Chapter 12
Spinodal Decowmposition
J. E. HiLriarp

The first intimation of what is now regarded as a structure possibly
produced by spinodul decomposilion came in the early 1940%s. At that
time Bradiey was reported (1) to have observed sidebands (or satellites)
around the Bragg peaks of the x-ray diffraction pattern from a Cu-Ni-Fe
alloy that had been quenched and then annealed inside the miscibility
gap. Further observations on the same alloy were made by Daniet and
Lipson (2, 3), who demonstrated that the sidebands could be explained
by & periodic modulation of composition in the {100} directions. From
the spacing of the sidebands they were able to determine the waveleagih
of the modulation, which was of the order of 100 A.

The growth of a compesition modulation in an initially homogeneous|
alloy implies uphill diffusion or, equivalently, & negative diffusion Co-
efficient. Becker (4) and Deblinger (5) had already predicted a negative:
diffusivity inside the spinodal region of a binary system., But their treat-
ments could not account for the growth of a modulation of 4 particular
wavelength, such as was observed in the Cu-Ni-Fe alloy. And, in fact,
as we will see later, any model based on Fick’s law yickls a physically
unacceptable solution when the diffusion coclficient is negative,

The first explanation of the periodicity was given by Hillert (6, 7).
Starting with a regular solution model, Le derived a flux equation for
one-dimensional diflusion on a discrete lattice. This equation differcd
from the usual one by the iaclusion of a term that allowed for the eflect
on the driving force of the interfacial energy between adjacent atomic
planes that diflered in composition. Hillert solved the flux equation
- numerically and found that inside the spinodal it yielded a periodic
wvariation of composition with distance, Furthermore, the wavelength of

the modulation was of the same order as that observed in the Cy-Ni-Fe
alloys. A more flexible continuvum model was subsequently developed
by Cahn (8, 9} (who, incidentally, was apparenily the first to use the
lerm “spinodal decomposition™). In addition (o using an interfaciui
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energy term, Cahn also introduced a term for the effect of coherenc
straigs. The latter term is important because it detertmines the morph
ology of the decomposition in clastically anisotropic materials. Also, i
is because of coherency strains that spinodal decomposition doss 1o
occur i certaln systems where it would otherwise be expected,

Spinodal decomposition is of interest on two counts. First, il is on
of the few selid-state transformations for which there is any plausibl
quantitative theory. The reason for this is the inherent simplicity of ti
rexction. It can be treated purely as a djffusionsl problem and, morcover
many of the characteristics of the decomposition can be deseribod by
an approximaie analytic solution to the diffusion equation. In contrust
theories for nucieation and growth have to invoke the thermodynamic:
of fluctuations, and the diffusional problem lnvelved in the growth o
the nueleus s far wore difficult 10 solve because it is unrealislic «
linearize the diffusion eguation. Second, from the practical viewpoin
spinedal decomposition is of interest because it affords a means o
producing a4 very finely dispersed struclure that can enhance the
properties of 4 malerial.

In the review that follows of the theoretical and experimental worf
on spinodal decomposition, primary emphasis has been placed on th
basic elements developed by Cahn in his firse two papers (8, 9) on ti
subject. Derivations of the important expressions are given in full, o
the premise that it is easier for a reader to skip a step than it is fos
another to bridge the algebraic gap between “it is ensily shown that'
and the ensuing equation. The presentation of the theory is based o
experience gained in teaching this material several times in a graduak
course at Northwestern University. In some cases the derivations diflw
from those originally piven by Cahn, but the principals involved anc
the results are, of course, identical. Later developments are dealt with
more briefly and discussion of certain peripheral topics, such as Sireapgth
ening due to spinodal decomposition, is omitted entirely. Also, where
possible, duplication is avoided of material (historical aspects, for
example) covered by Caln in his excellont 1967 Institote of Metals
Lecture (10). A {ist of symbols is giver in Table 1,

Theory

- Definition of the Spinodal for a Binary Systen

Censider a system containing a simple miscibility gap as shown in
Fig. 1. At any temperature inside the gap, say T, we can expect that the
free energy of an undecomposed solid solution will vary with composi-
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tion as depicted by the top curve, The points of commeon tangency 1o
this curve defing, of course, the composition of the coexisting phases at
Ty, In addition, there are two inflection points at which

Jr=0 (1)

where [7" = (8% /8¢ty v, f being the Helmhoitz free encrgy, ¢ the atomic
fraction of the second component, and V the volume*. The locus of
points satisfying this equation is the spinodal and is depicted by the
dashed curve on the phase diagram (Fig. 1), Inside the spinodal, £ is
negative, and outside it is positive. For solid solutions an additional
term, which will be considered later, has to be added to Eq | to allow
for the effect of coherency sirains,

Ias apparent that the spinedal is usually associated with a positive
deviaton from ideality, In addition to miscibility-gap systems, a spinodal
can ewcar in other systems, such as a eutectic in which there is a two-
phase region. However, in order o ensure a continuous free-encrgy

(a’ 1/9 % 0)
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Fig. 1. The chemical spinodal is defined by the locus of

temperatures (such as To) on the phase diagram at wiich

(83 /8c%) = 0., Inside the spinodal (8% /3¢®) is negative
anel oufside it is positive,

* Nomually the spinodal is defined in terms of (9% /2c%r, 7, where g is the Gibbs free
energy. Cahn's use of /s & carry-over from a treatment (11) of nucleation where it is essential
10 use J{or the PV potential), This 15 becavse the work of nucleation is #of given by the
change in the Gibbs free eneryy, since the pressure is not constant throughout the system
after cuclestion. With one exception, we will be censidering condensed systems at atmo-
spheriv pressure. In this case the ditference between fand g is negligible and can be ignored.
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function from one phase to another, the coexisting phases musl either
have the same crystal structire or there must exist a melastable phase
of the saite structure as one of the equilibrium phases.

The physical significance of the spinodal is that it is the boundary
belween the unstable and metastable parts of a two-phase region. This can
be demonsirated by determining the sign of the change in free encrgy
for a small composition fuctuation. Since the derivation that follows i
valid for a change in any extensive property, we will use the gencrul
symbol X in place of /.

Let us suppose that the property X has the composition dependence
shown in Fig. 2. We wish to determine the change AX in X for the
system when one mole of composition ¢’ is formed from a solution of
composition ¢q. It will be assumed that the amount of solution is large
enough for its compositional change 1o be negligible, At first sight it
might appear that AX is given by X{¢') — X(e,). But this would be true
only for un open system in which material could be exchanged with an
external source. For a closed system we have to allow for the change
in X due Lo exchange of material with the solution, We therefore have
to work in terms of the partial molar properties X, and X, of the two

Kalcg)
a /

Kyle

ty ¢!
ATOM FRACTION OF COMPONENT 2

Fig. 2. The change AX in an extensive molar property X

accompanying the formation of 1 mole of solutien of

compaosition < front an nfinite veservoir of compaosition

Co i3 given by the disiunce sb. If, as shown, point b ligs
below the tangent, AX is negative,



502 PHASE TRANSFORMATIONS
components. The change in X for the transfer of ¢’ mole of component 2
from material of composition ¢ to that of ¢ is [£y(e) ~ Xile)le’
Allowing for the analogous change for the transfer of component 1, we
obtain

AX = [Ffe) — Bledle’ + [Re) ~ el — ¢)

This can be rewritten as

AN s ¢ Xe) H{L VT {e) —eKoled) ~{1 —c) Xy(ey)
+{eq "”C’)[)?E(Cu} —XL(Cﬁ)] @
= X{¢") — Kep) ~ (¢ —co)(d X/ de)e,

From this eyuation it is apparent that AY is numerically equal o the
distance ab in Fig. 2 and is negative if the curve at ¢’ lies below the
angent.

"The result given by Eq 2 holds for any value of (¢ — ¢¢). Let us now
consnler the special case of an intinitesimal fluctuation é¢ == (&' ~ ¢g)
from the initial composition, Expanding X in a Taylor’s series about ¢,
W ohan:

€)= Xeo) + 8eX (eq) + (1/D(BPX "(eg) + ...

in which primes on the A7s denote derivalives with respect to e Sub-
stituting in Eq 2 we obtain

AX = (/DR X e+ - ..

, fic)
/

FREE ENERGY

e s fo

ATOM FRACTION OF COMPONENT 2

Fig. 3. Following the construction shown in Fig. 2, any flactuation, no
marter fiow ymall, from an initial composition (say <) lying inside the
spinodal decreases the free energy. However, for an initial composition
(0o} Iving outside the spinodal, the composition of the Fuctuation
has io exceed & fur there 10 be a decrease in the free energy.
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or, if X is the Helmboltz free cunergy f
Af = (LD "(eq) + ... 3

Thus, as shown in Fig. 3, if the initial composition ¢, lies outside the
spinodal [/"(co) > 0}, an infinitesimal fluctuation increases the free
energy and the system is therefore metastable. However, inside the
spinodal [/"{cy) < O} any fuctuation, no matter how smail in degree,
decreases the free energy and the system is unstable, An apt mechanical
analog of these two cases has been given by Cahn (10).

Since there is no thermodynamic barrier inside the spinodal, the
decomposition is determined solely by diflusion.

Classical Diffusion Equation

We will first derive the customary diffusion equation in terms of the
mobility and frec-cnergy gradient and then show why this has to be
modified for diffusion inside the spinodai (or, for that matter, outside
the spinodal if diffusion is occurring over very short distances), For
mathematical stmplicity we will throughout restriet the treatment (o
one-dimensional diffusion. This Hmitation is justified because in the eurly
stages of spinodal decomposition {which will be our primary concern)
there is ne interaction between composition modulations in different
directions,

As @ starting point we assume that in a binary system the fuxes, J,
and J,, of the components are proportional te the gradient in chemical

potentials with respect {0 some fixed referencs plane.
Thus

Sy N1 — vy (Buy/3x) {

and
Jy = = Nyeo{Ou,/0x) (3)

in which the ¢’s are the atomic velocities under a unit potential gradient,
the u’s are the chemical potentials per atom and Ny is the nuisber of
atoms per unit volume, With respect fo a moving reference plane lor
which the total flux is zero {the Matano interface), the Aux of com-
ponent 2 is
Sy el b Sy = Nve(l — e)poQpa/dx) — vi(Bu,/3x)] (6)

For reasons that will be apparent in the next step, we will rewrite this
in the form

= =Nve(l ~ Ml — Aoy -+ o [(Bpa/dx) — (Gu,/9x)]
A (os = 0 )[e(@ue/0x) -+ (I = )0u /o0 (7
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The last term of Eg 7 in square brackets is zero because of the Gibhs~
Duhem relationship,

{1 — )%y + cdpy =0

Equation 7 thus reduces to

J = —NeM(0p,/8x) ~ (Bu,/3x)] (3
where M is a mobility* defined by
M=ol —alll — o, + ey C)]

Since
Ny = ) = dffde

{the factor of Ny appears because the u's are the chemical potentials
per atom while fis the free energy per unit volume), the fux equation
can be written

J o= —M{d;dx){(df/dc) (10)
For 4 system in equilibrium, the chemical potentials, and hence their
ditference, are constant throughout the system. Thus Eq 10 satisfies the
physival requirement that the net flux should go to zero as equilibrium

i3 approactied. For the time dependence of the composition we obtain
on ditferentiating Ey 10 {assuming A and 7 to be constants)

23t = - (L/NWBI/AN) = (M/No)f(c/ax®)  (11)

i which the factor of Ny reappears because the derivative has to be
taken with respeet to the concentration {in atoms per usit volume) of
component 2. Comparing Fiq {1 with the usual statement of Fick's
second law

e B = D{a%c/Bx%) 12
it is seen that the mobility is related to the interdifusion coeflicient by
M= DN/ (13)

it follows from the soiution to be derived later for a more general
equation that a particular solution to Eq 12 is

¢~ oy == A(Z, 1) exp (ifx) (149
‘ which e, is the average composition and AP,y is the amplitude of

* Some authors [for example, Hiller! (6, TFexclude the factor of ¢{l — ¢} in the definition
2 M. We are folfowing Cahn's usage here.
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the Fourier component of wavenumber f al time ¢ (f = 2m/3, where A
is the wavelength). In terms of the initial ampiitude at time zero

A3, 1} = AP, 0) exp [R(A] (13)
where R(f) is an “amplification factor” given by
R == —(M/Nv)BY" (16}

All sums of solutions of the form of Eq 14 are aiso solutions to Eq 10
and the Fourier components behave independently of one another, This
Is & consequence of the Tinearization of Fq 10 and is not true unless
M and f7 are assumed to be independent of ¢,

Let us now examine the propertics of the solution. Since M is in~
herently positive (10), the sign of R(F) is determined by that of £, In
& one-phase region or metastable part of a two-phase region of the
phase diagram, /"> 0. Thus R(8) < 0 and Eq 15 predicts that Gy
existing composition Quctuations will decay out. This is to be expecled
in the onc-phase region, since the equilibrivm slate is a homogeneous
solid selution. It is also the result we should expect for the metastable
region because, in deriving the flux equation, no provision was made
for thermal fluctuations. The equation cannot, therefore, predict
nucleation,

Inside the spinodal /7 << O and R(5) > 0 for all values of B Thercfore,

7
’

}
Selution i Clossical
,"’" Equation

Solutien to
Catns Equaitan

ARPLEICATION FACTOR, R (5)

WAVENUMEER , B

Fig. 4, Dependence of the amplification factor on wavenumber,
Deashed carve is solution (Eq 13 and 16) to the classical diffusion
eguation (£ 1), Full curve is solution (Eg 51 and 52) tv Caba's
equation (Lg 46). The wavenumber receiving maximum amplifica-
tiow iy Ba, and Be is the critical wavenumber.
R*
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according to Eq 15 any modulation will grow, The dependence of R(p)
on wavenumber § or wavelength 4 {=2n/8) is shown schematically by
the dashed curves in Fig. 4 and 5. The amplification factor (and thus
the growth rate) approaches infinity as 1 =0 {or # -»o0). This result
holds, of course, only for & continuum. For a boc Jattice it can be
shown (12) shat the fastest growing modulation in the <100 will have
a wavelength equal 1o the latdce parameter. This will lead to the forma-
tion of an ABAB... type of structure associated with an ordering
reaction. But this is in contlict with experimental facts since the observed
wavelengths in the Cu-Ni-Fe alloys were of the order of 100 A, We
must therefore conclude that Eq 11 is not applicable inside the spinodal.

Modified Diffusion Tquation

As we have seen, when 7 <2 0 {or, equivalently, with a negative inter-
diftusion coefficient) the classical ditfusion equation yields & 1/42 de-
pendence for the amplification factor. This is merely the famisiar (Dr )V
law in another form. If we are to account for the experimental results
inside the spinodal, we require an additional term in the diffusion
equation that inhibits the growth of very short wavelength modulations,
The nature of this term is not difficult to see. The composition variation
between the maxima and minima of the modulations is comparable with
a dittuse interface between (WG, pHEECE, 3nd We Know that there is an
excess free energy associated with such an interface, Since this “inter-
facial” energy is positive it will decrease the driving force available for
diffusion and, the shorter the wavelength, the greater will be the decrease,
This was not aliowed for in deriving the classical equation since it was

1
1

\\ _~Sutution tg Clessical
v Equation

"

(]
-

\\,Suluﬁun o Can's
N, Fauation

FARCTOR

LAPLIFICATION

m
WAVELENGTH | X

Fig. 3. Same curve as in Fig. 4 but plotied versus
wavelengih A (= 22/0) instead of the wavenumber
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tacitly assumed that the driving force was independent of wavelength.

In order to estimate quantitatively the interfacial term, Cabn (8)
utilized a treatmcnt (13} that assumed that the [ree coergy of a non-
homogeneous system could be expressed by a wmultivariable Taylor's
expansion:

Spsizy o) == y(@f/0y) + 2(3f/02) + ...

(YY) + 203722 + 2p2(a¥/8paz) + . ] + ..
in which the variables, y, z, ... are the spatial composition derivatives
{de/dx, dc/dx?, etc). For the free encrgy of a small volume clement
containing & one-dimensional composition variation we thus have
(neglecting (hird and high-order terms)

= fled + Lide/dx) 4 Ky(die/dx) -+ Kilde/dxyr (U7
in which

L= 3f70(de/dx)
Ky = 8f/8(d2/dx?)
Ky = (1/2)e%/a(de Jdx)

(evaluated at zero gradients) and f(c} is the free energy that a volume
¢lement of composition ¢ would have if it were homogeneous. [It would
have been possible 1o include ¢ as a varjable in the expansion, but it is
more convenient to use the function f(c),] For crystals with a center of
symmetry the free energy must be invariant with respect to a change in
sign of the axis, Thus the coeflicient I, in Hg 17 must be zero. Integrating
Eq 17 we obtain for the total free energy of the systemn of cross-sectionad
area A

f

i

Froe=A j [F(e) -+ Ki(dPc/dx®) 4 Ky(de/dx)ydx (18
Integrating the second term by parts
‘ Ki{d?*/dx®)ix = [K(dc/dx)]y — J (dK, /de){de /dx)dx

Assuming that the system is homogencous at the surface the first term
ont the righl-hand side vanishes. (For a macroscopic system this term is
negligible even if de/dx is not zero at the surface.) We can therefore
rewrite Eq 18 in the form:
Fp= A f [7(&) + K(de/dx)dx (19}
whers
K= K, — {dK,/dc)
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nearest-neighbor interactions and neglecting the effect of coherency
strains, it has been shown {13) that

K =2/ 3 (20)

in which A% is the heat of mixing per upit velume at ¢ = 0.5 and r, is
the nearest-neighber distance. Since the presence of a spinodal is
associated with a positive deviation from ideality, it follows that for
such systems K =- 0. (A negative K is in any case not allowable in a
continuum model.) In the absence of coherency strains, K is a second-
rank tensor and is thus isotropic in cubic crystals.

In deriving the classical flux equation, the potential for diffusion was
found 10 be dfide. We now have to determine the corresponding
quantity when the free energy of the system is given by Eq 19, The
potential has to satisfy two requirements, First, it must reduce to the
classical one, dfyde, when the gradient-energy cocfficient is set equal to
ze10. Secondly, at equilibrium the potential should be constant through-
out the system. This second requirement suggests that we examine the
condition for equilibrium in a nonhomogeneous system.

For a system in equilibrium the free energy will be a2 minimum, thus
we have to determine the variation of ¢ with ¥ that minimizes the integral
in Eq 19 subject to the condition that the average composition remains
constant; that is,

[ (e = ey =0 20

It can be shown (for example, see reference 14) that for p(x} to
maxirize or minimize the integral

| Plx, y, y)dx

where 1" = (dy/dx)] subject to the constraint

POy, v, p0dx == const

it must satisfy the Fuler equation

d el 9l
e by Jpl 22
dx (,By’) ay v @2
where
Uw P gD

in which « is a Lagrangian multipfier.
With reference 10 our problem it is apparent that Y=o, X=X,
Vo= (de/dxyand U = fle) + Klde/dxp — a(c — ¢p).
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Substituting in Eg 22 we obtain as the condition for a stationaty value
(which it can be shown is, in fact, a minimum)

dffde — 2E(d*/dx®) = o (23)

This then i3 the differential equation that the composition dependence
has to obey when the system is in equilibrivin. The analogous equation
for the classical case is:
dffde = Nv(uy — 1)) = const 24

It is apparent that «, as defined by Eq 23, has the properties of the
potential we are seeking, It reduces 10 the classical case, Eq 24, with a
zero gradient-energy coefficient and it is constant tiroughout the system
when it s in equilibrium.

Substituting « for (df/de) in Bgq 10 we obtain the modified {lux
equation

I o= MU d)(df ey — 2K (d e fdxt)) (25)
Performing the differentiation assuming K a constant we oblain
Jo= M (defdx) — 2K(dbe/dn)] eI ‘
Finally, d"”oic: d“';’ld'f\ g‘

ac/ﬁr == —"(E/Ny)(‘ddr/d«\)
= (MINUdefdnd) — 2K (die/ded)  (21)

inwhich we have assumed M and £ to be independent of composition—
assumptions that will in any case be necessary when we come to solve
the equation. The implication of these assumptions will be discussed
laser.

It will be seen that Eq 27 differs from the classical Bq 1 by the
inclusion of the torm ~(M/NP2K (dhe/dx)]. As will be shown when
the solution to Eq 27 is obtained, it is this term that inhibits the growth
of very short wavelength modulations, However, before solving the
equation we will consider the correction that has to be applied for
coherency strains.

Coherency Strain Fuergy

For most arystalline solid solutions there is a variation of lattice
parameler with composition, If' the lattice of such a solution is to refnain
coherent in the presence of a composition modulation, work has to be
performed in straining the lattice. The maintenancs of coherency thus
affects the driving force for diffusion.

Consider a crystal {Fig. 6) containing a one-dimensional composition
modulaticn along the x direction. The conmposition will be uniform
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A

Fig. 6. 4 slice of waterial of lattice parameter a has to be

subjected 1o strafns 6 = {4 ~ a)/u, M the 2 and v direc-

tions If it Is to be coherent with a section with unit edyge

ferigths and with a laitice parameter 2y in the zy plane,
{Hitliord, reference 15)

&cross any 2y plane and we would therefore expect no variation of atom
spacing within the plane. But, because of the composition variation in
the v direction we might expect a variation of the spacing within a zy
plane us it is moved along the x axis. However, it is the basic premise
of Catn's caleulation {9) that no such variation is allowable if the lattice
i» 1o romain coherent.® The reasoning is as foliows. Let us assume that
there s a4 diference in the internal spacing between two adjacent zy
P planes As we move from a region where there is an exact matching of
¢ atoms across the two planes, there will be an increasing relative dis-
| placement of the atoms. Eventually, this displacement will have reached
¢ halt an atomic spacing. At this point, or before, coherency has been lost
* between the planes. We thus come back to the requirement that for a
coherent lattice the Iattice spacing in the plane of the modulation is
independent of the location of the plane. )
Starting from this premise we will caleulate (15 the elastic strain
energy for a cubic crystal. This will be done by estimating the work
required to deform a slice of material so that it can be added coherently
* Strictly speaking, this condition holds only for 4 specimen of infinite cross-sectional
area since the stress is relaxed at o free surface, However, an unpublished caleulation by
H, E. Cook has shown, as one would intuitively expect, that the effect of this relaxation is

only significant if the lateral dimensions of the specimen are of the order of the wavelength
of the composition modulation.
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to an existing slab (Fig. 6) of unit cross-sectional aren. As before, we
will assume that the composition modulation is along the x* direclion
and, as indicated, a prime will be used to distinguish the reference axes
from the standard axes of a cubic system (that is, along the <100)), Let
the lattice spacing in the plane of the slab be ay and that of the un-
deformed slice a. If the slice is to be coherent after addition to the slab
it must be subjected to a strain of

0 =(a = ay)/a, (28)

in the 27 and y’ directions, The straightforward method of caleulating
the work of deformatior would be to evajuate the unknown stresses and
straing resulting from this deformation. However, we would then be
faced with the task of transforming three clastic conslants from the
primed to the standard axes; this is algebraically very messy, Instead,
therefore, the work will be expressed in terms of the Iinear compress-
ibility (which is independent of direction) and one direction-dependent
elzstic constant. In order to do this we will suppose that the deformu-
tion required to achieve coherency is accomplished in two steps. First,
the slice is deformed hydrostatically to produce the required strains in
the 2 and ' directions. In the second step, the sides of the slice paralicl
to the x' direction are clamped and the stress in this direction is refaxed
reversibly.

The lineer compressibility (16} of a cabic system is 1/(e; + 2¢4,),
where the ¢'s are the elastic consiants. The stresses required to produce
a hydrostatic strain of 8 are therefore

Gy == Oy = 0 = Koy + 2eyy) {29)
The elastic work per unit volume is given by
Wi = (1/2)50, (30

where the =, are the strains. The work performed per unit volume of the
slice during the first step is therefore

We(l) = (3/2)(ers + 2¢,5)8% (1)

During the second step in which the stress along x" |s relaxed, the sides
of the slice are clamped. Hence &, =g, =, Thus, the standard elastic
equation

Tyt = Crpe + Cyrgly + Cprye,
yields

gt = Oy [y

and thus W) = 6%e,y + 200,082, (32



512 PHASE TRANSFORMATIONS
after substitation from Eq 29, The net work performed on the slice in
order to achieve cohierency is
Wi = Wg(l) — Wa(2)
and, hence, from Eq 31 and 32

W = (84/2)¢ey, 20043 - [ler -+ 2esa)/enyd} 33)
The final step is to express ¢, in terms of the constants ref;rrcd {o the
standard axes, Following the usual prescription for rotation of axes
(see, for example, reference 17) we obtain
crre o= e+ 2w — o+ eI - mint 4 2t (34)

in which /, m, n, are the direction cosines of the x’ ax%s and, therefore
of the direction of the composition modulation. Combining Eq 33 and
34 we obtain
W = Yot (35)
where
Yo (12)(e00 + 2043)
Oy 20y, } 36
Cyp b 2205y e oM 4 mnd o [ (36)
This is the expression given by Cahn (9, Ln its derivation we have
tacitly assumed that the composition modulation dogs not pr. uce any
Mi__ 1s. Cahn considered this question and concluded that shear
. would be absent for modulations along <1003, <1165, <1115 and that
" for other directions the effect of shear strains would be small, (An exact

exprevsion for ¥is given in the Appendix.) [t follows from Eq 35 that the
total elastic strain energy of a slab of cross-sectional area A is

Wr = A | voudx 67

*13 —

Wo next have to relate the strain 8 to the composition variation. Let
g be the luttice parameter of the unstrained solid* of the average com-
position ¢y Then a Taylor's expansion about ¢, yields

a=all +5lc—e) + ...]
in which

n o= (1ia,Hdusde) = dlnajde (38)

* We are assuming at this point that the fattice spacing in the plane of i.h? mcdula_tion
will be that corresponding to the uverage composition cg, This seems mtmilve]_y obvious
and, in fact, it can be shown thac it is the value which minimizes the tolal strain SRErgY.
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where the derivatives are evaluated at ¢o. Thus, neglecting higher-order
terms

§ =g ~ag)/ay = nlc — ¢} (39)
Substituting this in Fq 37, we obtain

Wi = A [5*Y(c — edx {40)

This simple result indicates that the strain engrgy of a modulation
depends only on the amplitude and is independent of the wavelength,
For a given ampiitude the strain energy Wy is proportional to Y. We
will now consider values of this quantity for various special cases.

For an isotropic material

20 — ¢y + Cry == (‘“)
and Eq 36 reduces to
Yiiso] = ey + ey — 2k /ey) (32)

This equation can alse be written in terms of Young's modulus E and
Poisson’s ratio » using the standard relationships

e = E(1 =)/ — 201 + »)
and
Cog = Ev/{1 — 21){} -+ )
Substituting in Eq 42 we obtain

Yiiso] = £/l — ) (43)
For most metals the left-hand side of Eq 41 is positive. The elastio

encrgy will thus be a minimum for those directions thai min

{I'm? + pin 4 [47%). By spection these are soen w0 be 00 . For
this case T

V00] == ¢y + epy — 2(ct/ey,) (44}

the sane as for an isotropic material, Af least one metal, molybdenum,
has an anisotropy of opposite sign. In this case, the directions lor
minitsum We will be those that maximize the directional cosine function.
These directions are <1115, and

Y[H l] = 66'44(&'11 -+ 2(‘12)/(5'11 -+ 2(—'13 -+ 4644) (45)

As will be shown later, the growth rafe of the modulations will be a
maximum in the directions that minimize ¥, These directions thergfore
determing the worphology of the decomposition 1n Cobic 8651d solutions.
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The calculation of the elastic strain energy that we have just considered
is based on a contimuum mode! and it must therefore break down as the
wavelength of the modulation approaches the stomic spacing. Recently,
Cook and de Fontaine (I8) have derived the elastic energy of a com-
pasition modulation in a Bravais lattice and their results are applicable
to modulations of all wavelengths, They find that the clastic energy is
dependent on the wavelength as well as the direction of the moduiation
{(whereas, in the continuum model it is independent of wavelength).
Furthermore, 2 macroscopically isotropic crystal is anisolropic on an
atomic scale. These resulls are illustrated by a plot {Fig. 7) they made
of ¥in reciprocal space for the #,71,0 section of the first Brillouin zone
of a bee crystal. The values used for the elastic moduli were ¢,, = 4,
€2 =2 and ¢4 =} (in arbitrary units) which satisfy the condition,
Eq 41, for isotropy in the contimmum model. 1t will be seen from Fig. 7
that at the origin (for an infinite wavelength) ¥ = 4 which, as one would
expect, is the value given by Eq 42 for the continuum model. There is a
saddle point at the origin; ¥ increases along <1305 and decreases along
<180>, becoming zero at the 100 superlattice positions,

Cook and de Fontaine pointed out that it is possible, within the
framework of the continuwm model, to make a first-order correction
for the wavelength dependence of ¥ by using an expansion about the
origin. Since the wavelengths of interest in spinodal decomposition ate

Qo

0 .
Fig. 7. Variation of the effective moduus Y 1 the hyhe0 section
of the first Briflouis zone of a macroscopically isotropic bee
crystal {Cook and de Fontaine, reference 18)
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typicaily 10a to 20a (where g is the lattice parameter) this is & salis-
factory approximation. The frst term in the expansion is the value of
¥ given by the continuum calculation, The next term is preportional
to the second derivative since the first derivative vanishes at the origin.
The second terns is algebraically of the same form as the chemical
gradient energy term already introduced. The coellicient of the elastic
gradient ecnergy can therefore be incorporated into X, Unlike the
chemical contribution, the elustic contribution to X is anisotrepic even
in cubic erystals. For the example shown in Fig. 7, it will be positive for
wavevectors along (110> and negative for those along <1003, This is
another factor in addition 1o ¥ that may influence the morphology of
the decomposition.

It now only remains to incorporate the elasiic energy into the diffusion
equation. It follows from Eq 19 and 40 that the free energy of a solution
including the elastic energy is

Frows d f L) + 2 ¥ e — co)t + K{de/dxy)ds
Following the same steps to derive Eq 27 und assuming *3 10 be
independent of ¢, we obtain
9e/0t = (M/Nv){[[" + 2 Y (dPc/dx?) — 2K (d*c/dxY)Y}  (46)
which is the equation* given by Cahn. Using Eq 13 it can also be written
in terms of D:
dc/Bt = D[l + (2 Y/f")d%e/dx®) — K/ )d'e/dx}  (47)

Solution of Diffusion Lquation

If the coefiicients of Eq 46 are sssumed (o be independent of ¢, it
can be solved cither by a separation of variables or by a Fourier trans-
form method, We will use the latier since it is quicker. Tf A(F) is the
amplitude of a Fourier component of wavenumber g8 {=2x/4, where
4 is the wavelength) the spatial composition variation can be expressed
by the Fourier integral

¢ o= gy == fA(fJ’) exp (ifx)dpg (48)
in which the coefficients are defined by the inverse relationship
Ay = (1/27) [ (¢ — eq) exp (—ipx)dx {49)

* Apart from a factoe of Nv which is missing from Cahn's equation; its absence is not
noticed until a numerizal caleulation comes out in erroc by some 23 orders of magaitude.
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Substituting Eq 48 in 46 and noting that
doeidt = J‘ (i 5" A(B) exp (i fx)d
we oblain on equating coellicients
dAG) A = - (MINOUST + 202 4 ZKFRAGE) (50)
This is an ordinary differential egnation that has the solution:
AR, 1) = AP, 0) exp [R(B)e] 5D
in which A(#, 0} is the initial amplitude of the Fourier component of

3

wavenumber 3 and R(#) 1s an amplification factor defined by
Ry = — (MNP Y 2K e (52)

or, in terms of D,

Ry = =DIL 4 (Y17 + QK1) (53)

If the selid solution has undergone a perfect quench from the single~
phase region into the spincdal, the initial amplitudes A%, ¢) will be
those of the thermal fluctuations that arein equilibrium at the quenching
temperature T,. These are given by {19, 20}

AP = KTy Ve (S + 202X -+ 2K ) 54)

where iy is the volume of the specimen. Iowill be ssen that the amplitudes
decrease monclonicaily with increasing 8, but that the dependence is
fairly weak. Usually, some decomposition will occur during the quench.
In this case A{S, 0) will be the spectrum at the end of the quench.

Comparing Eq 16 and 52 it will be seen that the amplification lactor
differs from that for the classical equation by terms in 22 Y #*/f" and
ZRgFY. The first comes from the elastic strains and will be absent if
the temperature is high enough for the strains to be relieved by plastic
deformation. The second term involving the gradient energy becomes
ereasingly important with increasing g, that is, with decreasing wave-
fengih, £ For values of & normally encountered, the gradient term is
signiticant only for 2 2 100 A, Thus, as has been shown by experience,
the classical equation is satisfactory for the interpretation of the usual
dilfuvion messurements, since these are made at high temperatures witl:
micren or greater penetration distances,

Ay was the case with the calculation of the elastic strain energy, we
must expect that Eq 46 will break down at large wavenumbers because
ol the continuum approximation. This limitation has recently been
climinated by the derivation (12) of an analogous equation for a discrete
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lattice. For diffusion aleng {1003 or <1105 in bee or along (100> or
(U1 in foe, the solution to the discrete equation is given by Eq 51 und
52:4f 8% is replaced by the function

B = (2/d) — cos (5d)] (55}

in which & is the interplanar spacing. Expanding the cosine term we
obtain

B =l (Bd2/12) - .. ) {36)

The fractional error in using the continuum approximation is therefore
approximately {(#%7%/12). As previously noted, the wavelengths of
interest in spinodal decomposition are typically greater than 10a ~v 204,
For this wavelength, (A*d*/12) == 0.8%, so that the error in using the
continuum approximation is negligible,

The Early Stages of Spinodal Decomposition

We have just demonstrated that the continuum approximation will
be a satisfactory one in the treaiment of spinodal decomposition. Let
us now consider the effect of the other approximations that have been
introduced.

In deriving and solving the diffusion equation it was assumed that
K'Y, M and /" were independent of composition. These assumptions
can be eliminated from the derivation of the equation — it is merely a

- matter of carrying along the higher derivatives. However, the equation

cannot be solved analytically unless it is lincarized. There is theoretical
(13) and experimental (21) evidence that 1o a first approximation X is
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Fig, 5. The assumption that {9*(jdcY) iy independent of
composition is equivalent to fitting the free-energy function
(full curve) by a parabola {dashed cur ve)
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independent of composition. But the assumption that the other co-
efficients are constant is not very satisfactory, and it is particularly bad
for f7. As shown in Fig. 8, the use of a constant / is equivalent to
fitting the free-energy curve by a parabola. It is apparent that this
approximation becomes progressively worse as the average composition
¢y approaches that, c,, of the spinodal. Because of the linearization of
the diffusion equation, the solution is only valid for small composilion
ampitudes —for the early stages of the decomposition, However, this
limitation is not as severc 4s it Mughi seeml since the Most important
characteristic of the transformation, namely the mworphology, is estab-
lished in the early stages and thereafter changes only slowly with time.

Let us now examine the properties of the solution to the diffusion
equation inside the spinodal. It will be seen from Eq 5! that in order
for growth of a component to occur, the amplification factor R(f) has
to be positive. Since M in Fiq 52 is inherently positive, R(f} is positive if

IR 2R 2K S0 (57)

For @ syslem with a spinodal, K is expected to be posilive. The
inequality 57 can thus be satisfied only in he region for which

£ 2T <0 {(58)

This expression, taken as an equality, defines the coherent spinodal (as
distinguished from the ehemical spinodal defined by Bq 1}, Since Y is
a function of direction in a crystalline material, it follows that the
coherent spinodal temperature will also vary with the direction of the
wavevettor. The teiiperaiuce will b6 & Maxmum for those direcLions
that minithize 27* ¥,

The difference between he temperature T, of the chemical and that
T* of the coherent spinodal can be estimated by expanding f” about
7} and substituting in Eq 58, Noting that f" = 0 at 7%, we obtain

T =T s — DY/ /0T ), = 200 /s (59)

in which 5" = {3%/3c*) where 5 s the entropy per unit volume. Equation
39 is a good approximution because the entropy of mixing is only
weakly temperature dependent, Since we can expect* 5” < 0, Eq 59
indicates that T < 7., thus Lhe cohgrent spinadal lies inside the chemical
spinodal. The coherency strains therefore tend 1o stabilize the solid

ot iR

* The condition ™ - 0 is not required thermodynamically. However, the only exceptions
found in the examination by the author of the data compiled for mary systems by Hultgren,
Orr, Anderson and Kelley {22) were for systems exhibiting & tendency to ordering—systems
having a negative deviaton from ideality,
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solution. If the cntropy of mixing is assumed to be ideal, then
§" = —Nyk ol — &) (60}

and Eq 59 becomes
TF = Tyme 292 Ye{l — &) /Ny (61)

Variations in the depression of the spinodal in different systems are
determined primarily by % because this has a much larger possible
variation than does Y. For systems, such as Al-Zn, where there is only
& smadl variation of lattice parameter with composition, the difference
between the two spinodals is only a few degrees, whereas in others, such
a8 Au-Ni, it is several hundred degrees.

For any particular temperature and composition within the spinodal
there will be a critical wavenumber 8, (and a corresponding wavelength,
2o = /B satislying

JU A 2EY 4 2K =0 (623
for which R({1) is zero. Fourier components for which B << f.will grow,
Existing components with g > g, will decay. It follows from Eq 58
and 62 that the cin;,‘gpjggggl_mggg;gzggggémmﬁ,lggiﬁwpf 3y = 4

It is convenient o rewrite Eq 52 in terms of f,. Substituting from
Eq 62 we obtain

R(B) = QKM/Ny)(§; — i*)8* (63)
This function is shown by the full curve in Fig. 4. There is a maximum ol
f = o/ 42 (64)

{found by equating the derivative of Eq 63 to zero). The variation of the
amplification factor on § or, as is more casily visualized, on 2 (full curve,
Fig, 5} is easily explained physically. Starting from a long wavelength,
R{2) increases as 1/42 because of the decrease in diffusion distance. In
this region the classical ditfusion equation (dashed Curve) 1s 4 salis-
factory approximation. But, with decreasing wavelength, the COMpOsi-
tion gradients increase and more energy is tied up in the incipient inigs-
faces. This reduces the driving force and eventually it more than oflscls
the reduction in diffusion distance and thus leads to a maximum in
R{%) at 4, For 2 < A, the gradient effect dominates and R{3) eventually
becomes negative. '
Substituting from Eq 64 into 63 we obtain for the maximum value
of R(f):
R(y) = (2KM/Nv)p, (65)
= {KM/2Ny)3t {(Go)
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Thus, R{.} is strongly dependeal on Pu Tt follows from Eq 62 and 64
that

B U+ 27X /K (@)
and, since
STy~ (T =T /3T) = —(T = Ty {68)
we have
e 5, 55 (T o T8" = 2 ¥1/4K {69)

where T is the temperature of the chemical spinodal. Since 5" < 0, it
follows {rom Eq 69 that j,, increases with decreasing values of 255,
Thus, by Eq 63, R(7,,) will be a maximum for wavevectorsinthe direction
that minimize ¥ (assuming that the anisotropy in the elastic contribution
to K does not predominate).

Combining Eq 59 and 69 we ebtain for 5 in tevms of the temperature
T3 of the coherent spinodal

B e (T =~ THs" 4K (70)

from which it foliows that 3, incresses with decreasing temperature.
Combining this resuit with Eq 65 we see that starting from zero at
T'= T}, R(fi.) initially increases with decreasing temperature. However,
the increase in R(3,,) will eventually be offset by the decrease in mobility.
The isothermal-time-transformation curves for the decomposition will
therefore be of the familiar € shape, as shown in Fig. 9.

The results for the early stages of the decomposition can be sum-
marized as follows:

I There will be one wavelengih, 4., of the initial Fourier specitum that will

have the maximum growth rate. Any Fourier components having wave-

lengths Jess than a critical value A, (where 2, = 2, /+/2) will decay.

Ay, (and therefore ) decreases withs (@) decreasing temperature; (& decreas-

ing values of X; and (2) the shift of the average composition ¢, towards the

center of the spinedal.

3 In cubic materials, preferential growth will oceur along those directions
(usaully £1003) that minimize the coherency strain energy.

4 The rate of decomposition is zero at the temperature of the spinodal and
passes through a maximum with decreasing temperature,

-

Morphalogy of the Decompusition

As we have seen there exists a Fourier component of wavenumber
f for which the ampiification factor R(8) is a maximum. Because of the
exponential dependence (Eq. 51) of the amplitude on R(F) we would
expect that components with wavenumbers clustered about B would,
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Fig, 9. Isothermal-transformation diagram Sor spinodal decomposition, The
cwrves are for a hypothetical but not unrealistic set of parameters. The righi-
hand scale gives the characteristic wavelength corresponding 1o the reduced
femperatire on the left-hand seale, {Huston, Cahn and Hilliard, reference 20)

alter a very short time, dominate the decomposition. In determining
the structure produced by spinedal decomposition we shall assume that
the composition variation can be described by sinusoidal modulations
of & constant wavenumber f,. (However, when reviewing the experi-
merital resulls, we shall ses that the Fourier spectrum never becomes as
sharp as one would anticipate from the theory.)

Let us first consider decomposition in a material which is either iso-
tropic or for which there is no significant elastic-energy contribution.
In this case there will be no preferred directions for the Fourier coni-
penents. These will therefore have random directions and phase angles.
Calin (23) has simuiated this condition on a computer, using a Gaussian
distribution for the amplitudes. Figure 10 shows the cross section of the
structure (for ¢y = 0.5) resulting from the superposition of 100 random
sine waves with the wavelength 2 indicated at the bottom of the figure.
The points in the plot depict regions where the composition is greater
than e, In contrast to what is normally thought of as & “spinoda!
structure” the figure does not display a highly developed periodicity.
This is because the components are randorn in direction.

From a study of a sequence of cross sections for different volume
fractions of the two phases in the final structure Cahn demonstrated

that connectivity of the phases is maintained over a very wide range of

volume fractions (approximately 0.15 to 0.83). He suggested that this
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factor (which has important technical cansequences) was one which
distnguished spinodal decomposition from nucleation and growth in
an isotropic material. The latter reaction results in the formation of
discrete particles that are likely to beconie interconnected only when
the two phases have approximately the same volume fractions. How-
ever, Seward, Uhlmann and Turnbull (24) have shown that discrete
particles can become interconnected by coalescence, They therefore
claimed that interconnectivity (at least during the late stages of the
transformation) is not proof of spinodal decomposition.*

We will next consider decomposition in cubic materials, where there
is a significant contribution from the elastic strain energy. In Cahn's
treatment the only anisotropic term in the solution of the diffusion
equation was ¥, But since then, as we have seen, the results of Cook
and de Fontaine (18) indicate that there is a strain contribution that
renders the gradient-energy coeflicient anisotropic. However, the effect
of this on the morphology has not yet been fulfy explored and we wiil
therefore have to neglect it or, at least, assume that the anisotropy in
Y is the dominant factor.

Let us first treat the most common case in which the {100 are the

Fig. 10, Cross secrion of a spinodal siructure in an isotropic
material simalated by Cahn (23) on the computer by adding 100
random sing waves of wavelength i The points define regions
where the concentration is greaier than the average, Note the
high degree of comnectivity and the absence of regular periodicity,

*Note added in proof: However, J, W, Cahn in a privaie communication has
pointed out that if the mobility is strongly composition dependent (a5 is the case for
the BaO-810, system studied by Seward, Ullmann and Turnbull) one would expect
the formation of a discontinucus siructure in the early stages of spinodal decomposi-
tion. The observations on Ba0-$i0, are not therefore inconsistent with & spinodal
mechanisim.
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preferred directions of growth because of the minimum in Y. The
structure will then be given by (he superposition of composition moduia-
tions whose wavelronts are parallel to the three equivalent {100} planes,
Assuming, as in the isotropic case, that the modulations are sinusoidal
and are of cqual amplitude A4 and wavelength 1, the compaosition at 4
point defined by the Cartesian coordinates (x, y, z) referred to axes
along 100> is

¢~ ¢y = Alsin 2rx/A) -+ sin (2np/2) + sin (2rnz/A)] (71)
By inspection it is seen that maxima occyr at
X /4 ply = /4 + g 2 = 2H(1/4) + ]
where p, ¢ and r are integers. The minima are at
Xo=23/4) + ploy = A(G3/4) + gl 2 = A3/4) + 1]

These points define a CsCl-iype structure {n which the maxima and
mindma lie at the sites of the two atoms in the structure. Expandiag the
sine terms in Eq 71 about the maxima in (¢ — ¢y) we find

¢ = oy = AR~ (4N 43+ ) L] ()

for x, y and z < A The contour surfaces of equal composition will thus
be spherical in the vicinity of the maxima. The same holds for the
contours around the minima. The loci of points for which ¢ = Cy 81T
those satisfying

sin (2mx/2) -+ sin {Zmy/2) 4 sin (2nz/R) = 0 {73)

This delines the surfaces of a truncated o¢tahiedron (letrakaidecahedron)
around each maxima and minima. If the volume fractions of the phases
are approximately equal, the final structure will consist of tetrakaideca-
hedral particles arrayed on a CsCl structure with a lattice parameter
of 4, As the volume fraction of one of the phases is diminished it wil
appear 25 octahedral particles whose corners are aligned along <i00»
and which oceupy a simple cubic lattice, again with a spacing of A,

‘The case of decomposition aloag (111> is somewhat more compli-
cated. There are now four equivalent habit planes: (111), (T11), (111
and {111). A change in phase of one of the modulations will cause a
change in the form of the structure. (In the {100} case a phase change
produces only a displacement of the structure.} Following Caha (23)
the structure developed by {1113} modulations can be described us
follows. A pair of the modulations, say (1T1) and (F11), will reinforee
lo produce a regular array of rods along [110]. The remaining (wo
modulations produce # periodic variation along these rods. Altogether,




