MSE 423 Fall 2025 — Week 5

ORBITALS

Yeah..looks like we're gonna
have to strip the atom right
back to the nucleus, overhaul
the wavefunction, and rebuild

from scratch. Might even need

a new set of gluons. How long

d'ya reckon all that'd take, Bill..?

Whoaah! Take a look at

the wear in those atomic )
orbitals! I'm surprised — AN — — - -
the electrons are still N\ | ¢

attached to this baby..!
Those protons look

distinctly loose as well...

Weeelll....if we order
|\ The parts today and
have them couriered
across, and work at
it around the clock,
we're looking at
three, maybe four
weeks, at a total
entropy cost to the
Universe of about...
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Last week: the mechanics of
guantum mechanics

Fifth postulate — collapse (remember the others; ket/wfct,
operators, measurements, expt values/probabilities)

Uncertainties and Heisenberg indetermination principle; natural
linewidths

Good quantum numbers

Variational principle

Differential equations in a basis — a linear algebra problem of
matrix diagonalization

Spherical coordinates and angular momentum
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Commutation Relation
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Angular Momentum in
Spherical Coordinates
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Simultaneous eigenfunctions of L?, L,
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Spherical Harmonics in Real Form
px=%(Yl'+Y]‘1)=\/gsin0cos¢
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Same as a beating drum...

01 11 21
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..for the career helioseismologist

Normal modes (i.e. sound, or seismic waves) for the Sun (basically jello in a 3d spherical box)

MSE 423 Fundamentals of Solid-state Materials - Nicola Marzari (EPFL, Fall 2025)



Angular Momentum, then...

[ =0, *h, *2h, *3h..

m=-2

Figure 16.4. Cones of Possible An-
gular Momentum Directions for
I=2. These cones are similar to the
cones of precession of a gyroscope,
and represent possible directions for
the angular momentum vector. The z
component is arbitrarily chosen as the
one component that can have a definite
value. Solid-state Materials - Nicola Marzari (EPFL, Fall 2025)

An electron in a central potential (I)

B Ze’
2U dme r

V? needs to be in spherical coordinates
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An electron in a central potential (ll)

2 r2
p=-tldrad, Loy
2urcdr\ dr) 2ur

V(1) =R, ()Y, (0.0)
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An electron in a central potential (llI)

n(d*> 2d) I+
|:_ 2Iu[dr2 +; dr]"‘ 2/,0"2 +V(r):| Rnlm(r)_: Enlm Rnlm(r)'
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An electron in a central potential (V)

w(d 2d) I+DA
|:—E ;—F;;J_l_ 2,Lﬂ"2 +V(I”) ]enlm(r)'= Enlm Rnlm(r)

unl(r) = arl(r)
- n? d?
- 24 dr’

+V, (7)) |u, (r)=E,u, ()

What is the V «(r) potential ?

Vcentripetal (r)

U1+ Ze 2
Veﬁ,(r)=h I(+1)  Ze i1

2u 1’ 4me r

Veoutomb(T)

MSE 423 Fundamentals of Solid-state Materials - Nicola Marzari (EPFL, Fall 2025)



Summary

H=-

V,,(F)=R, (1Y, (0,0)

nod’

”1ld(,d
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The Radial
Wavefunctions
for Coulomb V(r)
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Figure 7.9 Radial functions Ry (r) and radial distribution functions r2 Rﬁ,(r) for atomic hydrogen.

The unit of length is a, = (m/u)do, where ay is the first Bohr radius (1.66).
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Solutions in the central
Coulomb potential
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The Full Alphabet Soup

http://www.orbitals.com/orb/orbtable.htm

I and m versus n
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http://www.orbitals.com/orb/orbtable.htm

The Grand Table

Table 3.1 The complete normalised hydrogenic wave functions corresponding to the first three shells, for an ‘infinitely heavy’ nucleus. The quantity
ap = 4megh?/me? is the first Bohr radius. In order to take into account the reduced mass effect one should replace a by a, = ag(m/p)

Shell Quantum numbers Spectroscopic Wave function ,,(r, 0, &)
nl m notation
1 3/2
K 10 0 Is T/_; (Z/ao)** exp(—Zr/ao)
1 3/2
L 20 0 2s ﬁ(z/%) (1 — Zr/2a,) exp(—Zr/2ao)
1
2 15 &0 2po 4—\727 (Z/ao)**(Zr/ao) exp(—Zr/2ap) cos 0
1 :
7 R 2p.y :m (Z/ao)*’X(Zr/a,) exp(—Zr/2a,) sin 0 exp(xic)
1
M 30 0 3s ﬁ- (Z/ao)*’*(1 — 2Zr/3aq +.2Z%r%/27a3) exp(—Zr/3ao)
22 3/2
2 1 =20 3po m (Z/ao)**(1 — Zr/6ao)(Zr/ay) exp(—Zr/3aq) cos 0
_ 2 : :
3 1 =1 3p., & AL (Z/ao)*’*(1 — Zr/6ao)(Zr/ao) exp(—Zr/3a,) sin 6 exp(*id)
; 1
3 2 =0 3d, m (Z/ao)*’%(Z%*/ad) exp(—2Zr/3a0)(3 cos® 6 — 1)
TN N :
32 el 3d., xm (Z/ao)*'*(Z?r?/a3) exp(—Zr/3ap) sin 6 cos O exp(*i¢)
1 3/2, 2.2 12 s nd :
3.2 &2 3d., m (Z/ap)*"*(Z%r /qo) exp(—Zr/3ap) sin’ 0 exp(*2i¢)

Three Quantum Numbers

J [:[ <> Principal quantum number n (energy,
accidental degeneracy)

2 2 72 7°
:_828 =5 =—(13.6058 V) =—(1Ry) 5
0 ™0

n

o [ ¢ Angular momentum quantum number /
lI=0,1,..n-1 (a.k.a.s,p, d... orbitals)

. f,z <> Magnetic quantum number m
m = -l,-1+1,...,1-1,1
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Orbital levels in hydrogenoid atoms

—-82 — - - -

~146 | e ee—

328 e

Orbital energy (kJ/mol)

“1313]  —
(a) Hydrogen
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Emission and absorption lines
-‘I-' Emission spectgrum

Stellar light

Absorption spectrum
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Balmer lines in a hot star

Electron transitions for the
Hydrogen atom
=t
n=5 i
= 1A
n=4 Bra_cket(
series
n=3 E(n) to E(n=4)
Paschen series
E(n) to E(n=3)
n=2
Balmer series
E(n) to E(r=2)
@l | l
@ - & Y
=1
Lyman series
E(n) to E(r=1)
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Right experiment — wrong theory (Stern-Gerlach)

Inhomogeneous
magnetic field

Spin can take
Zerofield  on only two orientations
Photographic pattern -4 Classical expectation

late — )
P <> Experimental result After Beiser

A A+Eei+28) B=A+522(0 +28)B.
h h Goudsmit and Uhlenbeck
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Spin

e Dirac derived the relativistic extension of
Schrodinger’s equation; for a free particle he found
two independent solutions for a given energy

e There is an operator (spin S) that commutes with
the Hamiltonian and that can only have two
eigenvalues

e In a magnetic field, the spin combines with the
angular momentum, and they couple via

ﬁﬁm%@m).g
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Spin Eigenvalues/Eigenfunctions

e Norm (s integer - bosons, half-integer - fermions)

Sy = hzs(s+ 1)‘PS

sp pin

e 7-axis projection (electron is a fermion with s=1/2)

Sy -+
z = spin 2 spin

Spin-orbital: product of the “space” wavefunction
and the “spin” wavefunction
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Pauli Exclusion Principle

We can’t have two electrons in the same
guantum state —

Any two electrons in an atom cannot have
the same 4 quantum numbers n,l,m,m,
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Atomic Units

m.=1, e=1, a, (Bohr radius)=1, #h=1
c o1
° 4r;
2
Energy of 1s electron=— %Z—z
n

(1 atomic unit of energy=1 Hartree=2 Rydberg=27.21 ¢V
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