
EPFL Probability and statistics for materials science
Autumn Semester 2024 Prof. Gregor Jotzu

Examination

Notes

• For all words which are underlined1, a translation to French is provided at the bottom of the
page.

• You must not write in red, pencil2 or erasable ballpen3.

• Only the answers written on the provided squared paper with an EPFL logo will be marked.
Anything written on draft sheets4 or on the question sheet will not be graded.

• Write you name and Camipro SCIPER number in the respective fields on the first page of the
provided EPFL paper.

• Additional EPFL paper can be provided and must be marked with your name and Camipro
SCIPER number at the top. If you use extra paper you must have it stapled5 together with your
other paper by an exam invigilator6 before handing it in.

• For each question, the computation7 leading to the final result should be clear. Partial points
can be given even if the final result is not correct.

• You can round final results to two significant digits8 (for example, 35% or 7.2) or use fractions
(for example 1/6).

• The term "mean9" always corresponds to the "arithmetic mean" here.

• All required statistical tables are provided on the pages after the questions.

• The maximum number of points awarded for each question is noted as, for example, [2p].

1souligné 2crayon a papier 3stylo effacable 4papier broullion 5agrafé 6surveillant 7calculus
8chiffres significatifs 9moyenne
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1 Superconducting crystals

You create a new method for producing superconducting crystals. You find that 20% of the crystals
have superconducting critical temperatures above 10K (we call this probability P (A) = 0.2). Of
those crystals, 60% are paramagnetic at room temperature (we call this probability P (B|A) = 0.6).
Furthermore10, 72% of the crystals are non-paramagnetic and do not have a superconducting critical
temperature above 10k, P (A ∩B) = 0.72

{1p} a) What is the probability for a randomly chosen crystal to have a superconducting critical tem-
perature above 10K and not be paramagnetic at room temperature, P (A ∩B) ?

{2p} b) Create a probability tree diagram, including the values for P (A), P (A), P (B|A),P (B|A),P (B|A)
and P (B|A)

{2p} c) Given that a randomly chosen crystal is paramagnetic, what is the probability that it has a
superconducting critical temperature above 10K?

Having produced a very large number of these crystals, you find that their resistivity (always measured
in units of nΩm) is well-described by a normal/Gaussian distribution with a mean of 150 and a
standard deviation11 of 10.

{1p} d) What is the probability for a randomly chosen crystal to have a resistivity below 160?

{2p} e) What is the probability for a randomly chosen crystal to have a resistivity between 130 and 140?

{2p} f) What is the probability for the mean resistivity of a sample of 25 randomly chosen crystal to be
below 155?

In a new research project, you develop another method to grow a new type of crystals. Your aim is to
show that this new method produces crystals with a mean superconducting critical temperature that
is larger than 20K. You produce 4 of those crystals and find critical temperatures (measured in K) of
[21, 19, 22, 26].

{2p} g) Compute the mean and the unbiased12 estimator for the variance from this data.

{2p} h) Which type of statistical test would be suitable to show if you were successful?

{4p} i) Perform this test, using a confidence level13 of 99% (significance level14 of 1%)

2 5-sided die

You are studying a 5-sided die15, with possible outcomes numbered 1,2,3,4,5. Initially, assume that all
results have equal probability (i.e.16 it is a fair die).

{1p} a) What is the probability of the outcomes "odd17 number" and "number larger than 3"?

{2p} b) Are these two probabilities independent? Prove your answer any way you prefer.

{1p} c) What is the expectation value (for the mean) of this die?

{2p} d) In a game where playing once costs 10CHF, and the prize in one round corresponds to the
thrown18 number squared, calculate the expectation value for the overall gain or loss per round.

10de plus 11ecart type 12non-biasé 13niveau de signification 14niveau de signification 15dé 16c’est-à-dire
17impaire 18lancé
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Now you try to build such a die, but you do not know if it is fair.

{2p} e) After throwing your die 5 times, you get the following results: [2,5,2,5,1]. Compute the mean,
median and the unbiased estimator of the variance of this sample.

After throwing 200 times, the 5 possible results occur the following number of times:

Result 1 2 3 4 5

Number of occurences 48 35 38 33 46

{1p} f) Compute the difference between this outcome and the expectation values for each result for a
fair die.

{1p} g) To test the hypothesis "this die is fair, each result has the same probability", which statistical
test is suitable?

{4p} h) Perform this test, using a confidence level of 95% (significance level of 5%).

{1p} i) Was throwing 200 times sufficient to perform this test? Justify your statement.

A junior colleague of yours has written the following Python script to find the median of the data given
in (e):

import numpy as np

def findMedian(inputArray):
sortedArray = np.sort(inputArray)
print("Sorted Array:")
print(sortedArray)
arrayLength = len(sortedArray)
print("Length of the array:")
print(arrayLength)
medianPositionFloat = arrayLength/2+0.5
medianPosition = int(medianPositionFloat)#transform to integer
print("Position of the median:")
print(medianPosition)
median = sortedArray[medianPosition]
return median

myArray = np.array([2,5,2,5,1])
myMedian = findMedian(myArray)
print("The median:")
print(myMedian)

{3p} j) Which outputs do you expect from this code? Note that "print" calls inside a function will also
produce an output.

{2p} k) Why does the script give the wrong median? How can you correct it by making only a small
change to the code above?

{3p} l) Furthermore, this code (also with the small correction) would not work for input arrays with an
even19 number of elements. Describe in words or with code (precise syntax is not important) how
you would write a script that can also process inputs with an even number of elements. There
are several possible solutions, some longer, some shorter, every solution that works correctly for
both even and odd numbers of elements is acceptable.

19pair
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1. {2p} [m)] In general, if the mean and the median of a set of data are not the same, this implies
that the data are not symmetric around the mean. If the mean and the median of a set of data
are the same, does that always imply that the data is symmetric around the mean? Prove your
answer any way you like.

3 Thermal conductivities

You measure the thermal conductivity of two types of metals, Platinum (Pt) and Molybdenum (Mo).
You can call the "type of metal" factor I. You measure them both at room temperature ("RT")
and at liquid nitrogen temperature ("LN"). You can call the "temperature" factor J . Each possible
configuration is measured 11 times. You find the following means and unbiased estimators for the
standard deviation for your measurements. All thermal conductivities are given in units of W/m/K:

X̄i,j,• si,j NS

Pt,RT X̄1,1,• = 67 s1,1 = 11 11

Pt,LN X̄1,2,• = 83 s1,2 = 8 11

Mo,RT X̄2,1,• = 139 s2,1 = 14 11

Mo,LN X̄2,2,• = 211 s2,2 = 17 11

{2p}a) Compute the partial/marginal means20 for both factors and the total mean, and arrange21 all
means in a "table of means."

{2p} b) Compute the sum of the squared errors (SSE,i,j) for each group and hence the total SSE .

{1p} c) Compute the sum of the square difference between levels for each factor (SSB,I and SSB,J).

{1p} d) Statistically speaking, which factor is the dominant one?

{5p} e) Create a complete two-factor ANOVA table including interactions. (Also include the Fisher
statistic for each factor and for the interaction).

{2p} f) Test the null hypothesis "there is no interaction between the factors I and J" using a level of
significance of 5%.

Now you focus on studying the dependence of the thermal conductivity, κ, of Platinum as a function
of temperature T . You want to use linear regression to compare your data to different models.

{3p} g) For a model given by
κ = a+ b1T

prove that the estimator for a, which minimizes the sum of the squared errors (SSE) between
the data and the model is given by â = κ̄− b̂1T̄ where b̂1 denotes the estimator for b1

You have now taken data at 7 different temperatures. You fit your data with both models. The first
contains only an offset and a linear slope (as above), the second additionally contains a term which
is quadratic in temperature and has a pre-factor called b2. You find the following SSE for the two
models:

Model SSE

κ = a+ b1T 1255

κ = a+ b1T + b2T
2 405

20moyenne partielle 21trier

4



{1p} h) How many degrees of freedom does the error have in each model?

{2p} i) Is the second model statistically significantly better than the first model? Use a level of signifi-
cance of 5%.

You have now automated your data acquisition with Python and successfully written a code that creates
a numpy array called measuredData, where each element corresponds to a thermal conductivity.

{1p} j) However, you have to take a calibration factor into account, each measurement needs to be
multiplied by 1.2. Which line of code would you write to produce an array called calibratedData
that now contains data with the correct calibration?

Occasionally your measurement device malfunctions because of electrical spikes, and then produces
erroneous outputs which give values larger than 1000. You have performed a measurement and created
an array called calibratedData with the values [68.4, 72.1, 1200.2, 80.4].

{1p} k) What output do you expect for the following line of code?

print(calibratedData[0:2])

{2p} l) Which line of code could you write to generate an output that lets you see (even for a large array)
if your measurement contains an erroneous element (i.e. a value larger than 1000)? (There are
several good options.)

{2p} m) To filter out such values and replace them by a np.nan ("not a number") value, your colleague
has written the following function:

def myFilter(inputData):
if inputData>1000.:

return np.nan
else:

return inputData

You try to apply this function to your array by writing:

print(myFilter(calibratedData))

and you receive the following error message:

ValueError: The truth value of an array with more than one element is
ambiguous. Use a.any() or a.all()

How can you solve this issue so that you filter your data as desired? (There are several possible
solutions, and you are not forced to use your colleagues’ function).
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