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Important aspects for microscopy
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Diffraction by a “grating”

Diffraction grating is an optical element containing periodic groves/rulings.
The period or the feature size is comparable to ~A.

Examples:

Step height

NIH 5.0kV 9.3mm x1.20k SE(U) 6/11/2012

Blazed grating

Binary grating



Diffraction by a “grating”

Diffraction grating is an optical element containing periodic groves/rulings.
The period or the feature size is comparable to ~A.

— +3rd

Illuminate with a collimated monochromatic beam

—+2e  When we project the diffracted light on a screen
at far distance, we obtain:

Collimated Beam — st
L]

=> A bright, central “0t™"” order spot

- — a0 T
Grating N | _qst

=» And, higher order bright (1%, 2"d, 34, ..) spots

= _2nd

| _3rd

Screen

» Diffraction spots (a.k.a. diffraction maxima) identify unique directions (i.e. diffraction
angles) along which the waves emitted from the grating are in same phase.
* These waves interfere constructively to form the bright diffraction spots.



Diffraction by a

/
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Screen

15t order:

sinf, =

1.

]

d

2nd order:
o 2N
sinf, = 7

generalize

Grating Equation:

dsinf,, =m\

» Diffraction spots (a.k.a. diffraction maxima) identify unique directions (i.e. diffraction

angles) along which the waves emitted from the grating are in same phase.

* These waves interfere constructively to form the bright diffraction spots.




Dispersion effect of the “grating”
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1** order: 2" order: m™ order Grating Equation:
oy 2 o m |

sinf, = P sinf, = - sinf,, = T dsin@,, =m\

Diffraction angle 0 increases as the wavelength A increases

=>» A diffraction grating can be used to disperse the white light!



Dispersion by a diffraction “grating”

mt order:
Grating Equation:

sinf,, = —

p dsinf,, =mA\




Dispersion by two components: grading and prism

Dispersion by grading

Second-order
rainbow

First-order
rainbow

Central
white

First-order
rainbow

110U W

g Second-order
rainbow

(a) (b)

Dispersion by prism

White light

What is the main difference in the diffraction response for these optical elements?




UV-Vis Spectroscopy to analyze samples

Light enters



Dispersion by a diffraction “grating”
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Diffraction Gratings Tutorial

Diffraction gratings, either transmissive or reflective, can separate different wavelengths of light using a = 2 : :
repetitive structure embedded within the grating. The structure affects the amplitude and/or phase of Browse Our Selection of Diffraction Gratings
the incident wave, causing interference in the output wave. In the transmissive case, the repetitive
structure can be thought of as many tightly spaced, thin slits. Solving for the irradiance as a function
wavelength and position of this multi-slit situation, we get a general expression that can be applied to

all diffractive gratings when &: = 0°,

asin(6,,) =mi (1)







Diffraction by a “grating”

/ Reminder from previous Iecture\

Specimen

5 0

=1

mth order:
Grating Equation: \ /

m
sinf,, = — dsinf,, =m\

Diffraction angle @increases as the period d decreases
=>» Smaller features diffract more!!



Reminder: Diffraction

Image
plane

Specimen

S 2

= ||

Example: Diffraction occurs when light illuminates a microscope slide covered with small
particles. The amount of light scattering & angle of spreading depend on the size & density of
the diffracting particles on the slide.

* In the above drawing, assume a mixture of 0.2 & 2 um diameter particles.

 The angle of spreading is inversely proportional to the particle size.
* Larger angle (0,) corresponds to light diffraction by the smaller particles



Spatial Frequency & Angles

under paraxial
approximation

ECD
Q
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sinf,, =

Form=1 - Glzxa
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Form=1i - 0, ~K—

ORN

spaﬁal

angle
frequency

* “Larger angle” means “higher spatial frequency”
* “Higher frequency” corresponds to “smaller feature”



Summary: Diffraction by a “grating”
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Reminder: Double Slit (with no width) Experiment

LPl ) \

2X XY —

OTPE ) 1y

OUTPUT:

| | % © cos(2zv,x)
X, 9 x, X g

PS: Ignore slit width

A\



Diffraction of a 1D single slit(aperture) with a width of “b”
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INPUT:

~

rect(z/b)

N|°"

)

4 sinc(p) G N
15t zero at
for minima: “N/b”
D= LD T
for maxima:
tan B = [
OUTPUT: : 2
S11n
1(6) = 1(0)( B) ;
B
B = (kb/2) sin 6
\_ /

http://micro.magnet.fsu.edu/primer/java/diffraction/basicdiffraction/index.html



http://micro.magnet.fsu.edu/primer/java/diffraction/basicdiffraction/index.html

Fourier Transform Pairs - Basic Functions

O, F(v)
A7)
Impulse 1 I
0 t 0
Uniform (|) t 1 2728V 0

Harmonic .
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Fourier Transform Pairs - Basic Functions
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Fourier Transform - Temporal

For a temporal function of f(t):

+00
F.T.{f(t)}=F) = f()e 2mvtqt Fourier Transform
+00 |
I.LF.TAF(v)}=f(t) = J F(v)et?™dy Inverse Fourier Transform

v is called as temporal frequency and has units of 1/time

Example: [v]=1/sec=hertz



For a temporal function f(t), you may also encounter with the following F.T. formula:

FT{ft)}=F(w)= f(t)e wtdt
1 [t |
I.F.TAF(w)}=f(t) = Ef F(we *ldw

Here, ) is called as angular frequency: W = 21TV

Its units is radians/time, such as 2m/sec.



Fourier Transform - Spatial

For a spatial function of f(x):

+ 00

FTAfO}=Fp) =] flx)e ?™Px*dx

— 00

LETAF(po)} = f(x) = f F(p)e* 2w dp,

P, is called spatial frequency and has units of [1/length]

Fourier Transform

Inverse Fourier Transform



Fourier Transform - Spatial

For a spatial function f(x), you may encounter with the following F.T. formula :

+ oo

F.T{f(x)}=F(k) = f(x)e HexXdyx

— 00

In optics, kx is called wave-number: kx = 27p,



Examples: the Dirac delta function, o(t)

4 A1)
(0 ift =0

o(t) =
D=0 10

Fourier Transform: j o(t) exp(—iwt) dt = exp(—iw|[0]) =1

A1) 1
| =
0

t @



Examples: Fourier Transforms of &7) and 1.

T o(t) exp(—iwt) dt = exp(—iw|[0]) =1

203) |
| =
|

r @

Fourier Transform of “1” is 2n& w): j 1 exp(—iwt) dt =27 6(w)

1 ‘2725( o)

ﬁ}

t 0 o




Examples: Fourier transform of exp(i®, ?)

« The harmonic function exp(io,t) is the basis of Fourier analysis.
It corresponds to a single frequency, o,.

exp(im,?)
Im t F.T.{exp(ioy?)}
0 FT)
RN /D A\t @
o\ 0 @,

FT {expliayr)} = _[ explia, 1) exp(—i of) dt

o0 —0

— j exp(—ilw—w,]|t)dt = 27 d(w-w,)

—00



Basic Examples: Fourier transform of cos(a, ?)

4 cos(ayt) ‘F.T.{COS(C()OZ‘)}
B vaR v - LO ; J% -0

o0

F.T.{cos(at)} = j cos(w,t) exp(—i wt) dt

= % j [exp(i @, t) + exp(—i w, t)] exp(—iwt) dt

= %j exp(—i[w—m,t)dt + %J‘ exp(—ilo+w,]t) dt

—00

ro(w—w,) + rwo(w+w,)



Examples: 1D Fourier Transform - Spatial

Space Domain
(i.e specimen plane)

sinusoidal

Sinusoidal:
smaller periodicity

AAA

Frequency Domain
(i.e. Fourier plane)

Higher frequency



Examples: Superposition Principle

. - | +

Frequency

/ (Fourier)

domain

Space
domain




Examples: 2D-Fourier Transform - Spatial

Space Domain Frequency Domain
(i.e. specimen plane) (i.e. Fourier plane)




Examples: 2D diffraction of periodic structures

Grating 2

Towards real object: ‘ ‘ ‘ il
ke

¥
¥
o



http://www.msm.cam.ac.uk/doitpoms/tlplib/DD1-6/images/2d-Grat-dp.jpg

In Class: Experimental Set-up

£ i,
change orientation
incr — :
Clea =——— increase
i ————— size of

spacing :
spacing start
here

—_— 4_/
—
change orientation
change from one to
two dimensions
| |

increase
size of
square cell

increase
size of
square cell

increase size of square cell




Properties of the Fourier Transform

J\ f(@® F(v) j\

0 t 0 V
Scaling /\ f(t/7) |7 |F(7 V)

I //l'\\

0 t 0 1%

When you scale down a function in time/space domain, its F.T. will spread in the frequency domain



Example: Scaling of an 2D spatial object

Relationship between the “object size” and the “frequency content”

Specimen Plane Fourier Plane




Diffraction of a 2D-Rectangular Aperture

In this example D, is smaller than D,
Thus, diffraction pattern spreads more (i.e. higher
fo frequencies) along the y-axis compared to the x-axis.

Diffraction
pattern

INPUT: OUTPUT:

f(x,y) = rect(x/D,) rect(y/D,) I ( X, y) _ [O sin o2 Dxx .9 D VY

first zeros at x=xAL/D y=*AL/D,

with  angles szi, 0 _ A
D " D,

X



Diffraction of a Circular Aperture

=
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Figure 10.26 Circular aperture geometry.
Diffraction

pattern

f(p) = circ(o/D)
p = sqrt (x’+)°)

INPUT:

~

Spreading of O (thus frequency) has
inverse relation on the radius size (D)

OUTPUT:

2J,(zDp/ AL

AIRY RINGS

nDp/ AL
A

I(x,y) =1{

first zero at pszl.ZZBL

angle 6 = 1.22%

"

)2
},p= X' +y°




Properties of the Fourier Transform

A f(@® F(v) A

0 t 0 v
Scaling /\ fWr ||t|F(rVv) TN

I _____— | S~

0 t 0

Translation | J\ f(t- 1 | F(v)exp(-i2zvr) A

0 t 0 14




Example: Superimpose Shifted Objects

Specimen Fourier
Plane Plane

If we assume a 1D case, then input function is:
f(x) = rect[(x-0)/D,] + rect[(x-a)/D,] + rect[(x+a)/D.]

The diffraction pattern at the far-field (Fourier plane) is proportional to the square of:
F(v)=sinc(v) [1 + exp(-i2zva)+exp(+i2zva)]



Properties of the Fourier Transform

A f@o  |[F j\

0 t 0 v
Scali / F
caling /\ f@o | |7|F(zv) T~
0 t 0 14
Translation A f(t- 9 | F(v) exp(-i27vo) A
0 t

Modulation W\/\} \/\VI\/ f(t) cos(2rv,t)

| F(v+v,)/2 +F(v—v )/2




Example: Spatially Modulated 2D Object

F(v,v,)

fxy)

Vy 4

/ ¢ : \
FT. + >
X \ v,

J (x.y) cos(27v,x)

y Vy A

Vi



Properties of the Fourier Transform

F(v) j\

V,

Vv

AU)
0 0 vV
Scali / F
caling /I\ fWo ||r|F(zv) //l'\\
0 0
Translation J\ f(t- 1 | F(v)exp(-127v7) A
0 0 v
| PAEYAN
Modulation SV S (@) cos(2mv, ) | | :

v, 0
F(v+v,))2 + F(v—v,)/2

0

Convolution

F (@ * g

F(v).G(v)




Example: Diffraction with single slit and double slits

/Single slit with a finite width “w”; )

_‘—\__\_\_-\-h.
1

E

|

|

L/
/Double slit (without a width) )
separated by “d”

===
P
I T :—_:_:__ oo — mi=]
o E— |
::J'J_ Lo et
= ' R
:;“:" :——_______—_—_w
N =

N\
X
-

/ Convolution of these two yields:\
Double slit with a finite width (w)
and separation (d)

|

Single slit é
envelope E
-

o= __—_'__:_J
B 0\
[ =] : 21 = 21 ;
o Sinc (2 cos” |7 §
|
_ 2nw 9 2nd 9
p = ——sin b = 5 sin

o




Diffraction by slits with finite width

Single Slit Diffraction Double Slit Three Slit Five Slit
Single slit Single slit 4 [single slit
envelope envelope envelope

=>» With increasing number of slits (to infinity), the system will gradually transition to a “grating”
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