jl [cos(B) — cos(6p)] (17)
d 9 _ cos(f) — cos(6p) (18)

sin(2p) 321

Solving for 6y:
9 d

0o = - — 19
b = arccos |cos(f) 321 5in(25) (19)
e. (3.0 points) In the case where mp < m4, equation |§| becomes:
2 2
vg = ma ~ mAUA = 2’UA (20)

ma +mpg ma

The direction for ©p remains the same as before (i.e., o5 = ¥4), so the expression for range L from
equation [11] still applies. Now, however, vg = 2v4:

L(mp <ma) = ésin(Qﬁ)(Z va)? (21)

Earlier, when mp = m4/2, L = d and was given by:
1 4,
L(mp=ma/2)=d= Esm(Qﬁ)(gvA) (22)

Taking the ratio of the different expressions of L from equations [2I] and 22] we find:

L(mp <ma) _ §5n(28)(2va)® 4 9 (23)
L(mp=ma/2) %sin(2ﬁ)(%vA)2 R

Since the ball travels a distance d when mp = m /2, it now travels %d with mp < m4. As a result,
the ball lands at a distance from the hole of:

9 5
L(mp <<mA)—L(mB:mA/2):Zd—d:Zd (24)



PHYS-101(en) 16 January 2026 - Solutions to the Final Exam

3. Rolling sphere (13 points)

a. (3.0 points) Here, we are asked to find the relationship between qS and ¢. To do so, we first note that
the velocity of the point of the sphere "p" in contact with the surface with respect to the fixed frame
(subscript F') is:

Urp = Vrom +Uomp = (R+7)00+710¢ (1)

At "p", it can be seen that ¢ = fqg. Also, since the sphere does not slip, U7, = 0. Substituting these
terms into equation [I} we can show the requested relationship:

0= (R+1)dd+7¢(~d) = [(R+1)d-r¢] @)
= (R+1)d=r¢ (3)
= ¢=(1+19 (4)

b. (2.0 points) To find the total kinetic energy of the sphere, we must first recognize that both the
translational and rotational kinetic energies contribute to the total:

1 1
K=Ky + Kot = §mv%M + 51 w? (5)

As noted in equation VF.OM = (R+r)q/3. In the problem statement, we are given the angular speed of
the sphere, w, = ¢. Substituting these terms and the expression for ¢ from equation [ into equation [5]
we find the requested relationship for the kinetic energy:

K = %m (R+71)%(9)% + %15 > (6)
= g 2p 4 31 (142 ) 6 g
— %(R +7)? <m + 7{;) (9)? (8)

c. (1.0 points) To find the change in potential energy, AU,, as a function of ¢, we can define Uy, = 0 at
x = 0. Note that Z is along the vertical axis in the coordinate system defined in the problem. Using
this definition:

Ug(¢=0)=mg(R+r) (9)
Uy(9) = m g (R+r) cos(9) (10)

We can then find an expression for AUy:

AUy =Uy(¢ =0) — Uy(9) (11)
AUy =mg(R+r)(1— cos(¢)) (12)
d. (2.0 points) Mechanical energy is conserved in this system because gravity (a conservative force) is

the only force that does work. Note that the static friction required for the no-slip condition does no
work.
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Because mechanical energy is conserved, we can write:

Emg=FEmno = Ko+Ujo=Ks+Uss (13)

Initially, Ky = 0, so:
Ugo=Kyp+Usyp = AUg =K, (14)

Substituting in the expressions for K4 and AU, from equations |§| and @, respectively, we can find the
requested relationship for (¢)?:

ma (R 1) (1= cos(e) = 541 (mos 1 ) (9 (15)

N2 29 1
()" = R+T(1+Is/(mr2))(I_COS(¢)) (16)

e. (3.0 points) The forces acting on the sphere while the sphere is still in contact with the surface are
shown in figure [}

Figure 5: The forces acting on the sphere and the point of their application.

To find the relationship pertaining to ¢4, we analyze the forces acting on the sphere in the p-direction:

YF,=N —mgcos(¢) =ma, (17)

Because the sphere is undergoing circular motion, a, must be equal to the centripetal acceleration of
the sphere, acent- From the geometry of the problem:

ap = acens = (R+1)()° (18)

To find an expression involving ¢4, we recognize that, at the point the sphere loses contact with the
surface, N = 0. We can then combine equations [I7] and [I8] to find the requested relationship:

0 —mgcos(pa) = m (R +7)(da)’ (19)
gcos(¢a) = (R+7)(¢a)?

10
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f. (2.0 points) To solve for ¢4, we can substitute our general expression for (¢)2 from equation |16|into
the relationship given in equation

geos(60) = R+ 72 (s ) (1 costo) @
cos(¢pgq) = 34_# (22)
(g = arccos l3+215] (23)

For a uniform sphere, Iy = %m r2. Plugging this into the expression for ¢4, we find:

¢q = arccos Eg] (24)

For a thin hoop, I, = mr2. For ¢4, this gives:
1
(g = arccos B (25)

Since the cosine function decreases from 0 to 7/2, a lower cosine value corresponds to a larger angle.
From the geometry of the problem, this tells us the sphere leaves the surface at a larger angle in the
case of the thin hoop.

11



