Exercises for the course MSE-423

Exercise 1

Solution of homework # 7

Fall 2025

Using the Auf-bau filling scheme we obtained that the electronic configuration for Li is 1s22s®.
There are two possible Slater determinants:
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where a and 3 are the spin-up and spin-down eigenstates of the z component of spin (5‘2),
respectively. The difference between the two Slater determinants is the last column, in which
the 2s electron can have the spin up or spin down. It is instructive to explicate one of the Slater

determinants, e.g. the first one, which reads:
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Exercise 2

1. Let us write the Hamiltonian of the system in the basis of the atomic orbitals of H and Li:

Hyp 0 Hips
H=| 0 Hyx 0 |, (4)
Hsp 0 Hs3

where we have used the following notations:
H | {71, H
Hy = <¢15‘H’¢ls>a
Hyy = (i H|$1Y),
Li| 771, Li
Hsz = (¢o5 |H|¥35),
H\ 771, Li
Hig = (15| Hsy)
Li) 771, H
Hgy = (Y5 |H Y1)
Note that Hyz = (Hs1)*, which is consistent with the Hamiltonian operator being Hermi-
tian. The matrix element Hp; is the ground-state energy of the hydrogen atom, which as
you know from the lectures is equal to Hy; = _;T = —0.5Ha = —13.6eV. The matrix

elements Hoo and Hss are the energies of the 1s and 2s electrons of Li, which are equal to:
2

)

(3—2)
H33 = — = —0.125 Ha = —3.4¢eV.
33 5. 92 0 5 Ha 3.4eV

The matrix elements Hq3 and Hj3; are equal and are set to —2.0eV. Note that besides the
neglect of the electron-electron repulsion, the values of Hi3 and H3; were fixed arbitrarily,
so the result of this exercise cannot be expected to be quantitatively predictive.

2. Within the hypothesis of a diagonal overlap matrix between atomic orbitals of H and Li,
solving the variational problem amounts to diagonalizing the Hamiltonian matrix. Thus,
we need to diagonalize the matrix Eq. (4), i.e. to find its eigenvalues A\. Hence, we need
to construct a determinant and find the solutions of

0 Hap — A 0 =0, (5)
H31 0 H33 - A

which translates into the following equation:
[(Hi1 — A\)(Hsz — A\) — H31 Hys] (Haa — A) = 0. (6)

This equation has three solutions:

1
M=y (Hn + Hiz + \/(Hu1 + Hs3)? — 4(Hy1 Has — H31H13)) =—3.02eV, ()

1
Ao =g (Hn + Hsy — \/(H1y + Hs3)? — 4(Hy 1 Has — H31H13)> =—13.98¢eV, (8

)\3 = H22 = —122.4¢V. (9)
Therefore, the diagonalized Hamoltonian has the form:
A 0 0

diag(H)=[ 0 X 0 . (10)
0 0 As
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3. By diagonalizing the Hamiltonian we have found three energy levels that correspond to
the three eigenvalues A1, Ay and A3. These states need to accommodate the 4 electrons of
the LiH molecule (two electrons with different spin will occupy each level). The electronic
ground-state corresponds to the state where the levels with lowest energy are progressively
filled. The lowest energy level, with eigenvalue A3 = Hay = (7| H|ipL?), is the first to
be filled, and it corresponds to the lithium 1s orbital. The other two states 1 and s,
with eigenvalues A\; and Ao, correspond to hybridized hydrogen-1s and lithium-2s orbitals.
Since @9 has lower energy, it will be filled next. Therefore, the total electronic energy of
the LiH molecule is the sum of the energy of the state o and the energy of the lithium-1s
core state:

Erig = 2X3 + 2Xy = 2(—122.4 — 13.98) eV = —272.76 €V . (11)

The factor 2 here is due to the fact that there are two electrons with opposite spin in each
level.

4. The binding energy of the molecule is:
Eyinding = ErLin — En — FLi, (12)

where Efp;y is the ground-state total energy of the LiH molecule given by Eq. (11), By =
Hyy = —13.6eV is the ground-state total energy of the hydrogen atom, and FEr; is the
ground-state total energy of the lithium atom. Since we are neglecting the electron-electron
repulsion, we have Fr; = 2Hsy+ H3g3 = —248.2eV (two times the energy of the Li 1s orbital
plus the energy of the 2s orbital). Therefore, we obtain:

Einding = (—272.76 + 13.6 + 248.20) eV = —10.96 e V. (13)

It is important to note that the interaction between the atomic orbitals of H and Li is what
allows the formation of the bond and the lowering of energy through “sharing” electrons
on molecular states.
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Exercise 3 — Helium atom

1. When neglecting the electron-electron interaction term, the Hamiltonian can be recasted
in the following way

2 r] 2 ro (14)
= -Hl + H27
2
where H; = —vzi - r% are hydrogen-like Hamiltonians, in the sense that they have the

same structure of the Hamiltonian for the Hydrogen atom with the only difference of the
atomic number Z (of course in the case of Hydrogen Z = 1).

This two Hamiltonians act on different Hilbert spaces: H; acts only on the Hilbert space
defined by the coordinates ry and it does not affect quantities dependent only on ro (it acts
like the identity over this Hilbert space), and Hj acts only on the Hilbert space defined by
the coordinates ry and it does not concern quantities dependent only on r;. In this sense
the action of H over the wavefunction ¥(ry,rs) becomes:

H\I’(rlv r2) = (Hl + HQ)wnllmﬂ (r1)¢n2l2m2 (rQ)
= (Enl + Enz)wmhml (rl)wnzlzmQ (1‘2)

(15)
7z 7
= _Tn% - Tn% sz)nlh’mq (r1)1/1n212m2 (I'Q),
and then F = —% — % Here we have exploited the fact that ¢, (r) is an eigenstate
of the hydrogen-like Hamiltonian.
2. The ground state energy is obtained for n; = ny = 1, that is:
Ey=—-ZHa= —4Ha= —108.8¢V.
Compared to the exact value Ef** = —2.90Ha, we are committing an error of about
40%, so neglecting the electron-electron interaction term cannot be considered as a good

approximation.

3. If we replace Z with Z = 1.70 we obtain a ground state energy:
Ey = —Z%>Ha = —2.90 Ha,

so we recover the exact value. By neglecting the electron-electron interaction term, we are
representing a system where two independent electrons interact with the nucleus without
feeling the presence of each other. Since the electron charge is negative, the presence of the
other electron would “screen” the positive charge of the nucleus. In this sense Z represents
an effective charge given by the effect of screening of the other electron on the nucleus.
From this argument, it is obvious that this effective charge Z cannot be larger than the
original charge Z.
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4. Now we want to calculate the ground state including also the electron-electron interaction
— 1 .
term ‘/ee = m

Eo = (Y100%100| H1 + Ha + Vee|1100%100)
= (¢Y100%100| H1 + Ha|Y100%100) + (¥100¢100|Vee|tP100%100)

22 Z2 Z6 —2Z(r1+r2)
= <— — > + — /drldrge <16)
T |r] — rof

=72+ gz = —2.75Ha.

So we get a better estimation of the ground state density but we still do not recover the
exact value. The reason is that to calculate the expectation value of the Hamiltonian we
have used a wavefunction which does not represent the real ground state. The wavefunc-
tions W (r1,r2) = Yniiimy (T1)Wnyism, (T2) are the eigenstates of the Hamiltonian when the
electron-electron interaction term is neglected, and in particular 1100(r1)¥100(r2) is the
ground state. When including also V.., there is no reason to think that they are still
eigenfunctions of the Hamiltonian (actually they are not!) and so the relative expecta-
tion value cannot be correct. Moreover, from the variational principle we know that the
calculated energy cannot be lower than the exact one, and indeed we get a higher energy.

5. In order to make the wavefunction U(ri,r2) = ¥n,i;m; (Y1)Vnylym, (r2) either symmetric
or antisymmetric, we can simply sum or subtract the same product with the two particle
interchanged, that is

\P(rlv r2) = \}5 W)nll1m1 (rl)wnzlzmz (r2) + wn111m1 (r2)¢n2l2m2 (1‘1)] ) (17)

where the factor % ensures the usual normalization condition. If we want a symmetric
function then we take the sum, if we want an antisymmetric function we take the difference.
Since we are dealing with fermions, the whole wavefunction ®((1, (2) must be antisymmet-
ric under exchange of particles. On the other hand, there is no particular restriction on
the symmetry of the spatial part (which can also be symmetric), provided that the whole
wavefunction ({7, (o) is still antisymmetric. In the ground state, indeed, the spatial part
of the wavefunction is found to be symmetric and so it takes the following form:

Uo(ry,r2) = \}i [¥100(r1)Y100(r2) + Y100(T2)P100(T1)] - (18)

6. (Advanced) In the case of 1 and x3 it is trivial to show that they are both symmetric.
By exchanging the particles, ¢.e. switching the two spins, we recover exactly the same
wavefunction. Let’s see what happens in the case of x2 and y4:

1

x2(81, 82) — x2(s2,51) = ﬁ[\iﬂ +11D] = xa(s1, 52), (19)
1

x4(s1,82) — xa(s2,51) = —=[[{1) = [T])]
vz (20)

1

V2

So x2 is symmetric too, while x4 is the only one to be antisymmetric. In the ground state
the spatial part is symmetric, so in order to have an antisymmetric total wavefunction,

(114 = D] = —xa(s1, s2).
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the only possible choice is choosing x4 for the spin part of the wavefunction:
Do (C1,C2) = Wo(r1,T2) - Xa(s1,52)

_ L [¥100(r1)%100(r2) + P100(T2)%100(T1)]

1 (21)
2 V2

[(I14) = W01

S5



