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We have introduced all of the key thermodynamics’ variables. It is now time to try applying the concepts we have found 

to understand materials’ behavior. We will start with gases as they are the simplest form of material to study in 

thermodynamics and slowly move to liquids and solids. The key property that renders gases easier to study is the fact 

that we can define an ideal state. Let’s recall that an ideal gas is formed of identical molecules of negligible size in 

ceaseless random motion that interact only through brief elastic collisions. As a consequence, an ideal gas is a gas at 
0K and infinite pressure. Obviously, this cannot be true for any material.

Yet the ideal gas law is a key stepping stone to understand the whole thermodynamics of materials. The first property 

of ideal gases is that they obey the ideal gas law:

𝑝𝑉 = 𝑛𝑅𝑇
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The change of Gibbs free energy of a single component ideal gas is:

We need now to calculate the chemical potential. To do so we will use one of Maxwell relations:
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We know that:
𝜕𝐺

𝜕𝑇 𝑝,𝑛
=  −𝑆 
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The mixture of ideal gases shall have the same properties as in the case of a single gas: The mixture must consist of 

freely moving particles of negligible volume and the gases must exhibit negligible forces of interaction.

Similarly, to the ideal gas, we can define a gaseous mixture to be ideal if the chemical potential of each of its 

components is given by:

     𝜇𝑖 = 𝜇𝑖
0(𝑇) + 𝑅𝑇 ln 𝑝𝑖  where 𝑝𝑖 ≡ 𝑥𝑖𝑝

𝜇𝑖 = 𝜇𝑖
0(𝑇) + 𝑅𝑇 ln

𝑝

𝑝0 + 𝑅𝑇 ln 𝑥𝑖

Where 𝑝 is the total pressure of the gas mixture and  𝑥𝑖 is the mole fraction of component 𝑖. Since 𝜇𝑖
0 is independent of 

composition it retains the same value when 𝑥𝑖 is brought to unity. It is thus precisely the same as for the ideal gas 

case, and it is the value of the Gibbs free energy per mole of the gas 𝑖 in its pure state at unit pressure.

The concept of partial pressure makes the sum of all the partial pressures equal to the total pressure, even if the 

mixture is not ideal:

෍

𝑖

𝑝𝑖 = ෍ 𝑥𝑖 𝑝 = 𝑝 ෍ 𝑥𝑖 = 𝑝
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By differentiating the chemical potential relationship at constant temperature and composition we have:

𝜕𝜇𝑖

𝜕𝑝
𝑇,𝑛𝑖

= 𝑅𝑇
𝑑 ln 𝑝

𝑑𝑝
=

𝑅𝑇

𝑝

From Maxwell’s relations we know:     
𝜕𝜇𝑖

𝜕𝑝 𝑇,𝑛𝑖

= 𝑉𝑖 , therefore:    𝑉𝑖 =
𝑅𝑇

𝑝

The total volume of the system is:  𝑉 = σ 𝑛𝑖 𝑉𝑖 , and therefore: 𝑉 =
𝑛𝑅𝑇

𝑝
The defining equation thus ensures that the mixture will obey the gas law.

It can be deducted that the 𝑉𝑖 is the same for all components and is equal also to Τ𝑉 𝑛. The pure gas 𝑖 at the pressure 

𝑝 would also a molar volume, 𝑣𝑖, equal to Τ𝑅𝑇 𝑝. Thus:

𝑉𝑖 = Τ𝑉 𝑛 = 𝑣𝑖

This implies that there is no volume change when the separate gases, each at pressure 𝒑 , are put together to 

form a mixture at total pressure 𝑝 and at the same temperature.

It also holds that:    𝑝𝑖 = 𝑥𝑖𝑝 = 𝑥𝑖𝑛
𝑅𝑇

𝑉
= 𝑛𝑖

𝑅𝑇

𝑉

This is known as the “law of partial pressures” or Dalton’s Law. It states that each component behaves as if no 
other gases were present. According to Gibbs “It is in this sense that we should understand the law of Dalton, that 

every gas is as a vacuum to every other gas”. 
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You can intuitively calculate them by first considering the internal energy:
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The total Gibbs free energy of the mixture can be written as:

𝐺𝐹 = ෍

𝑖

𝑛𝑖 𝜇𝑖 = ෍

𝑖

𝑛𝑖 𝜇𝑖
0 + 𝑅𝑇 ෍

𝑖

𝑛𝑖 ln 𝑝𝑖

The value of 𝐺 before mixing is obtained by summing over the various gases:
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We can now start studying real gases. The molecules of these gases have interactions with each other and 

occupy a finite volume. Thus, they do not follow the equation of state of the simple form.

The simplest type of interaction that we can think of is a Lennard-Jones interaction (6-12 potential), which gives the 
dependence of the potential energy of two molecules on their internuclear seperation:  

𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑉(𝑟) =
−𝐶1

𝑟6 +
𝐶2

𝑟12

High positive potential energy (at very small separations) indicates that the interactions between them are strongly 

repulsive at these distances. At intermediate separations, attractive interactions dominate (van der Waals complex), at 

large separations (far to the right) the potential energy is zero and there is no interaction between the molecules
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Up to an atmosphere of pressure or more the behavior of most gases can be represented with fairly good accuracy by 

introducing into the equation of state an adjustable parameter 𝐵 :

𝑝 𝑣 − 𝐵 = 𝑅𝑇

The quantity 𝐵 has the dimensions of a volume, is usually negative at low temperatures but changes sign at high 
temperatures. Thus it cannot be interpreted as being proportional to the volume occupied by the molecules.

Larger deviations from the ideal gas law can be represented by means of an equation containing a greater number of 

adjustable constants. A typical “two-parameter” equation is that of van der Waals:

𝑝 +
𝑎

𝑣2 𝑣 − 𝑏 = 𝑅𝑇

Where the term
𝑎

𝑣2 is regarded as an “internal pressure” arising from 

the attractive forces between the molecules.

Large deviations from the ideal gas law can also be represented by means of the power series:

𝑝 =
𝑅𝑇

𝑣
1 + Τ𝐵 𝑣 + Τ𝐶 𝑣2 + ⋯

Where 𝐵 and 𝐶 are called the second and third viral coefficients respectively and are in general 
functions of temperature. Alternatively, the volume may be expressed as a power series in the pressure. 
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We saw that the ideal gas, by definition, is one whose chemical potential, at constant temperature, is a linear function 

of the logarithm of its pressure. 

In the case of gases which are not ideal, it is convenient to define a kind of pressure, called the fugacity, to which the 

chemical potential of the gas bears the same linear relationship.

Let 𝜇 be the chemical potential of the pure gas at temperature 𝑇 and pressure 𝑝. The fugacity 𝑓 of the gas is defined 

by the following relations in which 𝝁𝟎 is a function of 𝑻 only:

𝜇 = 𝜇0 + 𝑅𝑇 ln 𝑓  when 
𝑓

𝑝
→ 1 as 𝑝 → 0

This limiting relation makes the fugacity equal to the pressure under conditions where the gas obeys the ideal gas law.



IDEAL MIXTURES OF REAL GASES

MSE-204:L4 | 13

The mixture of ideal gases has been defined as:

𝜇𝑖 = 𝜇𝑖
0(𝑇) + 𝑅𝑇 ln 𝑝 + 𝑅𝑇 ln 𝑥𝑖

where 𝜇𝑖
0 is a function of temperature only. The chemical potential is thus a linear function of the logarithm of the total 

pressure, and this is why the mixture obeys the ideal gas law.

A much less restrictive model of a gas mixture is one that obeys the equation:

𝜇𝑖 = 𝜇𝑖
∗(𝑇, 𝑝) + 𝑅𝑇 ln 𝑥𝑖

where 𝝁𝒊
∗ is both a function of temperature and pressure. In this case, only the dependence on composition is 

made explicit – the chemical potential of 𝒊 depends only on its own mole fraction 𝒙𝒊 and not on the mole 

fractions of any other component, at constant total pressure and temperature. This relationship defines the 
ideal mixture of real gases. 
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Such mixtures also have the property of having a zero volume change of mixing, zero internal energy of mixing, 

and a zero enthalpy of mixing at constant temperature and pressure.

By differentiation:

𝜕𝜇𝑖

𝜕𝑝
𝑇,𝑛𝑖

=
𝜕𝜇𝑖

∗

𝜕𝑝
𝑇
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The definition of the ideal mixture of real gases has an important consequence to the fugacities in the mixture.

It can be shown that:

𝑅𝑇 ln
𝑓𝑖

𝑥𝑖
= 𝜇𝑖

∗ − 𝜇𝑖
0

The right-hand side is independent of composition, and therefore the ratio
𝑓𝑖

𝑥𝑖
 must remain unchanged as 𝑥𝑖 is brought 

up to unity:

𝑓𝑖

𝑥𝑖
= 𝑓𝑖

′ 𝑜𝑟 𝑓𝑖 = 𝑥𝑖𝑓𝑖
′ 

where 𝑓𝑖
′ is the fugacity of pure component 𝑖 at the same temperature and total pressure as the mixture. This is known 

as the Lewis and Randall’s rule, i.e. the fugacity of each component is equal to its mole fraction multiplied by 
the fugacity which it would exhibit as a pure gas, at the same temperature and the same total pressure. 

Thus, the problem of knowing the fugacity of a component of a mixture is reduced to knowing the fugacity of the same 

gas in its pure state.
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Experimental measurements of the thermodynamic behavior of solutions are not aimed at the determination of 

chemical potentials, although this quantity lies at the core of the description of such systems. Common practice 

measures another property, the activity of component i, which is defined in terms of the chemical potential by the 

equation:

𝜇𝑖
∗ − 𝜇𝑖

0 = ∆𝜇𝑖 = 𝑅𝑇 ln 𝑎𝑖

𝒂𝒊 is the activity of i in a solution at a given temperature, pressure and composition. Activity is a unitless 

quantity, as is the mole fraction of component i. 

Another convenient measure of solution behavior, called the activity coefficient of component i, 𝜸𝒊, is defined as:

𝑎𝑖 = 𝛾𝑖𝑥𝑖           &              𝜇𝑖
∗ − 𝜇𝑖

0 = ∆𝜇𝑖 = 𝑅𝑇 ln 𝛾𝑖𝑥𝑖

If 𝜸𝒊 = 𝟏, the activity of component i is equal to its mole fraction and the behavior of i, in terms of its chemical 
potential is determined completely by its composition. If 𝜸𝒊 > 𝟏, 𝒂𝒊 > 𝜸𝒊 and in the evaluation of chemical 

potential, component i acts as if the solution contains more i than the mole fraction suggests.
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