Lecture 9

Conservation of Energy and Momentum



Poynting Theorem



Energy Conservation So Far

So far we have seen and used

Electric energy Poynting vector Magnetic energy

vy foear] | s jumany | (wd ffna

Where do these expressions come from and how to derive them?



Understanding the Origin of the Poynting Theorem

What is the power done on charges by the fields ?

Lorentz Force Energy is force time distance Note that velocity is

[F:q(E+V><B)] > dW=F-dl v

| dt

dW = q(E+v x B) - vdt = qE - vdt

.
l = av
d—W—EV <q /Vp
T
l L J=pv
d_W: E-JdV
dt v

Rate of work done on charges by an electric field

Griffiths, “Introduction to electrodynamics”, 1999



Derivation of Time-Domain Poynting Theorem

In what follows, the fields are in the time domain!

pre-multiplying by H. VXE=-K-— aa—]? Remember that
dW
pre-multiplying by E- VxH=J+ 8_D — = [ E-JdV
ot dt e
subtracting -
D B
H-(VXE)—E-(VXH):—E-J—H-K—E-a——H-a—
l ot ot
D B
V-(EXH):—E-J—H-K—E-O——H-a—
ot ot
Poynting vector A l
v.s:_E.J_H.K_E.a_D_H.a_B
ot ot

Consider the identity
V- (AxB)=(VxA)-B—A-(VxB)



Some Mathematical Steps

Poynting vector
S=ExH V-Sz—E-J—H-K—E-a—D—H-a—B
ot ot
D 1 D 1 D «e—D=
E-a—:— .8_+_E 0 D=¢E+P

o 2 ot 27 ot

oD 1 oD 1 0
ot T 2B T B g (B P)

=
|
|

oD 1 oD ¢ OoE 1 oP
T e T R I S TS

P _
cancelling term

.8D 1 oD ¢ OE 1 OoP 1(P OE E)E)Weaddthisseﬁ-
- Ot ot



Time-Domain Poyting Theorem
Poynting vector

S=ExH V-S:—E-J—H-K—E-a—D—H-a—B
ot ot
where the last two terms are given by

,

oD 190 1 oP OE
<E'atzat<E‘D>+z<E'atP'at)

oB 190 Lo oM OH
T T H BT (H o M 8t)

Poynting theorem

[a—w—FV-S:—IJ—IK—Ip—IM]

ot

density of EM energy work done on charges work done on polarizations

1 oP OE

1 —E. S L P =
w:§(E-D+H-B) Ly=E-J I Z(E ot v 3t>
Ko oM OH
Ixk =H-K h=—|H — M. —
K M < ot ot



Interpretation of the Poynting Theorem

Poynting theorem Lorentz Force
ow
Poynting vector
S=ExH
B, H, E, H,
Density of EM energy inside volume V
1
Work done on charges and polarizations
Iyj=E-J
Ixk=H K
Iv = L E. A P. ok Moving charges reduces EM
P9 Ot Ot energy but increases mechanical

energy. If Si < Ss, the Poynting
HO (H OM M 3H) E.. H, vector diverges meaning that EM

hy = ) B energy is leaving the volume.

ot ot



Joule Law

< > The work done on electric charges is
1
+“0 <0 <0 n
+—0 J l
0 : :
+~0 <0 <«—0 In a conductive material
—_— S P = /// E-JdV J=0E
E 1%
In the cqndgctor, 1 Remember that resistance is
the electric field is
2 2
V o |4 |4 [
= — E-J=0F = — — -
E=7 TS ( z ) RIS R=-5

- P = ///E JdV = ///%dV_VZ

R
| v=nrr1| [P:V—2 P=VI P:Rﬂ]




Time Averaging Operation
Assuming time-harmonic fields, the instantaneous Poynting vector is
S(t) = E(t) x H(t)
= Re{Ee’“'} x Re{He’*"}

Using 1 . . 1 : :
1 — (Eejwt T E*e—jwt> X — (Hejwt e H*e—jwt>
Re{z} = 3 (z +27) % 2
= (ExH +E" xH+Ex He*“' + E* x H*e 27%%)
1

1 .
=3 Re{E x H*} + 5 Re{E x He?/*"}

The time-average Poynting vector is

17 w [“ 1 1 . 1
S)=— [ S@t)dt=— ~Re{E x H*} + = Re{E x He*“'}| dt = = Re{E x H*
S) =7 | St =3 [7 | Re(BxH) 4 Re(B x HP} dh = | Re(E x HY)
Instantaneous Poynting vector Time-average Poynting vector
1
[S:EXH] [<S>:§Re{ExH*}]
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Time-Average Poynting Theorem

4

0
[a—zj"‘v'SZ_IJ_IK_IP_IM} >[V‘<S>:—<IJ>—<IK>—<IP>—<IM>]
1 *
S=ExH ) Nowetmar [ (S)= 5 Re(Bx H')
1 dw 1
w=—-(E-D+H-B) - ) =0 (w) = ~Re{E-D*+ H-B*}
2 ot 4
I =E-J (h)z%Re{E-J*}
Ixk=H-K Ix) = = Re{H - K*
* where we have used ) 2 et J
1 oP OE O W
= _ — —P. — — ; Iy) = —-Im{P*"-E—E*-P
Ip 5 (E ot P (%) 5 — Jw (Ip) 1 m { }
Iy = Mo (HG_M _M8_H) ) Re{jz} = —Im{z} \<]M> — %Im{M*-H—H*-M}

11



Towards Lossless-Gainless Conditions

Time-average Poynting theorem
[ V(8) = —(I) — (1) = (I) — (L) |

Let’s consider a medium without currents (J = K = 0) but only induced polarizations

i i i example of derivation
Medium described in (Ip) = “Im!{P* . E_E*.P xamp ivati
terms of susceptibilities 4 P* . E

Yoo ‘' E*-E
(In) = %Im{l\/[* -H - H* M} e _
1 N DR L o

ee ’

after substitution and
re-arranging the terms

<IP> - @Im{E* ’ (?Ze - ?ee) B - 277E* ) ?em ) H}

4
_ _ 2 _
(Iv) = %Im{ﬂ (X = Xoun ) - H A “B* X H}
n

T : conjugate transpose 19



Lossless-Gainless Conditions

4

4

(~ _ _ _
<IP> — @Im{E* ) (Yie T Yee) B 277E* ) Yem ) H}

_ _ 2 _
() = %Im{H* (X = Xoun ) - H A+ “B* X H}

n

l After substituting and re-arranging the terms

1

If a system is = = ?T
lossless/gainless then ee ee
?em — ?me

V- <S> — Zlm{WGOE* ) (?ee - ?Ze) -E+ w,LLOH* ) <?mm - ?jnm) -H + 2kE™ - (?em - ?jne) ) H}

A system is
lossless/gainless if its
susceptibilities satisfy

these conditions
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Time-average EM energy density

Time-Average Electric and Magnetic Energy

(w)

1
4

/We:%Re{///vE*-DdV}

Re{E -D*+ H B*} —> <

W = 1Re{// H*-BdV}
\\ 4 \V4

In a static/time-domain case, we have

Electric energy

[We_;//vD.Edv] [Wm;ﬂ/VB.HdV]

Magnetic energy
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Lossless/Gainless and Reciprocal Medium

Lossless/Gainless conditions

Reciprocity conditions
combining both

N

N |

4 -i' N . o 4 T N\
Tew = Mo Xee = Xee Kee o N
= :T — _ =* — =T
Xmm — Xmm > Xmm T Xmm < Xmm — Xmm
— :1’ — _ = o =T
Xem = Xme Xem = ~Xme Xem = ~ Xme
\. J l \_ J
A system is reciprocal lossless and gainless if
Xee = Xee € R W = A S R Xem = —Xme € I
D=¢-E+¢-H /
B=C-E+7 H

15



Scattering Parameters Formalism

The system total scattering matrix is

b = §-a
where

a=|ay,asg,...]|

b = [b1,bs,...]

Terminal

Port mode

J: mode (e.g.,TEwu)
http://dx.doi.org/10.1103/PhysRevApplied.10.047001 w: mode frequency
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Lossless/Gainless Scattering Matrix

Conservation of energy requires that input power equals output power

Z |ap|2 = |bp|2
D l p

aat=(5-a) (5 o)

a-a*=b-b* <«—— where b:§-a

Reciprocity condition

= =T
S=2S5

17



Lossless/Gainless Scattering Matrix

Scattering by a thin slab § S11 Sio Lossless/Gainless condition
|99 SS9 _ ot
—> | —5u l S.S =1
S - - -y
H Imposing reciprocity Reciprocity condition
S1g =521 =1 7T

||

=S

Imposing passivity and losslessness

§ . §T _ S11 t . Si; tf _ ‘511‘2 + ’t‘Q S11t* + 55, _ 1 0
t Soo t* 52 tSikl + Soot™ ‘522’2 + ‘t‘2 0 1
If the slab is symmetric, then S11 = Soo =7
\7“’2 4+ \t\Q —1 phase of transmission and reflection

coefficients are in quadrature

r=|rolel%r T
tr*—{-'rt* :O — . r— COS(¢t—¢r) :O e ¢t :¢r—|——(2n—|—1)
t = |to|e?? 2
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What Have We Learned So Far....

The Lorentz force allows us to compute the energy dissipated by the interaction with charges. This is the
starting point of the Poynting theorem, which is derived directly from Maxwell equations.

The time-domain Poynting theorem relates the time variation of energy density in a volume with the
divergence of power flow (Poynting vector) and to the work done on “charges” and “polarizations”.

In the simplest scenario (only electric charges), this leads to the well know Joule law.

The time-average Poynting theorem allows us to obtain lossless/gainless relationships for the material
parameters. You should be able to remember these relations and not confuse them with the reciprocity
conditions

In a lossless/gainless reciprocal system, the permittivity and permeability are real while the magneto-
electric coupling terms are imaginary.

Energy conservation can also be evaluated by looking at the scattering matrix, which should be unitary if
the system is gainless/lossless.

Energy conservation limits our ability to control electromagnetic waves. For instance, we are not free to
arbitrarily control the transmission and reflection phase shifts of a slab.

19



Energy Dissipation of an Electric Dipole

20



Time-Average Power Scattered by an Electric Dipole

Time-average Poynting theorem

IE| [ V- (S) =—(I;) — (Ix) — (Ip) — {Im) ]

Let's assume there is only an electric dipole P = pd(r’)

V. (S) = %Im{P-E* _P*.E} = glm{P-E*}

Integrating over a volume and
using the divergence theorem

y§<s> . dS = %Im {/VP : E(r’)*dV} = %Im{p -E(r')"}

| \

] electric field at the

consider the identity [(P> = —Im{p- - E(r')*} dipole position

Im{z — z*} = 2Im{Im{z}j} = 2Im{z}

21



Power Scattered by an Electric Dipole
Let's express the electric field as that of the dipole itself

w _ P = pé(r')
[<P> a Elm P E(r’)*}] Bl = _jwM/Ge(r’r/) -J(x") av’ J = jwP = jwpd(r')
l p— oy

|E| E(r) = W2M6e(r7 ') p

9 \ in the direction of p
Diverges !!

Dyadic Green function R=|r'—1'|=0

j 1 \= 35 3 . .1 e—JkR
— = — T— (| 1——— RR
kR k2R2) ( kR k2R2> ] ATR

[<P> _ w3,LL ’p|2ﬁp - Im {ie(r/’ r/)* ) ﬁp] where Np IS a unit vector
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Power Scattered by an Electric Dipole

W2 : k? 52 Ik (4 52 1 52 kR Taylor
%\p] tm {}lzlino [ﬁ (1 a RP) - R? <3RP - 1) TR <3RP a 1) ¢ >expansion

k* 3
P) = —|p|*Im< 1 — 145 - -
(P) = ¢—Ip|"Im Rlino(RﬂLRQ R3)[ +JkR+ 5 (JRR)” + ¢ (k1) + ]}
2 k° R?

(P) = — |p|? lim |2k3 —

3Te R—0 |3 8

ck* o
(P) P Even though the Green function diverges

127e when R - 0, its imaginary part does not!
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Scattering condition for an Electric Dipole Polarizability

..‘The total field is the sum of the dipole field and the incident field
' E(r') = Eo(r) + Ei(r')

f p = oFi
o ))E /P =iS)ds = SIm{p-B@)'} =0 jioseess alporer

2 entering S must leave it
(P) = 21 {p - (Bo(x')" + Bx(x')")} = 2 [pf? + Zlin {p- Bat)} = -2 |aPIBif + ZTim {a} [Bif
2 127e 2 127e 2
N— ~— -
=0
s ck* o —a kP 1 /1 1 k3
— = — = —— o0 — — - — R
2 m{ar} 127re|&| 27 O7re 27 \a «of O7re

- electric polarizabilit
For more details, see section 5.2.2 in 67T€ P y
Tretyakov, “Analytical modeling in applied electromagnetics”, 2003 24

Im {l} k_g Scattering loss for an isotropic




What Have We Learned So Far....

We can express the power radiated by a dipole as the imaginary part of the dot product between the dipole
moment and the electric field at the dipole position. This may then be expressed in terms of the dyadic
Green function.

Even though the dyadic Green function is evaluated at R = 0, it does not lead to a divergence of the
radiated power as its imaginary part does not diverge (only its real part).

This formalism allows us to find that the polarizability of a particle (even a lossless one) is complex. This is
due to scattering loss, which is really defined as how much energy is removed from the incident wave.

If billions of small particles are put together in close proximity (<<A), then the interference between their
scattering, when illuminated by a plane wave, is canceled out except in the direction of the plane wave
itself. This means that, in this case, there is no more scattering loss, i.e., we are not removing energy in the
direction of propagation of the incident wave. This leads to an effective material parameter (permittivity or
refractive index) being purely real (assuming of course that the particles are themselves lossless => no
absorption).

25



Electromagnetic Force and Torque

26



Metasurface solar sail

https://doi.org/10.1109/TAP.2019.2925279

Micro rotor
100

40

20

Rotation speed (rpm)

Examples

Laser off

White light

l

Laser beam
Water

. 1 7
f e Notch filter @@ [- s ,_A

., Micro boat,

Sx (mm)

Laser on Laser off

Experiment
Model

https://doi.org/10.1038/s41566-018-0200-x t (min)

Optical trapping

80 |

60

20 40 60 80 100 120
Laser power (mW)

LASER BEAM

hitp://dx.doi.org/10.1063/1.366163 https://doi.org/10.1364/0L.11.000288
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Electromagnetic Waves and Forces

only considering the electric field

F =qE
at an instant of time the charge moves half a period later
B / up with velocity v

! .T \Y% H
+Qe +Qe

T T T ' lv
H E o

thin conductive film

When only considering the electric field effect, we see that the charge is moving up
and down. Averaging over a full time period, the net motion of the charge is zero.

28



Electromagnetic Waves and Forces

considering both the electric and magnetic fields

F=¢ (E+vxB) where B = uoH

at an instant of time half a period later
o

°
! TV H
+ (o =—p Fg + Qe =——b F'g
T T T ' lv
E

When considering the combined electric and magnetic field effects, the
charge experiences a non-zero net force as if pushed by the wave.

29



Electromagnetic Linear Momentum
Demonstration that a plane wave carries momentum

E
F=¢ (E+vxB) Fg| = ¢.|B||v| «— |B| = B For a plane wave
c

E |

Fratty ‘E‘
- — eE
) (L Y L p Fel=at v «— [Fal=qlB

velocity
l v dr
1 dr Vi=v=
Fp = —Fp— dt
B R
E 1
P=— 4_/FBdt:—/FEd7“
& C
NY—" Y—
E = energy
(not electric field) momentum energy

30



Derivation of the Electromagnetic Force

General form of the Lorentz force including magnetic charge
Es, H

1
F=¢(E+vxB)+qgny <—B—€QVXE)
Mo

By considering a density of force, we can use

J = pev K=pnv

1
F:/de:/peE+J><B+—me—eOK><EdV
v 1o

volume of integration

31



Step by Step Derivation (1/2)

1
f=p.E+J xB+ —p,B— K xE

Mo
E 1
f=e(V-E)E + V><B—eoa xB+—(V-B)B+¢ V><E+8—B x E
o ot [0 ot
1
fzeo(V-E)E—l——(VXB)XB—GOa—E><B—|—i(V-B)B—I—60(V><E)><E—I—608—B><E
1o ot 140 ot
1 E
f:eo[(V-E)E+(VXE)xE]+M[(V-B)B+(V><B)><B]eo<%t><B+E><%]?>
0
1
f:eo[(V-E)E+(VxE)><E]+M—[(V B)B+(V><B)><B]—6088(E><B)
0
where we have used
V-D=p. — po=¢€V- -E
V-B=ppy — pun=V-B
VXBZILL()J—F,LL()EQQE — J:—VXB—E()&E
ot Mo ot
VxE——K—a—B — :_vxE_a_B

ot ot
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Step by Step Derivation (2/2)

f:eo[(V-E)E—I—(VxE)><E]+%[(V-B)B+(V><B)xB]—eO%(ExB)

We now use the following identities
V-(AA)=(V-A)A+(A-V)A
1
(VxA) ><A=(A-V)A—§V(A-A)

l

1 1 1 0
fzeo[(V-E)E+(E-V)E]+Iu[(V-B)B—I—(B-V)B]2V(60E-E—|—MB-B)€061€(EXB)
0 0
f— V- (EE)+ ~V.(BB)— -V (E-E+ ~B-B) -2 (E x B)
- o 27\ o ot
1 1 1 = 0
f—Vv. eOEE+—BB——(eOE-E+—B-B)I]—eo—(ExB)
Ho 2 Jin ot



Time-Domain Electromagnetic Force

Assuming that the background medium is vacuum

1 = 0
f:v[60EE+MQHH—§(€OEE+MOHH)I ,LLQGQa (EXH)
/ —— —— -/
Maxwell stress tensor: T Poynting vector

These are outer products ! _ o _
This expression is re-written as

0S
ot

The force is now expressed as the volume integral of f

v ot

lUsing the divergence theorem

[F—/T-ndS,uoeo@/SdV]
s ot Jv

f=V. T HO€EQ =

34



Time-Average Electromagnetic Force

In the time domain, we have

= 1 = = 3
TZEOEE‘|—,LL0HH—§(€OEE‘|‘,LLOHH)I — [F/Tndsuoéo&f/SdV]
S \%4

Applying the time averaging operation, we get

Time-average Maxwell stress tensor Time-average force

[@ = %Re {GOEE* + poHH* —é (eo| E? + MOH?/)T}]—> [{F) _ /S@ h ds]
_

Notice that it corresponds to the density of EM energy

1
(w) = ZRe{E-D*qLH-B*}




Time-Average Electromagnetic Force

Time-average Maxwell stress tensor

1 1 _
= 5Re {EOEE* + poHH* — 5 (eo|E* + poH|?) I}]

Time-average force
[<F> = / (T) - fr dS]
S

The force is computed by integrating
the MST on a surface around the object

surface of integration

Note: the MST is a symmetric matrix
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Example: Force of a Magnet
Time-average Maxwell stress tensor

o 1 * * 1 =
............. T [<T> — §Re {EOEE + ,LL()HH . 5 (EO‘E‘Q s /«LO‘H‘Z) I}]
_ where E=0 H|* = H}
s
HH" = |H,H; |H,|* H,H:| =10 0 0
H. H} HzH; ]HZ\Q 0 O Hg
N
......... ... _ ILL _1 0 0
iron Y The MST reducesto  (T) = —Oﬂg 0O -1 0
n 4
0 0 1
v
) n =2 s (F T) .0 ds =" m2s
H = H.3 The force is ( )—/S< ) -1 =7 Ho
Correct for an
The magnet has a surface area S e ,
over which we assume that the H For a static H F — @st oscillating H field
field is uniform and normal to S field, we have 9 0 .




Example: Radiation Pressure

p <

Slab of absorbing material

-------------------------------

(no transmission) of
reflectance r

Time-average force

Time-average Maxwell stress tensor

— 1 . . 1 =
[(T> = 5Re {GOEE + poHH" — (eo|E[* + poH|?) 1}]

The fields on the left integration surface are

E = XE; (e 7% + ret7"?)

H = S’& <€—jkz o ,},.6-|-ij)
n
Since the fields are along x and y and n is along z, we have that
EE" -n=0 HH* - n=0

p— N € R
It follows that (T) - = §OE§(1 + |r*)z

Radiation pressure [N/m?]

[P;)Eg(lJer)] or[ PZI—C()(1+|7"|2) J




Electromagnetic Force on Small Particles
Time-average Maxwell stress tensor

— 1 .1 -
[ (T) = S Re [eoEE* + noHH" — 2 (eo|E* + poH|?) 1] ]

. .
. .
. ‘e

»,
o,

m

the force of the incident (F;) =0 (F mix)

field alone is zero

E;
/ Let’s consider a small particle modeled as an electric

and magnetic dipoles. The total field is the sum of the
incident field and the field scattered by the dipoles

N

.
‘. .*
- .

N .

The force on the particle is then given by
k4
12mege

[ (F) = JRe{(VE) - p + (VB}) ‘m} - =~ —Re{p x m")

The derivation of this equation is complicated. Refer to the supplementary information of https://doi.org/10.1038/nphoton.2011.153 39



Electromagnetic Force From Poynting Vectors

E;

. .
. .
o .

§ p
3 m

0

N

0
. 0
0 0
o .
o
.
o
e
.
.
.
.
.
.
)
.
.
.
.
.
o
s
. B4
*
e, 0d
. *
N o
N .

.

. .

. .
tea, Last

Time-average force

[<F> = /(%) 1] dS] Force in terms of the Stress tensor
S

Alternatively

g Force in terms of the Poynting vectors
(only valid for particles)

1
[<F> =) l9- s

—

Integration surface
taken to infinity

A/ \
Poynting vector Poynting vector
of total field of incident field

https://doi.org/10.1038/nphoton.2011.153 40



Electromagnetic Force on Small Particles

k4
12mege

[<F>=%Re{WE?‘)-pHVB?‘)-m}— Re{pxm*}][<F>i [ s =0 dsJ

Electric field amplitude of a
focused Gaussian beam

Optical trapping

LASER BEAM

https://doi.org/10.1364/0L.11.000288

The gradient of the field leads to a
J Interefence between p and m dipoles lead to

force on a dipolar particle that traps asymmetric scattering and, by reaction, a force
it in the region of high-field intensity. y g , DY ) 4




Force on a U-Shaped Particle
+F 251"

Y —"

Force (N)
3
I
|
I
P
8
L
¥
N

0

\/l 1225 nm

-0.5 : :
H 400 600 800 ‘1000 1200 1400 1600 1800
Wavelength (nm)
40

Electric field, Ex Magnetlc fleld H. Poynting Vector, Sy
1 0 : 1 400 e 1 400 1
0.8 200 05 200 05 200 05
)
3 100 100 \ 100
< 0.6 - " —
Q@ E = E
N £ 0 0 £ 0 0 £ Of 1110
© > > >
E04r -100 -100 -100
(=}
e
-200 05 -200 0f -200F {f-05
0.2f )
-300 -300 -300
0 -400 4 -400 A4 -400 : i
400 600 800 1000 1200 1400 1600 1800 400 200 0 200 400 400 -200 0 200 400 400 200 0 200 40
Wavelength (nm) x (nm) x (nm) X (nm)
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Force on a U-Shaped Particle: Kerker Effect

<5@> )
1 1 P,
(F)=—=[ [(S)—(Si)] dS=—> (Fy)=—— [ (5))dS=——
C S ) C S C
Force due to Kerker effect _Power radiated
b o in the y-direction
p = Ape’ X 7 A A k3w
( . — = —— COS —
A m = A,e/%m3 Fy) P60 (0p = &m)
Yy
Electric field, Ex Magnetic field, H; Poynting Vector, S,
400 1 4001 y = . — 400 1
. . . 200 0.5 200 ™ 0.5 200 0.5
The incident wave is 00 - 100l
propagating only E o o £ o 0o £ of o
along z, so S . " 100
-200 -0.5 -200 -0.£ -200p -0.5
<Sy,i> - O -300 -300 -300
-400 | -1 -400 - . e 1. 400 -1
-400 -200 0 200 400 400 -200 0 200 40( -400 -200 0 200 401
X (nm) X (nm) x (nm)
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The Actual Response Involves the Electric Quadrupole

A = 650 nm

H
24 E
2.5-"10
_FX
2 —F,
FZ
1.5}
<
g 1
=]
L
05}
05 - - : - : - -
400 600 800 1000 1200 1400 1600 1800

Wavelength (nm)

A= 1225 am
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Electromagnetic Torque

Angular momentum Angular momentum The torque is the time variation
(mechanics) (electromagnetics) of angular momentum
L=rxp 1 L
[ J [<L>:—2/rx<S>dV] [r:a_]
where p is linear momentum ¢ %
The time-domain electromagnetic torque is defined as
0 0 op = 0S
I'=—L=—(rxp)=rx —=rxF= r x fdV = rx |V -T-— dV
o= g (X P) ot /V /V ( HOo at)

The time-average electromagnetic torque is defined as

M= [ rx(V(T)) dV — | {T)= [ rx ((T)-a) dS
|4 S

if the integration
demonstration surface is a sphere

r X (V . <?>) =e; 5]kr]81(Tkl r — ﬁ
eisijk(?lr] Tkl> €e;c ]kaﬂ‘] Tkl / 1
r> = ;Re {/ fi x [(eoEE* + poHH*) - ] ds}]
=r xF S
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Electromagnetic Torque on Small Particles

Valid in the case of dipolar particles

1 k3 1
<I‘>:§Re{p><Ei*—|—m><Bi*}—§Im{—p* X p+ pm* xm}
€

Py — |py0 | €j¢y
A

EE/ > Di = |paole’®”

Do 7 Py

the particle radiates with out-of-phase px
and p, dipoles generating elliptical
polarization. By conservation of angular
momentum, the particle must rotate.

The derivation of this equation is complicated. Refer to http://dx.doi.org/10.1103/PhysRevA.92.043843
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Torque on Flat Spiral-Shaped Particles

Fabricated samples (Gold spirals)

Measured scattering cross-sections and rotation speeds
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Experimental Demonstration
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direction than that of the field
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What Have We Learned So Far....

Electromagnetic waves carry momentum (linear and angular) and can thus induce forces and torques
Starting from the Lorentz force and using Maxwell equations, we can obtain the Maxwell stress tensor
which directly allows to compute the forces and torques by surface integration

Radiation pressure is twice as strong on reflective structures than absorbing ones

For small particles, the electromagnetic force may also be computed using the different between the total
and the incident Poynting vectors

This allows us to understand forces simply by looking at the radiation pattern of the particle

Interestingly, forces that are transverse to the direction of propagation of the exciting wave are possible
Similarly, the Poynting vector can be used to assess the angular momentum of the field scattered by the
particle, which allows us to deduce the torque
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