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Bloch by Bloch
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Last week

• Homonuclear diatomic levels
• Empirical 4ght binding/Hückel model 
• Energy levels and molecular orbitals of benzene 
• Symmetry opera4ons, group theory
• Symmetry to classify solu4ons (e.g. in benzene)
• Solu4ons and spectra in rings
• Transla4onal symmetry, Bravais laEces
• A crystal as a Bravais laEce + basis



Bravais La-ces

• Infinite array of points with an arrangement and orientation that 
appears exactly the same regardless of the point from which the 
array is viewed.

• 14 Bravais lattices exist in 3 dimensions (1848)
• M. L. Frankenheimer in 1842 thought they were 15. So, so naïve…

   

!
R = l!a1 + m!a2 + n!a3     l,m and n integers
!a1, 
!a2  and !a3  primitive lattice vectors
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Bravais la-ces14
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Crystal Structure = Lattice + Basis

Crystal Structure = La1ce + basis

La1ce

Basis
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Primi%ve unit cell and conven%onal unit cell
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Wigner-Seitz cell 
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Reciprocal la-ce (I)

• Let’s start with a Bravais la4ce, defined in 
terms of its primi=ve la4ce vectors…

   

!
R = l!a1 + m!a2 + n!a3

l,m,n integer numbers
!
R = l,m,n( )   

!a1

   
!a2

   
!a3
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Reciprocal la-ce (II)

• …and then let’s take a plane wave

   Ψ(!r ) = Aexp[i(
!

G ⋅ !r )]
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Reciprocal la-ce (III)

• What are the wavevectors for which our 
plane wave has the same amplitude at all 
la4ce points ?

!"##$%&'(()*&+&'&,"
(('-"."/&%"((0%.((1( 234 !!! !!!

   

exp[i(
!

G ⋅ !r )]= exp[i(
!

G ⋅(!r +
!
R))]

exp[i(
!

G ⋅
!
R)]= 1

exp[i(
!

G ⋅(l!a1 + m!a2 + n!a3))]= 1
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Reciprocal la-ce (IV)

   

!
Gi ⋅
!aj = 2πδ ij    n integer is satisfied by

!
G = h

!
b1 + i
!
b2 + j

!
b3   with  h,i, j integers,

provided !b1 = 2π

!a2×
!a3

!a1⋅
!a2×
!a3( )

!
b2 = 2π

!a3×
!a1

!a1⋅
!a2×
!a3( )

!
b3 = 2π

!a1×
!a2

!a1⋅
!a2×
!a3( )

!
G = h,i, j( )  are the reciprocal-lattice vectors
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Examples of reciprocal lattices

Direct lattice Reciprocal lattice

Simple cubic Simple cubic

FCC BCC

BCC FCC

Orthorhombic Orthorhombic

   
!
b1 = 2π

!a2×
!a3

!a1⋅
!a2×
!a3( )
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Brillouin zones

Brillouin zones are the 
Wigner-Seitz unit cells of the 
reciprocal laKce
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https://www.materialscloud.org/work/tools/seekpath 

Hamiltonian in a periodic potenEal
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https://www.materialscloud.org/work/tools/seekpath


Periodic potential
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Bloch Theorem

• n, k are the quantum numbers (band index and 
crystal  momentum), u is periodic

• From two requirements: a transla4on can’t 
change the charge density, and two transla4ons 
must be equivalent to one that is the sum of the 
two
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Bloch Theorem
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Bloch Theorem
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Bloch Theorem
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Bloch Theorem (in two equiv forms)

   
Ψ !

k

!r +
!
R( ) = exp i

!
k ⋅
!
R( )Ψ !

k

!r( )
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Bloch Theorem (in two equiv forms)

   
Ψ !

k

!r +
!
R( ) = exp i

!
k ⋅
!
R( )Ψ !

k

!r( )

   
Ψ !

k

!r( ) = exp i
!
k ⋅ !r( )u!k !r( )
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Bloch wavefunction
Enk

k

0 eV

-10 eV

ψnk (x)

Ingredient: 
Atomic 

wavefunction

Bloch Theorem
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From extended to primi4ve
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