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Important aspects for microscopy

Magnification

ResolutionAberrations

object

ideal image

Contrast Resolution



Diffraction by a “grating”
Diffraction grating is an optical element containing periodic groves/rulings. 
The period or the feature size is comparable to ~λ.

Examples:

Binary grating Blazed grating



Diffraction by a “grating”

• Diffraction spots (a.k.a. diffraction maxima) identify unique directions (i.e. diffraction 
angles) along which the waves emitted from the grating are in same phase.

• These waves interfere constructively to form the bright diffraction spots.

• When we project the diffracted light on a screen 
at far distance, we obtain:

 A bright, central “0th” order spot

 And, higher order bright (1st, 2nd, 3rd, ..) spots

• Illuminate with a collimated monochromatic beam

Diffraction grating is an optical element containing periodic groves/rulings. 
The period or the feature size is comparable to ~λ.



Diffraction by a “grating”

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃1 =
1.�
𝑑𝑑

1st order:

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃2 =
2λ
𝑑𝑑

2nd order:

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 =
𝑚𝑚λ
𝑑𝑑

mth order:

𝒅𝒅 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒎𝒎 = 𝒎𝒎 λ
generalize

𝜃𝜃1

𝜃𝜃2

• Diffraction spots (a.k.a. diffraction maxima) identify unique directions (i.e. diffraction 

angles) along which the waves emitted from the grating are in same phase.

• These waves interfere constructively to form the bright diffraction spots.

Grating Equation:

zoom



Dispersion effect of the “grating”

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃1 =
λ
𝑑𝑑

1st order:

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃2 =
2λ
𝑑𝑑

2nd order:

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 =
𝑚𝑚λ
𝑑𝑑

mth order:

𝒅𝒅 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒎𝒎 = 𝒎𝒎 λ
generalize

zoom

Diffraction angle θ increases as the wavelength λ increases

 A diffraction grating can be used to disperse the white light!

Grating Equation:



Dispersion by a diffraction “grating”

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 =
𝑚𝑚λ
𝑑𝑑

mth order:

𝒅𝒅 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒎𝒎 = 𝒎𝒎 λ

transmissive

 A diffraction grating can be used to disperse the white light!

Grating Equation:

Diffraction angle θ increases as the wavelength λ increases



Dispersion by two components: grading and prism 

What is the main difference in the diffraction response for these optical elements?

Dispersion by prismDispersion by grading



UV-Vis Spectroscopy to analyze samples

Light enters

1

2

3

4



Dispersion by a diffraction “grating”





Diffraction by a “grating”

Diffraction angle θ increases as the period d decreases
 Smaller features diffract more!!

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 =
𝑚𝑚λ
𝑑𝑑

mth order:

𝒅𝒅 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒎𝒎 = 𝒎𝒎 λ

Grating Equation:

Reminder from previous lecture



Reminder: Diffraction

Example: Diffraction occurs when light illuminates a microscope slide covered with small 
particles. The amount of light scattering & angle of spreading depend on the size & density of 
the diffracting particles on the slide.

• In the above drawing, assume a mixture of 0.2 & 2 um diameter particles. 

• The angle of spreading is inversely proportional to the particle size.
• Larger angle (θ2) corresponds to light diffraction by the smaller particles  

Image
plane



𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 =
𝑚𝑚λ
𝑑𝑑

𝜃𝜃𝑚𝑚 ≈
𝑚𝑚λ
𝑑𝑑

𝐹𝐹𝐹𝐹𝐹𝐹 𝑚𝑚 = 1 → 𝜃𝜃1 ≈ λ
1
𝑑𝑑

𝐹𝐹𝐹𝐹𝐹𝐹 𝑚𝑚 = 2 → 𝜃𝜃2 ≈ λ
2
𝑑𝑑

Spatial Frequency & Angles
under paraxial 
approximation

𝐹𝐹𝐹𝐹𝐹𝐹 𝑚𝑚 = 𝑖𝑖 → 𝜃𝜃𝑖𝑖 ≈ λ
𝑖𝑖
𝑑𝑑

.

.

.

angle spatial 
frequency

• “Larger angle” means “higher spatial frequency”
• “Higher frequency” corresponds to “smaller feature”

𝜃𝜃𝑖𝑖 ≈ λν𝑖𝑖



Summary: Diffraction by a “grating”

x

INPUT: OUTPUT:

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 =
𝑚𝑚λ
𝑑𝑑

mth order:

𝑑𝑑 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝑚𝑚 = 𝑚𝑚 λ

Grating Equation:



INPUT:
OUTPUT:

Reminder: Double Slit (with no width) Experiment

x0 xo−xo

cos(2πνxx)x’

L

2xo

PS: Ignore slit width



Diffraction of a 1D single slit(aperture) with a width of “b”

INPUT:

z0

rect(z/b)

b
2

b
2-

y

x

R

P

http://micro.magnet.fsu.edu/primer/java/diffraction/basicdiffraction/index.html

OUTPUT: 

sinc(β)

, 2 , 3 ,...β π π π= ± ± ±

tan β β=

for minima:

for maxima:

1st zero at 
“λ/b”

http://micro.magnet.fsu.edu/primer/java/diffraction/basicdiffraction/index.html


f (t) F(ν)

δ(t)
Impulse 1t ν00

Uniform
0 t 2πδ(ν)

ν0
1

exp(i2πνot)t0
ν0

Harmonic
Function

νo

δ(ν−νo)

νo−νo

cos(2πνot)t0
ν0

Harmonic
Function

δ(ν−νo) +
1
2

δ(ν+νo)
1
2

Fourier Transform Pairs - Basic Functions



f (t) F(ν)

Comb

ν0 1t0 1

Gaussian
0 t ν0

exp(-πt2) exp(-πν2)

Rectangular

ν0t0
rect(t) sinc(v)

1
2

1
2-

Fourier Transform Pairs - Basic Functions

M
Multiple
Impulses

ν0
t0

sin(Mπν)
sin(πν)



Fourier Transform 

Fourier Transform - Temporal

𝐹𝐹.𝑇𝑇. 𝑓𝑓(𝑡𝑡) = 𝐹𝐹 𝑣𝑣 = �
−∞

+∞
𝑓𝑓 𝑡𝑡 𝑒𝑒−𝑖𝑖𝑖𝜋𝜋𝜋𝜋𝜋𝜋𝑑𝑑𝑑𝑑

Inverse Fourier Transform𝐼𝐼.𝐹𝐹.𝑇𝑇. 𝐹𝐹(𝑣𝑣) = 𝑓𝑓 𝑡𝑡 = �
−∞

+∞
𝐹𝐹 𝑣𝑣 𝑒𝑒+𝑖𝑖𝑖𝜋𝜋𝜋𝜋𝑑𝑑𝑣𝑣

For a temporal function of f(t):

ν is called as temporal frequency and has units of 1/time

Example:  [ν]=1/sec=hertz



Fourier Transform - Temporal
For a temporal function f(t), you may also encounter with the following F.T. formula:

𝐹𝐹.𝑇𝑇. 𝑓𝑓(𝑡𝑡) = 𝐹𝐹 𝜔𝜔 = �
−∞

+∞
𝑓𝑓 𝑡𝑡 𝑒𝑒−𝑖𝑖𝜔𝜔𝜔𝜔𝑑𝑑𝑑𝑑

Here, ω is called as angular frequency: 𝜔𝜔 = 2𝜋𝜋𝑣𝑣

Its units is radians/time , such as 2π/sec. 

𝐼𝐼.𝐹𝐹.𝑇𝑇. 𝐹𝐹(𝜔𝜔) = 𝑓𝑓 𝑡𝑡 =
1

2𝜋𝜋�−∞

+∞
𝐹𝐹 𝜔𝜔 𝑒𝑒+𝑖𝑖𝜔𝜔𝑡𝑡𝑑𝑑𝜔𝜔



Fourier Transform 

Fourier Transform - Spatial

𝐹𝐹.𝑇𝑇. 𝑓𝑓(𝑥𝑥) = 𝐹𝐹 𝑝𝑝𝑥𝑥 = �
−∞

+∞
𝑓𝑓 𝑥𝑥 𝑒𝑒−𝑖𝑖𝑖𝜋𝜋𝑝𝑝𝑥𝑥𝑥𝑥𝑑𝑑𝑑𝑑

Inverse Fourier Transform𝐼𝐼.𝐹𝐹.𝑇𝑇. 𝐹𝐹(𝑝𝑝𝑥𝑥) = 𝑓𝑓 𝑥𝑥 = �
−∞

+∞
𝐹𝐹 𝑝𝑝𝑥𝑥 𝑒𝑒+𝑖𝑖𝑖𝜋𝜋𝜋𝜋𝑑𝑑𝑝𝑝𝑥𝑥

px is called spatial frequency and has units of [1/length]

For a spatial function of f(x):



Fourier Transform - Spatial
For a spatial function f(x), you may encounter with the following F.T. formula :

𝐹𝐹.𝑇𝑇. 𝑓𝑓(𝑥𝑥) = 𝐹𝐹 𝑘𝑘 = �
−∞

+∞
𝑓𝑓 𝑥𝑥 𝑒𝑒−𝑖𝑖𝑘𝑘𝑥𝑥𝑥𝑥𝑑𝑑𝑑𝑑

In optics, kx is called wave-number: 𝑘𝑘𝑥𝑥 = 2𝜋𝜋𝑝𝑝𝑥𝑥



 if 0
( )

0 if 0
t

t
t

δ
∞ =

≡  ≠
t

δ(t)

Examples: the Dirac delta function, δ(t)

t

δ(t)

ω

1

F.T

0

( ) exp( ) exp( [0]) 1t i t dt iδ ω ω
∞

−∞

− = − =∫Fourier Transform:



( ) exp( ) exp( [0]) 1t i t dt iδ ω ω
∞

−∞

− = − =∫

t

δ(t)

ω

1

0

Examples: Fourier Transforms of δ(t) and 1.

F.T

ω

2πδ(ω)

1exp( ) 2 (i t dtω π δ ω
∞

−∞

− = )∫Fourier Transform of “1” is 2πδ(ω):

t

1

0
F.T



{ }0 0. . exp( ) exp( ) exp( )F T i t i t i t dtω ω ω
∞

−∞

= −∫
0exp( [ ] )i t dtω ω

∞

−∞

= − −∫ 02 ( )π δ ω ω= −

• The harmonic function exp(iω0t) is the basis of Fourier analysis.  
• It corresponds to a single frequency, ω0.

exp(iω0t)

0
t

tRe

Im

0

Examples: Fourier transform of exp(iω0 t)

F.T.{exp(iω0t)}

0 ω0

ω
F.T



{ }0 0. . cos( ) cos( ) exp( )F T t t i t dtω ω ω
∞

−∞

= −∫

[ ]0 0
1 exp( ) exp( ) exp( )
2

i t i t i t dtω ω ω
∞

−∞

= + − −∫

0 0
1 1exp( [ ] ) exp( [ ] )
2 2

i t dt i t dtω ω ω ω
∞ ∞

−∞ −∞

= − − + − +∫ ∫
0 0( ) ( )π δ ω ω π δ ω ω= − + +

Basic Examples: Fourier transform of cos(ω0 t)
cos(ω0t)

t
0 +ω00−ω0

ω

0F.T.{cos( )}tω

F.T



Examples: 1D Fourier Transform - Spatial
Space Domain 
(i.e specimen plane)

Frequency Domain
(i.e. Fourier plane)

sinusoidal

Higher frequencySinusoidal:
smaller periodicity



Examples: Superposition Principle



Examples: 2D-Fourier Transform - Spatial
Space Domain 
(i.e. specimen plane)

Frequency Domain
(i.e. Fourier plane)

Periodic in x & y
frequency in x & y



Examples: 2D diffraction of periodic structures
Towards real object:

http://www.msm.cam.ac.uk/doitpoms/tlplib/DD1-6/images/2d-Grat-dp.jpg


In Class: Experimental Set-up



f (t) F(ν)

ν0

Scaling

t0

f (t/τ) |τ |F(τ ν)

ν0t0

Properties of the Fourier Transform

When you scale down a function in time/space domain, its F.T. will spread in the frequency domain



Example: Scaling of an 2D spatial object

Specimen Plane Fourier Plane

Relationship between the “object size” and the “frequency content”



Diffraction of a 2D-Rectangular Aperture

INPUT:

f(x,y) = rect(x/Dx) rect(y/Dy) 2 2( , ) sin sin

/ , /

,

yx
o

x y

x y
x y

D yD xI x y I c c
L L

first zeros at x L D y L D

with angles
D D

λ λ

λ λ

λ λθ θ

=

= ± = ±

= =

OUTPUT:

• In this example Dy is smaller than Dx
• Thus, diffraction pattern spreads more (i.e. higher 

frequencies) along the y-axis compared to the x-axis. 

L

y

L
D
λ

+
y

L
D
λ

−

0

(0, )I y

y

( ,0)I x

x

L
D
λ

+
x

L
D
λ

−
0 x



Diffraction of a Circular Aperture

INPUT: f(ρ) = circ(ρ/D)

ρ = sqrt (x2+y2)

L

AIRY RINGS

OUTPUT: 

3D-view 2D-view

( ) 2
2 212 /

( , ) ,
/

1.22

1.22

o

s

J D L
I x y I x y

D L

first zero at L
D

angle
D

π ρ λ
ρ

π ρ λ
λρ

λθ

 
= = + 

 

=

=

sρ

• Spreading of θ (thus frequency) has 
inverse relation on the radius size (D)



f (t) F(ν)

ν0

Scaling

t0

f (t/τ) |τ |F(τ ν)

ν0t0

Properties of the Fourier Transform

Translation f (t- τ) F(ν) exp(-i2πντ)
ν0t0



Example: Superimpose Shifted Objects

Specimen
Plane

Fourier
Plane

If we assume a 1D case, then input function is:
f(x) = rect[(x-0)/Dx] + rect[(x-a)/Dx] + rect[(x+a)/Dx] 

0
-a

+a
F(ν) = sinc(ν) [1 + exp(-i2πνa)+exp(+i2πνa)]
The diffraction pattern at the far-field (Fourier plane) is proportional to the square of:



f (t) F(ν)

ν0

Scaling

t0

f (t/τ) |τ |F(τ ν)

ν0t0

Properties of the Fourier Transform

Translation f (t- τ) F(ν) exp(-i2πντ)
ν0t0

Modulation f (t) cos(2πνot)

F(ν+νo)/2 + F(ν−νo)/2 
ν0 νo−νo



νx

νy

Example: Spatially Modulated 2D Object
f (x,y) F(νx,νy)

F.T.

f (x,y) cos(2πν0xx)

F.T.

F(νx-ν0x,νy) + F(νx+ν0x,νy)

νx

νy

+ν0x−ν0x

x

y

x

y



f (t) F(ν)

ν0

Scaling

t0

f (t/τ) |τ |F(τ ν)

ν0t0

Properties of the Fourier Transform

Translation f (t- τ) F(ν) exp(-i2πντ)
ν0t0

Modulation f (t) cos(2πνot)

F(ν+νo)/2 + F(ν−νo)/2 
ν0 νo−νo

Convolution f (t) * g(t) F(ν ) . G(ν ) 



Example: Diffraction with single slit and double slits 
Single slit with a finite width “w”

Double slit (without a width) 
separated by “d”

x

Convolution of these two yields:
Double slit with a finite width (w) 
and separation (d)

w

𝐼𝐼 = 𝐼𝐼0 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2
𝛽𝛽
2 𝑐𝑐𝑐𝑐𝑐𝑐2

φ
2

𝛽𝛽 =
2𝜋𝜋𝜋𝜋

�
𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 φ =

2𝜋𝜋𝜋𝜋
�

𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃



Diffraction by slits with finite width

With increasing number of slits (to infinity), the system will gradually transition to a “grating”
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