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SUMMARY: FUNDAMENTAL EQUATIONS OF STATE FOR

OPEN SYSTEMS
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The basic equations are:

𝑑𝑈 =  𝑇𝑑𝑆 − 𝑝𝑑𝑉 + ෍

𝑖

𝜇𝑖 𝑑𝑛𝑖

𝑑𝐻 =  𝑇𝑑𝑆 + 𝑉𝑑𝑝 + ෍

𝑖

𝜇𝑖 𝑑𝑛𝑖

𝑑𝐴 =  −𝑆𝑑𝑇 − 𝑝𝑑𝑉 + ෍

𝑖

𝜇𝑖 𝑑𝑛𝑖

𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑝 + ෍

𝑖

𝜇𝑖 𝑑𝑛𝑖

𝑇 =
𝜕𝑈

𝜕𝑆
𝑉,𝑛𝑖

=
𝜕𝐻

𝜕𝑆
𝑝,𝑛𝑖

𝑝 = −
𝜕𝑈

𝜕𝑉
𝑆,𝑛𝑖

= −
𝜕𝐴

𝜕𝑉
𝑇,𝑛𝑖

𝑆 = −
𝜕𝐺

𝜕𝑇
𝑝,𝑛𝑖

= −
𝜕𝐴

𝜕𝑇
𝑉,𝑛𝑖

𝑉 =
𝜕𝐺

𝜕𝑝
𝑇,𝑛𝑖

=
𝜕𝐻

𝜕𝑝
𝑆,𝑛𝑖

From these, the following equations can be extracted:



CHANGE OF CHARACTERISTIC VARIABLES
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One can change the characteristic variables of U, H, A, and G, according to what fits best the experiment. Below, we 

will change the characteristic variables of internal energy from U=U(S, V, ni) to variables that we can measure easier 
U=U(T, V, ni). We will do the transformation in a closed system.

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑝𝑑𝑉



MATHEMATICAL RELATIONS BETWEEN THE VARIOUS 
FUNCTIONS OF STATE: MAXWELL’S RELATIONS
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An additional number of useful identities, know as Maxwell’s relations, can be obtained by applying a theorem of the 

calculus concerning exact differentials (Euler’s reciprocal relation). Maxwell’s relations are relationships between 

partial derivatives.

For example, let consider the internal energy:

𝜕2𝑓

𝜕𝑥𝜕𝑦
=

𝜕2𝑓

𝜕𝑦𝜕𝑥
=

𝜕

𝜕𝑥

𝜕𝑓

𝜕𝑦
=

𝜕

𝜕𝑦

𝜕𝑓

𝜕𝑥



SUMMARY: IMPORTANT MAXWELL’S RELATIONS
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𝜕𝑇

𝜕𝑉
𝑆,𝑛𝑖

= −
𝜕𝑝

𝜕𝑆
𝑉,𝑛𝑖

𝜕𝑇

𝜕𝑝
𝑆,𝑛𝑖

=
𝜕𝑉

𝜕𝑆
𝑝,𝑛𝑖

𝜕𝑆

𝜕𝑉
𝑇,𝑛𝑖

=
𝜕𝑝

𝜕𝑇
𝑉,𝑛𝑖

−
𝜕𝑆

𝜕𝑝
𝑇,𝑛𝑖

=
𝜕𝑉

𝜕𝑇
𝑝,𝑛𝑖

𝜕𝜇𝑖

𝜕𝑇
𝑝,𝑛𝑖,𝑛𝑗

= −
𝜕𝑆

𝜕𝑛𝑖 𝑇,𝑝,𝑛𝑗

𝜕𝜇𝑖

𝜕𝑝
𝑇,𝑛𝑖,𝑛𝑗

=
𝜕𝑉

𝜕𝑛𝑖 𝑇,𝑝,𝑛𝑗

𝜕𝜇𝑖

𝜕𝑇
𝑉,𝑛𝑖,𝑛𝑗

= −
𝜕𝑆

𝜕𝑛𝑖 𝑇,𝑉,𝑛𝑗

𝜕𝜇𝑖

𝜕𝑝
𝑆,𝑛𝑖,𝑛𝑗

=
𝜕𝑉

𝜕𝑛𝑖 𝑆,𝑝,𝑛𝑗

𝜕𝜇𝑖

𝜕𝑆
𝑉,𝑛𝑖,𝑛𝑗

=
𝜕𝑇

𝜕𝑛𝑖 𝑉,𝑆,𝑛𝑗

𝜕𝜇𝑖

𝜕𝑉
𝑆,𝑛𝑖,𝑛𝑗

= −
𝜕𝑝

𝜕𝑛𝑖 𝑉,𝑆,𝑛𝑗

𝜕𝜇𝑖

𝜕𝑛𝑗 𝑉,𝑆,𝑛𝑘≠𝑗

=
𝜕𝜇𝑗

𝜕𝑛𝑖 𝑉,𝑆,𝑛𝑘≠𝑖



METHOD FOR CHOICE OF MAXWELL’S RELATIONS
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Suppose you want to understand how the entropies of materials change as you squeeze them:

First, identify what independent variables are needed.

Second, find the natural function of these variables.

Third, express the total deferential of the natural function.

Fourth, based on Euler’s reciprocal relation, set equal the two cross derivatives you want.

The Maxwell’s relation gives you a quantity you cannot measure            from a quantity that is easy to measure

𝜕𝑆

𝜕𝑝
𝑇,𝑛𝑖

𝜕𝑆

𝜕𝑝
𝑇,𝑛𝑖

𝜕𝑉

𝜕𝑇
𝑝,𝑛𝑖



EXAMPLE: INTERNAL ENERGY (& ENTHALPY) OF IDEAL GAS
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Earlier, we expressed the internal energy of a closed system using V and T as the characteristic variables:

Through Maxwell’s relations we know that:

Therefore, for an ideal gas the variation of internal energy with respect to volume is:

𝑑𝑈 = −𝑝 + 𝑇
𝜕𝑆

𝜕𝑉
𝑇 

𝑑𝑉 +𝑇
𝜕𝑆

𝜕𝑇
𝑉 

𝑑𝑇

𝜕𝑆

𝜕𝑉
𝑇

=
𝜕𝑝

𝜕𝑇
𝑉
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