Kinematics — Part 2
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Rotation around an arbitrary pointin 2D

Successive rotations and rotation matices in 3D

Homogenous matrix in 3D

Rotation around an arbitrary axis in 3D

Geometric modeling
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A succession of rotations
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A succession of
2 rotations
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Rotation + Translation

E P F L Dr Mohamed Bouri, 2024




Rotation + Translation
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Generalized

rotation matrix
Z2

<

X1

X2

Consideration of the active
transformation wrt the basic

referential.

EPFL

Let us consider a vector V expressed in the base frame {1} as follows

We can write:

V= ViaXy + V. Yy V.20 = Vi Xo + Vipyo +Vin 2,

V has in {2} the same coordinates as V; in {1}, that are [V, ,V

We search to :

Express the coordinates of Vin {1} , thatare [V,,,V,,, V]
function of the initial vector Vi , ie. [V,,,V,,, V,,]

y2

Vz2]

_Vxl_ -VxZ_

Vyr|=[?]|Vy2

-Vzl— —sz-
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Rotation matrices

Direction cosine matrix
Active and Passive Transformation

4 N

XoX1  Y2X1  ZpXq]

R =|22Y1 YiYV2 Z2)1

(X221 Y221 Z1Z3)|

XoX1 Y2X1 ZpXq]

R=R! =|(X2Y1 Y1Y2 Z2)1

X221 Y221 2123

(X1X2

Y2X1

Z2X1

X2Y1
Y1)2

Z2)1

X221

Y2z1

Z1Z
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Rotations around X, Y, Z : Basic matrices of rotations

1 0 0 cosp —sing [0
Ry=|0| cosg -sing R,=|sing cose |0
0] singp coso . 0 0 1
rcosgp 0] singp | Pllws?
R,=| 0 1| 0 !
—sing 0] cos@. )d_.\,
= 4

EPFL
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Successive rotations

Rule :

The combined rotation matrix of several
rotations is the product of the corresponding
rotation matrices, always starting with that

associated with the last rotation.

R=R..R _,.R,.....R,

|IEPFL

71 R,

Y1
X1

The rotation of order n corresponds to the last
operation performed.

The rotation matrix R1 is associated with the fi
rotation performed.

rst




Exercise 3.2

Deduce the rotation matrix obtained in the following cases :
a) rotation by 90° around z, then rotation by 90° around y

b) rotation by 90° around vy, then rotation by 90° around z
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3D- homogeneous matrices

rotati

on

t3><1
V1

% V2

|IEPFL

v

R3><3
O1x3

t3x1
1

The homogenous matrix that combines
The rotation R
and

The translation t

The vector V2 obtained after a rotation and a translation of the vector V1

is then expressed as :

]

[R3x3
O1x3

t3x1 [Vl]
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3D- homogeneous matrices —
Rotation around an arbitrary axis

The rotation around an axis not passing through the origin is
obtained as follows:

Point P2 & \/1 4 Point P1

V2

Rotation
A around an arbitrary axis

O

V1 and V2 both
> expressed % {1}
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3D- homogeneous matrices —
Rotation around an arbitrary axis

The rotation around an axis not passing through the origin is
obtained as follows:

{2}

P1”

{1 {1} P1’ {1}

otation
around the axis passing by the origin

Translation -p Rotation R Translation +p

|IEPFL

P1”

P2

+p
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3D- homogeneous matrices —

Rotation around an arbitrary axis By 3 + /,
vy 3 ¥ v2/
/o /O "™ o { /
) O \/ /
| RO|[I -p||R p-R
p 0 p = p p /\/ S /\/ e °
0 1 0 1 0 1 0 1 Retation R Translaton +p

The vector V2 obtained after a rotation and a translation of the vector V1 is then expressed as :

I EPFL with the vector p of the origin O, at any point on the axis of rotation
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Geometric models : Direct and inverse

ol = | - .
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Direct Gemoetric Model DGM
(Forward Kinematics)

The DGMD gives the operational coordinates

according to joint variables (robot variables)

{x,v,2, &}=F(ql, q2,.. qi,... qn)
=F (91,92, ..0i .. On)

Position of a point (Tool Center Point TCP)
and orientation (e.g. by quaternion)
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Example: Direct GM of the SCARA

SCARA
(8,=d = vertical coordinate = z)

1. Definition of the joint variables &i
2. Define the reference positions 8i = 0
Note the definition of 82 = 0 with respect to the arm L1 and not with respect to x)

3. Define the parameters (Li) of the robot
Dr Mohamed Bouri, 2024




Reference position i=0

1y 3, X=..?

y=.7
z =93 =d (vertical position)
p=01+92+394
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Position of the tool center point (TCP) & orientation of the wrist

X Notation:
cos(0,+ 6,) =cy,
sin(6;+ 6,) =5,

X =L,cos 0, + Lycos(0,+6,) = L,c;+ L,c,

Y =1L;sin 0, + Lysin(0,+6,) = L;s;,+ L,s,,
z2=60,=d

=06, +6, 10, Dr Mohamed Bouri, 2024




Position of the tool center point (TCP) & orientation of the wrist

L4 concerns the tool is not a robot
parameter
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DGM of a 6 DOF robot?

This analytic approach will become difficult to apply for a 6 DOF robot

Use the homogeneous matrices associated to serially linked joints !

We will apply the previopus findings to the SCARA robot.

First, it suffices to consider the problem in two dimensions.

We therefore use 2D homogeneous matrices
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Tool Center Point as an output

y& L] L2
O (
P10 P20

X L, =L+ 1L,




1) Rotation of 01 around the origin

L +L,
1
X ! ]
P10 P20 Ly, =L+ L,

¢ -S Ly
PZI P(€1362:94:O): S G 0 0

0 0 1

C ' ST




2.) Rotation of 0, around p,

Center of rotation
; -L1C1-
P1 =
Lisq
X
i ] — L
Rz pl _ Rz pl Cl S 12
P(gla 92) — S ¢ 0 0
0 O | 0 0 1




Direct geometric model (for the TCP)

'D(‘gp 0,)=

Intermediate
result

{%Q—%%

GS+GS

5

Cip
S

|

P(‘91>‘92):

(C1 o Clz)Ll
(‘% o ‘%2)L1

1

C12L12 +(C1 o CIZ)I—I
= ﬁsz "'(% - %2)L1

1

CILI + CI2L2

= %LDL%sz
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Additional rotation 0,

Indication, consider the following consecutive rotations
1. Rotation of O4 around the center point [L;+L,,0 1"
2. Rotation of 0, around the center point [L,,0 7

3. Rotation of Oy around the center point [0, 0 7

y 601 0 04
L L
@ : m>2P2§>




Additional rotation 0,

Consider the consecutive centers of rotation at each joint .

Perform the rotations in the reverse order:
0, then 6, then 0,

0 _ -
KDGM _ R1 0 Rz pl_Rzpl R4 P, —
0 0 1 0 0
0 0 1 F -+

K,y is the
equivalent
Kinematic
homogenous
matrix

With p,,=1[L,, O]

and  py =[L,,, 0]




1.

|

Rot. de O4 deautourde[L,+L,,0]"

C,
R p—-Rp
= S4
0 1
0

versine(0) = 1—- cosO
V4 = 1—cos 04

Li.= Li+L;

)

R p—Rp_

0

1




Methodology to establis DGM in 4 steps

1. Define the joint variables
2. Define their positions of reference
3. Define the geometric parameters of the robot

4. Chain the serially-linked successive movements (multiplication of the

consecutive homogenous matrices) starting from the end to the base

X

Dr Mohamed Bouri, 2024




DGM of a 6 DOF robot

1. Joint variables (robot variables)

Convention:

Start indexing from the base (frame)
to the wrist




DGM of a 6 DOF robot
2. Positions of reference Oy, O

0 =0 N

The referential {x, y, z} is fixed on the
frame (operational coordinates)

Arrows indicate
positive direction of
rotation




3. Robot parameters

The axes of 6, and 8, intersect=>L,=0

The axes of 8, and 8, are parallel, dist. L,

The axes of 8; and 8, intersect =>L;=0

The axes of 8, and 6, are offset on the axis 8; by a distance Dy
The axes of 8, and B. intersect=>L,=0

The axes of 8; and 6. are offset on the axis 6, by a distance D,




4. Sequence of movements

4.1. Rot. of O, around the axis z, distant at p = [D;, 0, 0]'

3 C —S% D3 D3V6
p—-Rp=| 0 |-|S ¢C 0 |=|-D;s,
0] [0 O 1]0] | O |
R
c. -S. 0 Dy
{ R p—Rp}_ s 6 0 -Ds§|
00 0 1 0o 0 1 0 °
0 0 O 1




4. Sequence of movements

. . - | 94 5 66
4.2. Rot. of 05 around the axis x, distant atp = [0, 0, L,+D ]’ !
- - _ l
0 1 010 0 -1
p-Rp=|| 0 ||-|0 ¢ -s| 0 |5|L,sS e > ' D,
Lyl L0 s o 1L, ] LLyvs. 95 1|1 (93
R, |l
R L
1 0 O 0 i3 i |
{ R p—Rp}: 0 ¢. -s L,s _K. y > X
000 l 0 & ¢ Ly G )
o 0 0 1 _ 2 !
‘.
91‘ |
and so on for K4, K3, K2, K1 :




4. Sequence of movements

. . - | 94 5 66
4.2. Rot. of 05 around the axis x, distant atp = [0, 0, L,+D ]’ !
- - _ l
0 1 010 0 -1
p-Rp=|| 0 ||-|0 ¢ -s| 0 |5|L,sS e > ' D,
Lyl L0 s o 1L, ] LLyvs. 95 1|1 (93
R, |l
R L
1 0 O 0 i3 i |
{ R p—Rp}: 0 ¢. -s L,s _K. y > X
000 l 0 & ¢ Ly G )
o 0 0 1 _ 2 !
‘.
91‘ |
and so on for K4, K3, K2, K1 : page




DGM of a 6 DOF robot

0

Direct geometric model of the robot:

P(6i) = (K1 K2 K3 K4 K5 K6 ) P,

Develop all the 6 homogeneous matrices Ki _
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Reference position of any point P of the tool
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1) Rotation of 01 around the origin

Cl _Q L124
P= P6,0,=6,=0)=||s ¢ | 0 0
0 0 1

L,,=L+L,+L,
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2.) Rotation of 0, around p,

Center of rotation

P '(‘919‘92) —

S Om O
o O
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Appendix

Computing a generalized rotation matrix

F
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Generalized

rotation matrix
Z2

<

X1

X2

Consideration of the active
transformation wrt the basic

referential.

EPFL

Let us consider a vector V expressed in the base frame {1} as follows

We can write:

V= ViaXy + V. Yy V.20 = Vi Xo + Vipyo +Vin 2,

V has in {2} the same coordinates as V; in {1}, that are [V, ,V

We search to :

Express the coordinates of Vin {1} , thatare [V,,,V,,, V]
function of the initial vector Vi , ie. [V,,,V,,, V,,]

y2

Vz2]

_Vxl_ -VxZ_

Vyr|=[?]|Vy2

-Vzl— —sz-
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Rotation matrices

irection cosine matrix
Active and Passive Transformation

4 N
XoX1  Y2X1  ZpXq]
R =|22Y1 YiYV2 Z2)1
X221 Y221  Z1Z3 ]|
\ 4
4 N\
XoX1 Y2X1 ZpXq]

R=R! =|(X2Y1 Y1Y2 Z2)1

X221 Y221 2123

(X1X2

Y2X1

Z2X1

X2Y1
Y1)2

Z2)1

X221

Y2z1

Z1Z

Dr Mohamed Bouri, 2024

page
043



Generalized
rotation matrix

Consideration of the active
transformation wrt the basic

referential.

EPFL

Let us consider a vector V expressed in the base frame {1} as follows

V=VaXy+ VYo + Vo 2y HaTy V.2
V=VoXx, +Vp¥, + V.2,
. Vol =171.1Vy2
We can write: o 21-{¥y
—Vzl— —VZZ—

V= ViaXy + V. Yy V.20 = VX + Vipyo +Vin2o

Vi Xq + Vg ¥y + V5024 = VipXo + Vo ¥o + Vpp 2o

Vi1 Xq. %+ Vypyy X 3 VZ1.Z1&K= VigXp Xt Vio¥o X + V2o %y

Vit = Vio.Xo. Xq + Vyo.¥5 . Xy + V.25 . Xy

Vi X9 Y1 ¥ V¥ ¥ + V.29 = Vo Xo ¥y V¥V + V.25,

Vx1-g\€ + V1YY t Vz1-ZN= Vo Xo V1 + Vo ¥o ¥y +Vp2oyy

Vi1 = Vo Xo.¥q + VooV +V,0.25.y,

Vo1 = VioXo.2y Vo ¥o.2q + V0.2, .24
Dr Mohamed Bouri, 2024
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Rotation matrix
Direction cosine matrix

Vx1= Vx2.x2.x1+Vy2.y2.x1+Vz2.z22.x1
Vyl= Vx2.x2 .yl +Vy2.y2 .y1+Vz2.22 .yl
Vz1 = Vx2.x2.z21 + Vy2.y2 .21 +Vz2.22 .21

x2. xI y2. xl
x2.yl y2.yl
x2.z1 y2.zI

z2. xI,

z2. yl

z2. zI L

( a
_ x2.xI y2.xl z2.xI
V2 4
Vy2 R = x2.yl y2.yl z2.yl
V,o. x2.z1 y2.zI z2.zI
- - _
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Rotation matrix We can write :

Direction cosine matrix
Passive Transformation

V=V X+ V¥ +V,0.2, = VioX + V0, +V,0.2,

V| [Z1X2 X2 XeZi] [V, X1Xy  X2Y1  X2Zi]
Vyal = [YV2Xa YiYa2 Yazi| |V, R, = |Y2X1 Y1Y2 YoZa
V2| |22X1 22Y1 ZZ2| |V X1 Y1 Z1Z

x2.xI y2.xI z2 xI

R=R! =|x2.yl y2 yl z2yl

L |EPFL _3_52 Z] J_/2 Z] ZZ éj_ J Dr Mohamed Bouri, 2024 gzge




Rotation matrices

irection cosine matrix
Active and Passive Transformation

4 N
XoX1  Y2X1  ZpXq]
R =|22Y1 YiYV2 Z2)1
X221 Y221  Z1Z3 ]|
\ 4
4 N\
XoX1 Y2X1 ZpXq]

R=R! =|(X2Y1 Y1Y2 Z2)1

X221 Y221 2123

(X1X2

Y2X1

Z2X1

X2Y1
Y1)2

Z2)1

X221

Y2z1

Z1Z
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C'(0,-1,1) 2

A’(1,0,1)

A(1,0,0)
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