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1 Basics of Probability

1.1 Set Theory - Definitions

Sample Space Q={w1,w2,w3,....,wn}

Size |Q|=N
wi

Event / Subset

e.g A={w1,w2,w3,w4}
Examples:
Sample spaces:
— Discrete:

Events:

Q = {heads, tails} (one coin toss)

Q = {hh,tt, ht,th} (2 ordered coin tosses)
Q = {hh,tt,ht} (2 unordered coin tosses)
O =1{1,2,3,4,5,6} (die throw)

Q = {Emilie, Jean, Sam} (pick a person)

E ={1,2,3} ("odd" die result)

A = {hh,ht} ("first one heads" coin result)
B = {hh,tt} ("two of the same face")

C = {tt} ("two tails") — C is elementary,
it contains only one element

— Continuous:

) Elementary events: {heads}, {hh}
2 ={0<t < oo} (decay time of a nucleus)

1.2 Operations on sets

Complement: all elements except A:
A=A
Example:
A = {th, tt}



1. BASICS OF PROBABILITY

Q

Ok

AUB

Union / OR:

Example:
AU B = {tt, hh, th}

Y

(Venn diagram)

Intersection / AND:
ANB

If ANC = @ then A and C are mutually exclusive.
Example:
AN B = {something}

4

Exclusion / A without B:

A\ B
Example:
Containment:
cCCcB if BnC=C
Example:
BnC={tt}=C
Note:

ANA=2 always.



1.3. AXIOMS OF PROBABILITY

1.3 Axioms of probability
¢ 0<P(A) <1
e P(Q)=1
o If ANB = {} then P(AUB) = P(A)+ P(B) andif AnNB=ANC =BNC = {} then
P(AUBUC) = P(A)+ P(B)+ P(C) etc...
1.4 Uniform (“Laplace”) probabilities

Generally: for independent experiments, Laplace says that all elementary events have equal
probabilities.

P{w}) = P({w;}) for all i

S P{wi}) = PUQY) = 1 - P({w}) = ‘é’ _ ;f

[ Example: P({heads}) = P({tails}) = %

|A]  number of elements in A
P(A) = 1o =

N @  total number of elements

[ Example: P(“odd”) =3 = 1

1.5 General Results

o P(A)=1- P(A)

e P(AUB) = P(A) + P(B) — P(ANB)

Example: For a die
P("odd" U "bigger than 4") = P(1,3,5,6) = P(1,3,5) + P(5,6) — P(5) =

(e [J¢]

_|_

wlN

DI
|
o=

1.6 Conditional probabilities/ Independent events

Probability of A if B is known to be true (“A given B”)" — B becomes the new sample space

p(a|B) = PANB)
P(B)
For uniform probabilities (“Laplace”):
|AN B
P(A|B) =
| Bl

P(A|B)=0 ifANB=g



1. BASICS OF PROBABILITY

P(A|B)=1 i BCA (ie. ANB = B)

Independence

P(A|B)=P(A) = P(A) isindependent of P(B)

Then, for A and B independent:

P(ANB)

—— - =P(A P(ANnB)=P(A)- P(B

b =P e PANB)=P4)-P(B)
To prove that A and B are independent events you need to show showing that either of the

equalities above is true (when one is true, both are true).

Example: Rolling a fair die

1
P(‘odd” N“>4) = P({5}) = ¢

11 1
= P({1,3,5))- P({5,6) =5 3 =
= These two events are independent.
1
P(odd” n“<4) = P({5)) = £
£ P({1,3,5}) P({4,5,6}) = = - = = =
b b 9 5 = 2 2 — 4

= These two events are not independent.

Note that “<4” is NOT the dual of “>4" (that would be “> 4”), otherwise the independence

the first pair would imply the independence of the second pair.




2 Random variables and Bernoulli
distribution

2.1 Probability Trees
2.1.1 Chain rule

P(ANB)=P(B|A)-P(A) = P(A| B)- P(B)

P(ANBNC)=P(C|ANB)-P(ANB) = P(C | ANB)-P(B| A)- P(A) = ...

(From the definition of conditional probability)

2.1.2 Total Probability
P(B)=P(ANB)+P(ANB)=P(B|A)-P(A)+P(B|A)-P(A)
Generally:

P(B)=>_ P(C;NB)

if CLUCyUC3U...UC, =Q (complete)
and C; N Cj = {} (mutually exclusive)

2.1.3 Tree Diagram

P(A n B)
P(B|A)

p)” PA PBIA__ P(A 1 5]

< ~ __® PAnB)

P(B|A)

P(A) P(B|A)

e P(An

0

)



2. RANDOM VARIABLES AND BERNOULLI DISTRIBUTION

Example:

There is a 30% probability that it rains in the morning (R). In this case, Prof. J goes
to EPFL by bike with 10% probability. If it does not rain, he goes by bike with 80%
probability. What is the total probability for going by bike (B) 7

P(RN B) =0.03

o
P(B|R)=0.1
/
)
P(B|R)=0.9
\ —
P(R)=0.3 P(RNB)=0.27
Q
P(R)=0.7 P(RNB) =0.56
\ o
P(B|R)=0.8
R
T~
P(B|R)=0.2
~

P(RNB)=0.14

Compute P(B):

P(B)=P(B|R)-P(R)+ P(B|R) - P(R)=0.1-0.3+0.7-0.8 = 0.59

2.2 Bayes’ Rule

Bayes’ rule permits the inversion of the probability tree.

P(A|B) =

Example:
You see Prof. J come by bike (B is true). What is the probability that it was raining?
(Compute P(R | B))

P(B | R)- P(R) 0.1-0.3

- ~ 0.051 ~ 5.1
P(B) 0.3-0.1+ (1—0.3)-0.8 %

P(R|B) =




2.3. RANDOM VARIABLES

2.3 Random Variables

The function X assigns a numerical value z; to each element of the sample space w;.
Usually, this value is a real number, then :

X:O—R

W; — T;

Example:
X (“heads”) =1 — w1 = “heads” — x1 =1

X (“tails”) = 0 = wp = “tails” — 2 =0

The function X is known as a random variable. We write :
P(wi) = pi = pu,

P(X) is the probability mass function for discrete state spaces.
P(X) is the probability density function for continuous state spaces.

Example:

P("heads") = p; = 3

hence P("tails") = p» = 3

We can plot our probability function for a discrete €2 :

P(X =x)

The connection between the elements and the assigned value can be very different.

For example we could have for an unordered two coins:
w1 = {2 heads} — x; = 100 — p; = %
wy = {2 tails} - 29 = -5 = py =1

1

wlz{oneofeach}—)mg:O—>p3:§

2.4 Cumulative Distribution Function
What is the probability for (X < z) ?
CDF(zx) = P(X <=x)

It is called a cumulative distribution function, CDF(z).



2. RANDOM VARIABLES AND BERNOULLI DISTRIBUTION

For a discrete distribution :

For a continuous distribution :

For CDF we also have :

lim CDF(x)=0 lim CDF(x)=1

T——00 Tr——+00

CDF is non-decreasing :
CDF(x) > CDF(y) x>y

Example: dice throw

CDF(x)
1

ool

2.5 Expectation Value

If you sample a random variable infinitely many times, which arithmetic mean do you expect ?

Definition : the expectation value
n
E(X) = Z P(w;) - X(w; = Zaz, -p;=p  for a discrete distribution
i=1

+o0
E(X) = X -P(X)dX for a continuous distribution

—00

It is also called the mean gain or the true mean.

For a die:
1+2+3+4+5+6

6

E(X) 3.5

For the coin game above, we have:

1 1 1
E(X) = 7100 + 7 (=5) + 50 = 23.75

- A game is considered fair if E(X) =0
- We have E(f(x)) = 3 f (i) - p(xi)




2.6. VARIANCE

Examples:
E(aX +b) =E(a) +EGX)=>a-pi+ > b-zi-pi=a)d.p;+b> zi p; = a+ E(X)

For a single coin toss with 0 for tails, 1 for heads:

E(X)=0-3+1-1=05
E(X?) = % 0%+ % 12 =0.5 # (E(X))?
E(cos(X)) = % 14 % -0.54 = 0.77 # cos(E(X))

2.6 Variance

The mean p = E(X) gives the “central tendency”. To measure spread, we define the variance:

V(X) = Var(X) = E[(X — p)?]

Equivalent formula:

Example:
For a die:
1 21 91 441
X)=( 12 +22+3+42+52+6%) — ()2 =— - — =29
V(X) (6( +2°43°+4°4+5°46%)) (6) =
For a coin: | ] 1 1 1
(X) = (5O +12) - (5) =5 -7 = 4
Properties:

2.7 Standard Deviation

Definition:
o=5SD(X)=+V(X)
Note:
() = blo(X)
o(bX) ol o(X) . o(X)
S mex) b ') - 9 mx



2. RANDOM VARIABLES AND BERNOULLI DISTRIBUTION

2.8 Bernoulli Distributions

2 possible outcomes: Q = {wp, w1} = {fail,win}

- X(wo) =0
- X(wy) =1
- Plwo) =1-p
- P(wy) =p
—EX)=0-(1-p)+1-p=p
= V(X) =0? =E(X?) ~E(X)* = (0°- (1 - p) +1*-p) = p* = p(1 - p)

2.9 Binomial distribution

Repeat Bernoulli experiment n times. The probability of k total "wins" is given by : P(X

X =X+ X5+ ...+ X,, — total number of "wins"
QZ{(n-w,()-f),(n—1-w,1-f),...,(0-w,n-f)}
We then have: P(X =k)=pF-(1—p)" % (})

n!
;where nl =n-(n—1)-..-1

with (Z) = m

k)

Example: (for n—2)
P(X =0) = (1— p)*
P(X =1)=p?
P(X=2)=p(l-p)-2

Expectation value:
E(X) =E(X1+ Xp+ -+ Xn) = > E(X;) =np
where each X is one Bernoulli experiment with parameter p.
Variance:
V(X) =) V(X;) =np(l - p)

because X; and X are independent.

o _VVX) _ Vep(l-p) 1 Vp(-p)

po E(X) np  Vmp

10

= relative width decreases.



3 Normal distribution

3.1 Sum of expectation values

Let X; and X5 be random variables on the same sample space {w;}.
E(X1 4 X5) =Y Plw) (X1(wi) = Xa(wi)) = > Plw) X1(wi) £ > Plw) Xa(wi)

E(Xl + XQ) = E(Xl) + E(XQ) = U1 + K2
The expectation value of the sum (or the difference) of two random variables is the sum (or
difference) of the individual expectation values.
3.2 Sum of variances
We compute the variance of a sum:

V(X1 + Xo) = E[(X) 4 X2)?] — (E(X1 + X2))?

Expand:
(X1 4+ Xo)? = X7 +2X1 X2 + X3
So:
E[(X1 4+ X2)?] = E(X7?) + 2E(X;1 X2) + E(X3)
Also
E(X1 + Xo) = E(X)) + E(X2)

Hence

V(X1 + Xa) = E(XD) + 2E(X1 Xa) + E(X3) — (E(X)) + E(X2))’

= E(X7) — [E(X1))? + E(X3) - [E(X2)] + 2(E(X1 X3) — E(X1)E(X>))

E
V(Xl) + V(Xg) + QCOV(Xl, XQ)

Where Cov(Xi, Xo) = E(X; - X2) — E(X)) - E(X>) is the covariance.
More generally:
V(Xl + X2) = V(Xl) + V(XQ) + 2 COV(Xl, XQ)

If X3 and X5 are independent, Cov(X7, X2) = 0 and

V(X1 £ X2) =V(X;) +V(Xy)

11



3. NORMAL DISTRIBUTION

3.3 More on Binomial Distribution

We have the following:
- n independent trials,
- each trial: 1 (success) with prob. p, and 0 (fail) with prob. 1 — p,
- let X be the total number of wins
The probability of having exactly k successes is :

P(X = k) =p"(1 —p)"k<”> k=0,1,...,n
where (Z) is the binomial coefficient.
1 1\n n
Note: For p = 3™ P(X =k ="}
Mean and variance of binomial distribution

X=X1+Xo+ +X,

All X; are independent and each X is a Bernoulli event.

Mean
n n n

B(X) =E( Y X;) =Y E(X;) = p=np
3 3 =1

Variance:

Independence implies
For a Bernoulli variable X;:

Therefore:

V(X)=> p(l—p)=np-(1-p)=0o>
i=1
Standard deviation:

o= V(X)=+np-(1-p)

Relative width:

12



3.4. FROM BINOMIAL TO GAUSSIAN/NORMAL

3.4 From Binomial to Gaussian/Normal
Can we get an approzimate/smooth function for P(X = k) ¢
We use Stirling’s/Demoivre’s approximation:
(for n — o0)

nl ~ V21 n"e exp(—n)

Then we get:
TS SN G (k) il WS SOV (2t 1
P(X_k)N\/Qﬁnp(l—p) p< 2”19(1—]9))_0\/% o 20° )

This corresponds to the normal or Gaussian distribution

_ 2
(=) — N

3.5 The Standard Normal Distribution

Also called the scaled and centered or reduced and centered distribution.
We shift and scale all values:

X —p

(2

z =

[dimensionless|

z means: “How many standard deviations away from the mean is a value?”
y y
P)=N(p=0,0=1)=—¢ =/

Cumulative Distribution Function

Pz<o- | V;aWMM:¢@

With ®(z) the error function given by :

We have the following:

P(X >a)=1-P(Z <a)=P(Z < —a) by symmetry of the Gaussian

P(a<X§b):@<b;N> _q)<a;M>

13






4 Probability intervals and Central Limit
Theorem

4.1 From the X range / interval to P

— We know which probability distribution is followed, as well as its parameters:

X ~ N(u,0%)

— We are asked the probability P to find a result between a and b, those being anything from
—00 to 400

Recipe:
Pla< X <b) or,fora=-00 P(X <DB)

1. Go from X to Z:

2. Use the standard normal distribution:

P(X <b) = <Z < b“) @(b — ,u> (to be looked up in the table)
o

g

1 (1 + erf(—=)) (calculator)

7

4.1.1 Useful identities

g g

P(a < X <b) _¢<b_“> —@(a_”) = ®(Znigh) — ®(Ziow)

Example: A population where 4 = 180 cm and 0 = 8 cm
What’s the probability of a randomly chosen person to be 196cm tall or smaller 7

196 — 180

P(X <196) = P(Z < —

) = ®(2) = 0.9772 ~ 98%

15



4. PROBABILITY INTERVALS AND CENTRAL LIMIT THEOREM

4.2 Quantiles - From some p to a range/interval —oco to b

A quantile x, is the value of X under which a fraction a of the population sits.
- a percentile has a as a percentage (e.g. xgsy means that 95% of the population is equal
or below this value.)
- a quartile is above either 1/4 or 3/4 of the values.
- the median has 50% of the population below or equal to its value.

P(X <zp)=0p

— Below which value of X do i find the result with probability p ?

Recipe:
- Know P
- Look for:
- Find z via ®(z) = p
- Compute X =z-0+pu

Example: For the same distribution as before, below which height are 98% of the popu-

lation?

098 =®(z) = 2z~ 206

2098 = 20 + = 2.06 - 8 + 180 ~ 196 cm

4.3 Predictive Confidence Interval

“In which interval, symmetric around the mean are k% of the results of my distribution ?”
We have:
Pla< X <b)=p

Plu—c< X <pu+ec)

Then:

Finally:

Example: For that same population once again, in which height range (symmetric around
the mean) sit 95% of the population ?

1+40.95
20(2) —1=0.95 = &(2) = % =0.975 = z ~ 1.96

c=2z-0=1.960 = 15.68

= Interval = [180 % 15.7cm)]

16




4.4. BERNOULLI TO BINOMIAL REVIEW

4.4 Bernoulli to Binomial review

For one experiment, we have figingre = % and ogingle = %

X:X1+X2—|-X3...+Xn

Knowing that all X, are identical and independently distributed, we have:

W= g and o= \éﬁ
X 1 X 1 1 1
Y =— EY)=- Vy)=V(—) == -VX)=— = = —
— 5 BEY)=g5 5 V) =V( )= 5 VX) = =S
4.5 General o of averages
If:
X1+ + Xy — o -
Xg = At An X; being independent identically distributed events
n
Then:
E(Xe) = B(— )= nE(X) = i = pe
n n
V(Xa) = (VXD + o+ V(X)) = 2V(X) = 2
G) = n2 1 n)) = n i) — n
0
= OXa = %

Example: Average weight of a grain of wheat

average weight : 50mg ; 0 = 10mg

Looking at the average weight of a collection of 100 grains, in which range do we expect
our results to be 95% of the time ?

o 10
pe = p = 50mg UG:%:TOO:hng
— N(ug,0c)
z = 1.96

So the range is ug +1.96 - o6 = pug = 50mg =+ 2mg

17



4. PROBABILITY INTERVALS AND CENTRAL LIMIT THEOREM

4.6 Central Limit Theorem

For any distribution of X;, the random variable

0;

will be approximately Gaussian/Normal for large n, with pug = u; , og =

o2
XG NN<N7 TZ)

B

18



5 Central Limit Theorem

5.1 CLT in action

/J:Op(x):/olldle

We now consider a random variable Y:

X1+ X
2

Y

‘We have now:

Xo=2Y — X3
This means:

PY)=2 /_Jroo p(z)- (2y — z)dx

-1 o 1 ?
iTp y:i
i //// S o
- o 4 2
/F y:%
RN
NV
__/L [=) i ) <

19



5. CENTRAL LIMIT THEOREM

This leads to:

Ply) A

74

0
NI
\_L _

v

QY

In general we have:

R VAN RN
N A

Let X7 and X5 two random variable such that :

1
Xi~Xo~Np=0,02=—"—
1~ Xo ~ N(p ﬂ)
We know: Y = #13X2 and we are looking for p(y).
Reminder:
o 2
/ e dr =7
—0o0
& 2
/ e” @07 dp = Cst
—0o0

We start from the expression of p(y):

p(y) = C/ p(z) - p(2y — x) dx
— C/Oo 6_1.2 . e—(2y—r)2 dSU

)
— C/ 6—12—4y2—x2+4y:p dax
—00

20



2. REAL DATA

_c / S
= CeiZyz . /OO 672(1‘7:’/)2 dx
We consider :

Then :

This leads to :

5.2 Real Data

Statistics is about :
- reducing data
- extracting P(x) or its parameters from a sample 7’
It works because of the law of large numbers : for large n (i.e. many data points), the
relative frequencies of the values 7 will tend towards the underlying probability distribution.

Given data 7 = (170,163, 186):

- sample arithmetic mean

=171

Z 170 + 163 + 186
3

3\H

- sample biaised variance

- 1 <&
Sl?)iased = ﬁ Z(wl - j")2 = 48’ 6
i=1

- SaInIﬂe biased standard deviation
Sbiased =\ 52
biased

Median: I = Z(5: Half the data points are below or equals to this value, half above or equal.
To find it :

1. sort the data — 74 = (51,282, Tsn)
2. for n odd: middle value — T = zg.(z 1)

. ~ Tg.(nytTg.(n
3. for n even: average of the two middle values — = = M

21



5. CENTRAL LIMIT THEOREM

The median is useful to tell if a distribution is assymetrical, because, contrary to the mean, it

doesn’t take outliers into account.

7

Example: Yearly income of 11 citizens

Z = (90000 x (5 times), 110’000 x (5 times), 10'000'000)
We have:

7 = 1'000'000CHF 7 = 110'000CHF

Quantiles

The g-quantile Z, is such that a fraction q is below or equal to Z, and 1 — ¢ is above or equal to
Zg.

Cumulative empirical distribution function

Example of empirical CDF (schematic):

counts

—_

W= wiN

[ :

1.60 1.70 1.80

5.3 Histograms
To build a histogram:
- pick a bin width w (e.g. 5cm),
- choose center bins (e.g. 170,175,180, ...),

- count how many observations fall into each bin.

Example with human heights (cm): let w = 5cm and choose bins

(160, 165), (165, 170), (170, 175), (175, 180), (180, 185), (185, 190)

counts

x (height cm)

162.5 167.5 172.5 177.5 182.5 187.5

22




5.3. HISTOGRAMS

We can summarise the histogram in a small table of midpoints z; and counts ¢;:

bin center z; (cm)‘162.5 167.5 1725 1775 1825 1875
count ¢; ‘ 2 4 7 9 6 4
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5. CENTRAL LIMIT THEOREM

RECAP Ch 5
Continuous distribution
F(Zq) = q
Example: F(Zg25) = 0.25
Gaussian (Normal) distribution:
N
14 1
oS 1
V’ 360_5
Uniform distribution:
S

1
0.§
s { \
1 T T /
X iy v X nax
Exponential distribution
PR
0.51
1 n AN
¥ 7
Zog  }

Discrete distribution:
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5.3. HISTOGRAMS

.5

N4

7

XN
N
w +
-
ot
LN

Zo.5 — any value between 2 and 3 (convention — take 2.5)

What is the quantil for Zg.o5:
At least 25% of the probability is at or below Zg o5 and at least 75% of the probability is at or
above i0.25

Ezxample:
Z02 =0.2-6=1.2 — 2"number
%05 = 0.5 -6 = 3 — between 3"% and 4"

Histogram:
Discrete data

v

Binned data

~

179 130 18S
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5. CENTRAL LIMIT THEOREM

Other example:

N

nAx vabe

I/— §0.75

Lo d
— 3(.0.5

,\;0.25
Kl"\'[N vq?,e

g
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6 Estimators and bias

To go form data (samples) to discreet estimators, it should be.
e Accurate (close to the true value on average)

e Precise (low variance)

Example
Précision
Bad Good
> v
Bad ¢ U . %
Accuracy
X K
Good "5 o
v
6.1 Estimator for the Mean
Given Xq,..., X, i.id :
X=1%"x
n

E(X)=E(- > X)) = Y E(X) = -n-E(X)=p
=1

n
=1

— The sample mean is an unbiased estimator of u.




6. ESTIMATORS AND BIAS

6.2 Estimator for the Variance

We have the following;:

E(S)=E [n > (i - x)2] = %ZE(XE — 22,7 + 7%)

(2

=~ D E(XP) + % > E(z%) — 2R (3?711 Zx)

i

n + %nE(}‘ﬁ) - 2E(X?) = E(X?) - E(X?)

This means:

n ~, n 1 1
.82=_" .= _7)2 AV
n—1 n—1 n - (@i — ) n—lz(ﬂvZ 7)

2

J  unbiased estimator for the variance

2 — o (x — 1)

n—1
Example
Forn=1and T = 3:
92
1
3 — 2
p=35 82 =1 1“) — 0.5 = 0.25

Same for n = 2 and T = 4:

42 02
52:(3 4)‘;(5 4

_ 2 _ 2
52 (3 —3.5) ;(5 35 _ | o
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7 Z-test and t-test

7.1 Hypotheses

Yes/No questions
We want to answer questions such as:
- Is the mean weight of cars in the USA bigger than in Europe ?
- Is there a particle at 125 GeV 7
- Is the dice fair?

Example:
1
Hy : “The die is fair” = p1 = py = --- = 6

Probability of rolling 6 ten times:
1 10
P(10 times 6 | Hy) = <6> ~ 0.0000017%

If this probability is extremely small = we reject H; with a significance a:

1
confidence : 1 —a =99.999% = significance : a = (6)10
Alternative case:
H2 L Pe = 09, P2 = 001, other=0
P(10 times 6 | Hy) = (0.9)!° ~ 35%

7.2 The Null Hypothesis H
Steps:

1. Get a yes/no hypothesis (ex: “my friend cheats” = “Hj : the dice doesn’t follow a uniform

distribution")

2. Take the logical opposite of Hy : Hg = Hj : “the dice does follow a uniform distribution"

3. Choose a level of statistical significance

Often o = 0.05

4. Compute: P(outcome | Hy) — if P < a = reject Hy
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7. Z-TEST AND T-TEST

7.3 The z-test (Gaussian test for the mean)

Assumptions:
- We have measured N, elements with mean x
- We know (or assume) the standard deviation of the population o
- Thanks to CLT, means follow a Gaussian distribution

When is this test useful ?
- fluctuations come from a well-characterized measurement method
- full population is known, but we want to see if one subgroup is representative

* two-sided question — what is the probability it’s in a range ?
- fixed deviation, search for P
- fixed P, search for deviation, infer o from your data

* one-sided question — what is the probability it’s in | — 0o, a] or [b,+oo[ ?
- fixed deviation, search for P

z-test Recipe : Define:

L= T — o
a//n
For a fixed probability P (e.g. 95%) : For a fixed pg or deviation z :
under which condition is the true mean of with which probability P is the true mean
my distribution with probability P 7 that represents the population :
- above g = ®(+z) = P - above ug = P = ®(z2)
- below pug = ®(—z) = P - below pg = P = ®(—=z)
- in the T + |y — 7| range - in the T %+ |po — 7| range
= P(z) - P(—2) =20(2)—1=P =P =20(z) -1

7.4 The t-test / Student’s ¢-test

Method :

- measure n elements with mean T —  the minimum value of n for this is 2
- standard deviation o is not known and n is small
- we can assume a Gaussian distribution from the central limit theorem

The ¢ distribution depends on Z, S? and the degrees of freedom (df = v):
v=n-—1
For v — +00, the t-distribution is a Gaussian.
The distribution is overall wider than a Gaussian.

7.5 The one-sample t-test

We do not know o, but we estimate the variance as:

The t-value is:
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7.6. THE TWO-SAMPLE 2-TEST

Degrees of freedom:
v=n-—1
= 7 follows a t-distribution with (z, S?,v)

7.6 The two-sample z-test

We compare the mean difference between two independent Gaussian distributions X and Y :

o, and oy are known

Mean:

Variance:

r—y
z =
2
o'a%_i_&
Ny Ny

z quantifies the difference between two distributions.

How to choose a test

- if the variance o2 is known, or n is very large, there is no need for a t-test

- if n is small, prefer a t-test.
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8 Two-sample tests

8.1 Two-sample tests

8.1.1 Two-sample z-test

- Two independent samples/datasets X,Y with measured means z,y
- We know 0,0, (or large ng,ny)

=Y
z = = >

gz Uiy
nz+ny

Limits to consider :

]

1. ny—>oo:>z—>%/m

2.0, =0y =0,ny =ny =N/2
T—y

8.1.2 Two-sample Student’s t-test

We know 0, = 0y = 0.
We can estimate o from :

1 Ng ny
§? = (@i — 2+ (v, —9)°
(ny —1) + (ny — 1) el =

Degrees of freedom:

8.1.3 Two sample Welch / Behrens—Fisher test

- Two independent samples X,Y

- 0, may differ from o, (estimate from S, and S, separately)

__i-3
T Tw =
ng | ony
Effective degrees of freedom:
|2t simy2
UV = roun (Sg/nz)2 B (Sg/ny)2
Ne—1 ny—1

Limits to consider :
IL.ng —o00o=v—mny—1
2. S: =8y, Ny =ny =>v=Np—2

33



8. TWO-SAMPLE TESTS

8.2 Paired test

For two samples X, Y, the pairwise difference d is :

di = xi — Yy
We consider a random variable D and we do a 1-sample t-test for d :
_ d— Hop
Sp//np

ng = ny = np by construction

tp

This way of comparing data gives better and cleaner data to analyse evolution.

Example:

T ‘ Y ‘ d=xz—y
101 | 91 10

98 | 89 9
122 | 112 10

Here, d clearly has smaller variance than x or y.

8.3 The x? (chi-square) test

We have data: Can they be described by a certain probability density/mass function ?
Need discrete data — bin continuous data if needed.
Measure of deviation from expectation value:

2~ (ni—Np)? (fi — pi)?
= Z Np; B NEZ: Di

%

Example: Dice throw

1
6
We throw Nt = 60 times. Count number n; for each outcome.

Hp : The die is fair =+ p; =pa =--- =ps =

outcome x; 1 2 3 4 5 6
pobap |1 1 1 1 11
Abs freq n; 12 9 11 8 10 10
i 12 9 11 8 10 10
real freq ]GT 0 60 60 60 60 60
expec value Nrp; | 10 10 10 10 10 10
Nt =60 I numbers of possible outcomes k£ = 6

,  (12—-10)2 (9-10)> (11-10)2 (8—10)> (10—10)2 (10— 10)?
~ T 10 10 T 10 T 10 T 1 T

v=k—-1=6-1=5
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8.3. THE x? (CHI-SQUARE) TEST

Degrees of freedom:
df =v=Fk—1 (PDF with no free parameters)

If x? ~ 0 — data fits PDF well, no deviation
If x2 > 0 — unlikely for this data to originate from this PDF

The x? table shows the critical x? for which the law is follow, meaning that any x? below that
indicates no deviation from the PDF, while any x? above that indicates that the PDF is not
followed.

x? use criterion:
N - min(p;) > 5 (follows Np >> k)

If we also estimate m parameters of the PDF from our data:

v=k—1—m
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8. TWO-SAMPLE TESTS

RECAP Ch 8:

The Chi-square test compares discrete (or binned) data to a probability mass (or binned density)
distribution.

Hj : (Null hypothesis) The proposed distribution can describe the data.

Example:

28 % 267 of the
Prol:a)aig‘l'/

A%

-067 © 0,67 }

We consider a standard normal distribution. From the standard normal table, the value
corresponding to 75% is:
z = 0.67 — we look in the table

The data are divided into four bins defined by the cut points —oo, —0.67, 0, 0.67 and +o0
It gives us the following:

(—00,—0.67) (—0.67,0) (0,0.67) (0.67,400) Total

Expected counts N - p; 25 25 25 25 100
Observed counts 20 25 25 30 100
Difference -5 0 0 +5 0
: _— (—5) 5
hi- tribut — 2
Chi-square contribution 9% 0 0 9%

Test Statistic:
The chi-square test statistic is defined as:

R
- T " Di
Degrees of Freedom:
The degree of freedom is:
v=4—-1=3
Decision Rule:
At the 5% significance level, we compare the observed statistic with the critical value:

X(2).95,3
Since:
Yi=2< X(Q).95,3
we do not reject the null hypothesis.
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O One-factor ANOVA test

9.1 Multiple Sample Testing: ANOVA

Goal: test whether the means of several groups are statistically equivalent or not. This is
essentially an extension of Student’s t-test to more than two groups.

HO:,UJ:HQ:-”

Example: Heights of people by country
Hp : the mean height in all these countries is the same

Height
e

. . . — Population
CH  DE NE  FR of a country

Factor: The property of a group (nationality, temperature, material...) / independent variable
/ parameter
Levels: how many values the factor has

We name the data x; ;, with ¢ being the level and j the element within the group .

[ Example: x5 7 is the seventh German ]

9.1.1 1-Factor ANOVA

— 1-factor ANOVA means no distinct separation within groups (e.g. if we examine nationality,
we don’t consider age, gender, wealth for each nationality).

Hp : X; does not depend on 4

For each group ¢ with sample size n;:

1 &
= — Z x;j is the average over j for each level
.

) _]:1

Ti = Zj,.

Variance estimator:

37



9. ONE-FACTOR ANOVA TEST

ng

Z(xi’j - ii)Q = 55; — sum of squares for group i

j=1
Total: ; _
o i) Y
Ir=12.. = 7 o = S
Zi:l(Zj:l 1) i
For all n; = n
1
T = 7 Z:EZ — means of means
1=

SSr =" (wij—2r)> =YY ((wi; — %:)* + (& — 1))
i i
= ZSS +an z; — Ir)’ = SSg + SSB

where SSp — square sum of between
SSg — square sum of the error

- SSg: variability within groups (Error)

- SSp: variability between groups (Factor)

N

SS+
$Ss
SSe —

Expected Values under H

Assuming the groups come from the same probability distribution:

E[SSg] = 252 —1)] =) 0*(ni—1) =*(Np - 1)

38
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9.1. MULTIPLE SAMPLE TESTING: ANOVA

For all n; = n :

E(SSg) =02 -I-(n—1) where I in the number of levels

E[SSs] =E[ Z ni(z; — 7))
If all n; = n:
E(SSp) = nE[Z S2 - (I-1D)] =n(I—1)050_p(_y

o? (@i —T7)?

2 2
where: oz = =op and Sz =
T; T
n I-1

F-statistic

We define M Sg the mean square error and M .Sp the mean square between. They both have

different degrees of freedom.
SS E S SB

d MSg=22B
Np—1 S8 =717

MSE =

vg =Np—1 and vg=1-1

forn;,=n Vi:
E(MSg) = E(MSp) = o?

and so we define the F-statistic as :

MSpg
Fmeasured = MSE

Decision rule (95% confidence):

Fineasured > Fupvp (95%) = reject Hy

ANOVA Summary Table

Source of Variation df SS MS Fifeasured
Between groups (Factor) | I —1 | SSg | SSg/(I—1) | MSg/MSEg
Within groups (Error) | Np—1 | SSg | SSg/(Np —1I)
Total Np—11| SSr
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9. ONE-FACTOR ANOVA TEST

Example:
-1=3
- Np =140
- T =12

- MSp=%=10

copper gold silver

B 11 12 13
Si 1 2 1
n; 10 20 10

SSp =10(—1)? +20(0)% + 10(—1)? = 20

- 8Sp=1%2(10-1) +2%20 — 1) + 12(10 — 1) = 94

- MSg =35 =2,54

— we can reject the hypothesis — There is a difference between each of these metals’

studied property.

Fy =

10

—— =3,94 > Fy37 = 3,25
2,54 , 94 > I'2.37 )
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10 Linear regression

We have data {(z;,v:)}.

10.1 Constant function

* Model: y = a (a is some constant)
* Estimator: § =a
* Residual: r; = y; — gi(x) =y — a

We want to minimize the squared residual. Thus, we need to find @ so that

n

SSp =Y (yi—a)’

i=1
has the smallest possible value.
Take the derivative:

PO 3 - a)(-1) = -2 ) (- ) <

Hence

Also
9%2SSgy
0a?

=2n>0 a =7y is the only minimum of SSg

= The mean is then the best estimator for a constant function.

10.2 Linear function

Model:
y=a+bx

where a is the intercept and b is the slope.
We want to find &,I; that minimize the residual.
Residual:
Ty =Y — (d-i- l;xl)

The sum of squared errors is

n

SSE = Z(yz —a— bwi)Q

i=1
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10. LINEAR REGRESSION

Derivative with respect to a

0SSE = !
o = ;2(% —a—bx;)(—1) = 2 ;(y —a—bx;)) =0
Therefore
Zyi —na—mez =
i=1 i=1
SO
a=7y—bx
We check:
9?88k
a2 2n >0

Derivative with respect to b

0SSk " n !
5% ;2(% —a—bx;)(—x;) = —2;@(% —a—bx;) =0

Substitute a = y — bz and simplify, which gives

Check:

2 n
3;;2913 :2Zx? >0

i=1

n

Z(ZL‘Z — %) (y; — y) measures how x and y vary together around their means (negative or positive
i=1
slope).

10.3 ANOVA for linear regression

We consider the null hypothesis:

Hj : y does not depend on x <= b=0 (hypothesis).
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10.3. ANOVA FOR LINEAR REGRESSION

ANOVA table for linear regression

Source df SS MS Fy
Model 1 SSu =Y () —§)2 MSy =M g, = MOy
Sygj MSEg
Error (residual) n—2 SSp=>(y; —9(x;))? MSg= b
VE
Total n—1 SS7=>(yi—17)*
vy=n-—1 | vE=n—vy—1=n—2

Here, n is the number of slopes.

If Fay > Fyy, 0 (6.8 at P = 95%), then we reject Hy, so there is a correlation between y and
x, which can mean that using the model is justified. It is however always useful to superimpose
the model function over the data to check for visible correlation.

Goodness of fit for regression
SSy SSg 9

= =1—-— 1
55, 55, \ 0< R <

The closer R? is to 1, the better the fit is.

R2

Terrible fit vs perfect fit (schematic):

Y )

RZ~0 RZ~1

However, R? is not in itself a guarantee of the fit ; it is always important to plot the data to
see.
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10. LINEAR REGRESSION

10.4 What is “linear” in linear regression?

We are interested in linearity in the parameters a and b. Could the following functions be used
to do a linear regression?

y=a+ bx Yes
y = a + ba? Yes
y=a+bsinx Yes
y = a + sin(bx) No

The first three are linear in the parameters a, b (the parameters appear only to the first power,
not inside non-linear functions). The last one is non-linear in b.

Shape of the SSg as a function of b

For a linear model in the parameters, say
y=a+bx

the function
SSE(b)

as a function of b has a single minimum (a “nice” convex shape).

SSE

NS

linear case y = a + bx

For a nonlinear model like

y = a + sin(bx)

the corresponding SSg(b) can have many local minima and a complicated shape. It is very
difficult to guarantee that an algorithm finds the global optimum.

SSE

nonlinear case y = a + sin(bx)
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10.5. ASSUMPTIONS FOR LINEAR REGRESSION

10.5 Assumptions for Linear Regression
We assume that :

- the residual is a random variable : R ~ N(0, 0?)

- the residual is independent of  and y

- there is no error in =

Fitting commandment: Only trust the model for the values where the data is.

7

Example: We take some data and approximate the linear regression

z z
512 @
o] o
s s

3
> >

=)

=)
®

=)
o

In reality, if we look at more data, this linear regression can become totally false !

Tl

Voltage[mV]
Voltage[mV]
Y .

=)

o
™

i

On that last graph, we can also observe that the data is taken at a certain frequency,
and so we can’t trust what is going on between the data points.

o

6

Time [s]

10.6 Parameter Uncertainty

R~ N(0,0%)
2 1 . 2 N
%SE:mZ(Ti) | ri =y — §(w;)
Variances of estimators: ) ) o
V(a+bay) = &+ 28 =0
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10. LINEAR REGRESSION

2
o
Where — is the uncertainty about the height at which the curve lies, and the last term the

n
uncertainty about the slope.
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11 Linear regression with more than 1 slope

Multi-factor :
y=a+byxy +boxs+ ...

Yi = a+ bixy; + bawo; + 1

Multi-function :
y=a+ bz + bz’ + ...

Y = a+ bix; +b2x? +r;

A model with n parameters can fit n data points perfectly.

11.1 Model Comparison

n = 10 for all the models.

Model VM VE SSE
Ml: y=a 0 9  something
M2: y =a+ bx 1 8 less
M3: y=a+bix+ba?| 2 7 even less

Nested model:

M1 is “nested” in M2 if you can get M1 by setting one or more slopes in M2 to 0. In this case,

- M2 — full model
- M1 — reduced model

ASSE = SSEreduced - SSEqu

Ap = Difference in free parameters // number of b’s set to 0 from M2 to M1

11.2 Model Comparison: F-Test

Hy: The reduced model describes the data as well as the full model

ASSE/A H
Fr = E/ P >O FAPa”E,Full

SSEfull /Vm,FUll

47



11. LINEAR REGRESSION WITH MORE THAN 1 SLOPE

Example:
Compare a cubic polynomial (a + b1z + boz? + b3x®) to a quintic one (a + byx + bex? +
bx3 + byxt + bs2®) for 10 data points.

SSp., =180  SSg

reduced

=400

ASSE = 400 — 180 = 220

220/2 110

F, = - —
™ 180/(10 -5 —1) 45

F274 ~ 6.9

= Hp is NOT rejected — Cubic model is enough — No need for the quintic one

11.3 Matrix Form of Linear Regression

Y = a—i—bnxl,l +52$2,1 +--+7r
Y2 = a+bpx12 + bowoo + -+ + 12

We write:
T=XF+7
With:
1 211 w21
X=|1 m2 w2
?:(aablab%---)

B=(XTX)'XTy
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12 Multi-factor statistics

We have a normal distribution for a population (e.g. people’s heights)
X ~ N(p, 02)

The data is characterized by the following table:

Taille moyenne en cm Echantillon Population

Moyenne IC +/- n N

Total 171.1 0.2 21873 7 182 252
Sexe

Hommes 177.6 0.2 10 122 3548 077
Femmes 164.7 0.2 11 751 3634 175
Age

15-24 ans 172.7 0.5 2115 804 408
25-34 ans 172.9 0.5 2173 1110 406
35-44 ans 172.3 04 3115 1218 144
45-54 ans 171.6 0.4 3865 1223931
55-64 ans 171.1 0.3 4202 1190 409
65-74 ans 168.8 0.4 3418 847 919
75+ ans 166.8 0.4 2985 787 035

To have 95% probability to have the mean inside the range (-0.2;4-0.2):
®(z) — P(—2) =0.95

P(z) — (1 —P(2)) =2P(2) —1=0.95
®(z) =0.975 — z = 1.96

0.2 -4/10,000

o
=02cm w0=—————=10cm

Wehave:z-ﬁ 5
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12. MULTI-FACTOR STATISTICS

Comparing two population means
Suppose we compare two populations (e.g. average height of men vs. women, or two age
groups). Let

Xu, Xr
Two sample z-test (because n=10,000)
Xm—X 12.9 1
= —a= =9lsp=1-—"0
\/o‘M 02, \/102+102 10
Prvlin e 10,000

Graphically, the population distributions are wide, but the distributions of the sample
means are much narrower (“uncertainty of the mean”).

p

Correlation and causation

Correlation does not necessarily mean causation; there can be different causal structures:

1. Direct cause: A — B.
2. Common cause: A and B are both influenced by C.

3. Intermediate cause: A(— C) — B.

12.1 Multi-factor situations

Example: we look at the height of people, grouped by :
- factor I: age group, i =1,...,7
- factor J: sex, j = 1,2 (e.g. male/female)

We can then have z; j x = 22521 = 163, 2cm.
In this case, this person is a woman in the 25-34 age group.

The average height of this age group is then: oo . = % 25:1 2.2k
The average height over all women (summed over age groups) is :
T2, = % DD mizk
Zi Zk i k
and the total mean (all people, all groups) is :

_ 1
T = 421 Zj Zk 1 ZZ;xi,Jﬁk

T g
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12.1. MULTI-FACTOR SITUATIONS

12.1.1 Table of means

There are several ways of presenting data : either by showing each of them, or grouping them.

7~

N

Raw Data, element table:

ID Sex Age Height

Jean M 27 176
Marie F 38 178

Statistical table:

Height Male 20y Female 20y Male 21y

Mean 176 cm 166 cm 175 cm
Variance 1.7 cm? 2.0 cm? 2.6 cm?
n 98 93 103

We can arrange the group means in a table:

[i=1 i=2 ... i=1I] partial means
7=1 z11, X21, --- X1, x.1,
7] =2 T12,. X292, ... X12. x.2.
1=J x1,J,. X2.J. ... T[]. z.j.
partial means || Z1.. Z2.. ... .. T

Example: Resistance data (in ©), n = 10 for all i

Copper  Silver All (partial mean)

20°C 10 12 11
60°C 11 13 12
100°C 15 17 16
All (partial mean) 12 14 13 (total mean)

We decompose the total sum of squares into components:

SSij = Z(x”k — &;;.)? (for raw data) = (n;; — 1) - Szj (cumulative)
k
SSp=>_> 88
i g
SSBJ' = Zzni’j(ii@' — i‘T)Q =1n Z(Ei’j" — ET)2 if all n equal
i J

SST = ZZ Z(xij’k — .fT)Q
ik
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12. MULTI-FACTOR STATISTICS

12.2 Non-interacting 2-factor ANOVA

Source v SS MS F
SSpr MSp;
Factor I I-1 : :
actor SSp,1 ol M5y
SSpy MSgy
Factor J J—-1 SS : :
actor B,J vy MSg
SSE

Error >idij(nij—1)=1J(n—1) —»ifnsame SSp ——

Total Np—1=1Jn—1— if all n equal SSr

12.3 Interacting factors

Non-interacting model:
Xij = Ai+ Bj

Interacting model:
XZ'J‘ =A;,+A;- Bj

* Alternative interacting forms:
Xij= A - Bj, Xij = efi . sin B;
* log-transform example (to obtain non-interacting model) :

10g(Xi,j) = log(Al . B]) = log A; + log Bj =C; + Dj

Example: Weight in grams of weirdly-filled crépes
j/i No cheese Cheese All
No banana | 100 = (170 — 20 — 50) 140 120 = (170 — 50)
Banana 200 240 220 = (170 + 50)
Al | 150 = (170 — 20) 190 = (170 + 20) | 170
For the interacting case we have :
For the non-interacting case, we have : Interaction - _ Eapected
Lij = Tij, — Ly
xffpeded =Tr + (%i.. — Tr) + (T.;. — Tr) = 7. —Ir — (Ti.. — Tr) — (T.;. — Tr)
=4, — Ti.. —T.j.+TT

Detecting Interaction - Graphical View
- No interaction: lines are parallel
- Interaction: lines cross or diverge
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12.3. INTERACTING FACTORS

For the previous example, we

have:

.B/'
S

c

(DY

— No interaction

Example: taste score of those weirdly-filled crépes

j/i C C Al
B 3 7 5
B 5 1 3
All 4 4 4

Deviation from Zp:

Expected deviation:

B

B

1 \
4

T

c c
— Interacting

Expected
interacting) value:

(non-

-1 43| +1
1]-1
-1 -3 -1 : 1 +5 | +5
0 0] o0 +3 | 43
Interaction:
wy N = By — By — B + By
Example: Noise in a Room
j/i ‘ No Train Train ‘ All Eupected:
Window open 10 30 20
Window closed 1 &3 2 129 | 25-8
35| 7.5
All G5 16.5 | 11

Interacting:

gferaction = 10 — 20 — 5.5+ 11 = —4.5
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12. MULTI-FACTOR STATISTICS

Sum of squares of interaction:

S5m0 = 0 3 SN S (@~ 2, — .+ )
i i
SSt = SSg + SSBJ + SSB,J + SSBJ;J
ANOVA Table (Two-Factor with Interaction) :
Source df MS F
Factor I I—1 % ]\]/\ffSB];I
Factor J J—1 Si’j“’ Aﬁg;
Interaction I : J (I —1)(J—1) SSpr1J %’j’] ]]\‘/‘[/[*Zg’
Error IJ(n—1) MSE
Total IJn—1
vi=1-1
vi=J—-1

vig=UI-1)(J—-1)=v; v

vg=1J(n—-1)

vp=I-1)+(J-1)+IT—-1)(J—-1)+1J(n—1)
=I+J-24I1J—-I—-J+1+I1Jn—1J

=I1Jn—-1
=Np—-1

Example: degrees of freedom

) ! a b @ All
J
lo' 1 2 None 1
I} 3 4 None 2
0% 5) 6 None 3
) None | None | None | None
All 1 2 None T

e To be determined
e Fixed (Given)

54




13 Propagation of error/uncertainty

13.1 Expectation Value

Let X be a random variable.
E[X]=p  Var(X)=E[(X —p)’] = E[X?] -

In general,

Linear case

If f is linear, f(z) = a + bz, then:

E[f(X)] =a+bE[X] =a+bu
Reminder: computing expectations

+oo
E[X] = Zl’z pi (discrete) or E[X]= / x-p(x)dr (continuous)

Illustration (linear mapping of uncertainty)

§ %

< Here, we see that any uncertainty on u

translates into more or less that same un-
certainty in f in a linear case.
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13. PROPAGATION OF ERROR/UNCERTAINTY

A eC'x)

Here, we see that any uncertainty on pu is
shifted up on f. The propagation of the
uncertainty is not linear —

v

Example:

f=a+bX +cX?
Rewrite around the mean p (idea: separate mean and fluctuation):
f=a+b(X —p)+bu+c(X —p)® —cp’® + 2cuX

FEzxpectation value:

E(f) = a+b(E(X) — p) + bu + c(B(X) — p)* — ep® + 2cuE(X)
—a+bu+cp?+c V(X)
= f(w)+c- o3

For a Taylor expansion:

1

=2 garh

13.2 Effects on variance
Basic rules
V(a +bX) =b>V(X)

First-order propagation (linearization around p):

of

2
V(f(X)) ~ (8 u) -V(X) for small variations
x

Equivalently (using standard deviations):
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13.2. EFFECTS ON VARIANCE

< Here, we see that, since the function is
not linear, uncertainty on p doesn’t trans-
late to something linear on f, which shows

| // i the non-linear propagation of uncertainty

/ for non-linear functions.

Sum of two variables

v

VX +Y)=V(X)+V(¥)+2Cov(X,Y)
If X and Y are independent, then Cov(X,Y) = 0 and:

OX+Yy = \/03(4—052/

Example: Height of some people in centimetres, two distributions defined by X and Y

px =175 py =165 ox =10 oy =9

Then:
pix ity = 340cm oxty = V102 + 92 = v/181 ~ 13.5cm

Special Case: Product of Two Quantities

Let
f=X-Y

Using logarithms:
nf=InX-YV)=hhX+Y

For small relative uncertainties, the relative uncertainty propagates as:
o ox \? oy >
f px py

Bf = px - py

The mean of f:
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