Lecture 6

Temporal and Spatial Dispersion



Temporal Dispersion



Temporal Dispersion

The response of a medium at a given time depends upon past excitations

Convolution in time

D(t) = eoE(t) + P(t) —> P(t)= /T €oXee(t —tE(t") dt’

— O
Causality (only previous / T
times, no future times) Electric response of the system

[P0) = coxeelt) + B0 |

l Time-domain Fourier transform

[P) = coxeelEW) |

“Nonlocality” in time + causality



Lorentz Oscillator Model

lectron cloud (-
electron cloud () Force on the electron cloud A

@ nucleus (+)
nucleus (+) @ Fe(r’ t) - _quIOC(r’t) Eioc

electron cloud (-)

Restoring force

F.(r,t) = —mew?d(r,t) d: electron cloud displacement

Frictional force

F¢(r,t) = —I'mev(r,t) I" : dampening factor

Z F =ma —p [ me%V(I’, t) == —quloc(ra t) T mewfd(rv t) T Fmev(r, t) ]

ge = 1.60217646 x 10~ C me = 9.10938188 x 1073! kg



Lorentz Oscillator Model

me%V(r, t) = —@eEloe(r, t) — mew?d(r,t) — Pmev(r,t)
vir.f) = Sd(e.
02 0 5 Qe
@d(r,t) + I’ad(r,t) + wid(r,t) = —EEloc(r,t)

Time-harmonic regime e 7“*

(—w2 — jwI' + wf) d(w) = —EEloc(w)
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Particle Polarizability

Electron cloud displacement

2 ; 2 Qe de Eioc (w)
w2 — T dw) = - E —
(" m gl ) d(w) = =2, Boc(w) > A= e T
A nucleus (+)
® The dipole moment is expressed as p(w) = —g.d(w)
Eloc Tp
electron cloud (-) B qg Ejoc(w) The response of the_ particle
p(w) = Me (W2 — w2 — jwl) may be expressed in terms
e J of an effective polarizability o
l p(w) = a()Eioc(w)
2
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Unpolarized medium From Particle to Medium

[ ] (] (] o 1 ) .
D o € P I ; , _ Statistical average
D o (W) V ; Pi(w) P(w) = N(pw)) within the volume
y € . N: density of atoms
. * * . o ng EIOC ((U)
p S P(w) = 2 2 _ .
. me (w2 —w? — jwl)
P
l Clausius-Mosotti  Ej,.(w) = E(w) + S(W)
€0
Polarized medium Ng?2 E(w) w2 — Ng2
. . P(w) = - — 5 where wg = L ©
N me (wy —w? — jwl') 3Me€q
g 1 l Using an effective susceptibility P = €gXee S
° 2
° © ° w N 2
_ P _ dg
a § A a2 Xeo(w) = ws — w? — jwl where wp = €0MMe

Lorentzian function Is the plasma frequency



Behavior of the Susceptibility Function

(@) “
w) = ,
2 Xee ws — w? — jwl
Yeol0) = -2 : :
ee\™) T W2 > >
\ wO 1 I 1 5 5 i | |
| Xee(w — o) — 0 Lo
L | |
l 14 4t A
1 + 1 1
: 3 2 S 3 '
I § é m phase shift |
I = I
b 2 o © 2 I 1
£ = |
- |
1 1 I
|
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Frequency, w Frequency, w

T is the FWHM of |Xee(w)|?

I'=1, wo=4, wp, =4

1200

1150



From Susceptibility to Permittivity

W

2
_ p
Xeolw) = ws — w? — jwl

w2

r =1 ee =1 &
) = 14 X)) = 1

l Splitting real and imaginary parts




Behavior of the Permittivity Function

2 2 T
Wi — w e;’(w):uﬂ W

e'(w)=1+wg

(wd — w?)? + w22 P (w2 - w2)? 4 w2I'2

1150

1100

Phase

150
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Dispersive Refractive Index

n=mng+Jk = T\/€lUr

lassuming py =1

n = (no +jr)° = & = € + je
lassociate real and imag. parts

/P2 2
Er—no—ﬁz

7
€, = 2Ngk

l solve for np and k

no

K

\

\
1 €/2 _|_ 6//2 _|_ 6/
2 \/ r r r
1
- 19 oy
2 ( 61‘ —|_ EI‘ GI‘)
J

Absorption depends on real part of permittivity !

Real refractive index, n,

E = Eoejkz _ Eoejkonz _ Eoejko(no—i—jkc)z

[ E = Eoejkonoze—komz _ Eoegﬂze—az ]

\)

—
a

—

bt
o

Frequency, w
I'=1, wo =4, wp =4

w A~ O »

N
bforption and attenuation

A/f

where
5 = kono

(propagation constant)

a = kok

(attenuation constant)

[no(w) < 1]
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A Note on Absorption

_ 1(2)
[ Eo|?

[E:Egejﬂze_o‘z] —> [(2) = [E]? = |E|?e 2 —  lo(?)

. _+ | Corresponds to a decrease of
Skin depth [ 0= 200 ] the intensity by 1-e* = 63.2%

Decrease after

B n skin depths

0.5 Iy(0) ~ 36.8%
e 10(26) =~ 13.5%

. 16(38) ~ 5.0%
02 Io(40) ~ 1.8%
i)




Effects of Skin Depth

Skin depth of silver (Ag), gold (Au) and Aluminum (Al)

70 ¢
—Ag
60 - Au
\ —Al

(&)
o
T

Greenish light penetrates
/ deeper in gold

Skin depth [nm]
~
o

30 r

20 -

10 _—
0 ‘ ‘ . . .
0.2 0.4 0.6 0.8 1

Wavelength [ pm]

Transmission through 40 nm of gold
No gold with gold

Reflection from Reflection from
bulk gold nano- Iayers of gold
I :

aNant de
oy Ve,

dewettlng

[T A — ‘ %
gy
heating ‘. “ :.'
adi A8
= metal flat substrate

substrate

Altomare, Marco, Nhat Truong Nguyen, and Patrik Schmuki. "Templated dewetting: designing
entirely self-organized platforms for photocatalysis." Chemical science 7.12 (2016): 6865-6886.
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Negative Index of Refraction

V x H = +jwere. E Assuming plane wave of the type k x H= —weye,E
b . . g
V x E=—jwuouH {(E,H} xx e /KT = gminkor k x E = 4+wpou.H
Poynting vector: S =E x H
[6<0,,u<0] y [6>0,,LL>0]
A
k x H=+4weE e<0, u>0 €e>0, u>0 kxH=—weE
:\/rrEH = \/rreR
k x E=—-wuH K ol nE Vel k x E=4wuH
Forms a left-hand triad T\ W Forms a right-hand triad
E - > ¢ E

e<0, u<0 e>0, u<0
k S n=—eu €R n=/epu €1 Sk

H H
The refractive index W
»

must be negative

Caloz, “Electromagnetic metamaterials: transmission line theory and microwave applications”, 2005. 14




Real refractive index, ng

N
o

1.8 1

1.6 1

1.4 1

1.2 1

1.0 1

0.8 1

Materials Usually Have Multiple Resonances

N wz '
_ p,?
Xee((«d) - Z wz 2 —jwri

i=1 0,2

Dispersion of SiO;

-

Lower index for higher wavelengths

o
o

o
N

Attenuation, K

o
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Wavelength [um]

https://refractiveindex.info Rodriguez-de Marcos et al. 2016: n,k 0.03-1.5 pm

1.0
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https://refractiveindex.info/

Refractive index, n

—

o

Materials Usually Have Multiple Resonances

;

Infrared Visible Ultraviolet X-ray

O Oy O Lm

Frequency

Attwood, “Soft x-rays and extreme ultraviolet radiation: principles and applications”, 2000.

I I I >
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Drude Model for Metals

In a metal, no
restoring force

2 — 2
W wo =10 w
r\W) = 1 P - > — 1 _ p
€x(w) +w8—w2—]wr €r(w) N
Dampening in 1 w2 w272 W27 w
termsofmean I'=—- — &w)=1—- —5—2 =1-—L2 — 4 P/22

collision time T w? + jwr ! 14+ wr 1 4+ w2t
e (w) & (W)

Since this is a conductor, we may express the permittivity in terms of the conductivity

o(w o -
& (w) = e (w ( ) where o(w) = wege, = % DC conductivity
Jweg 1 4+ w=r )
g — Eopr
In a “perfect” metal, no collision W A “good” metal as a very
00, =0 — &(w) =1— P low €”; and a negative €’
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Real refractive index, n,

r

Real relative permittivity, €'

Dispersion of Common Plasmonic Metals
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What Have We Learned So Far....

Material response is a convolution in the time domain leading to a product in frequency domain

Particle polarizability is obtained from the sum of electric, restoring and frictional forces

For an isolated particle, we use polarizabilities, for a medium, we use susceptibilities

A susceptibility is a Lorentzian function with a resonance frequency and a dampening factor

The dampening factor (loss) contributes to both the real and imaginary parts of the permittivity

The real and imaginary parts of the permittivity both contribute to the real/imag parts of the refractive index
A Lorentzian function exhibits a n phase shift across its resonance frequency

This phase shift is also associated with an increase of the loss in the material

The skin depth is inversely proportional to the imaginary part of the refractive index

A propagation over a distance of one skin depth leads to ~63% reduction in total field intensity
Resonances may be exploited to achieve negative permittivity and permeability and refractive indices
lower than 1

Negative permittivity and permeability leads to negative refractive index (left-handed material) with phase
propagating in the opposite direction of the power flow

A negative refractive index implies negative refraction leading to the "perfect lens" concept although loss
and dispersion must be considered, which would make such a "perfect lens" not that "perfect"

In the visible range, higher frequencies imply higher refractive indices leading to larger refraction angles

An ideal metal has a permittivity with a low imaginary part and a negative real part
19



Kramers-Kronig Relations

20



Transfer Function in Time

Transfer function of a time-dependent system

ft) —— h(t) —> g(t) = h(t) * (1)

In the frequency domain, taking a Fourier transform, we have

Flgt)} = Gw) = H(w)F(w)

For a causal system

ht)u(t) = g(t) = [A(t)u(t)] * f(t)

21



Frequency Response of a Causal System

causal system

h(t)ut) > g(t) = [p()u(t)] = f(t)

| | he(t)
Fourier transform of this
causal transfer function
1 .

H.(w) = Flhe(t)} = H(w) » Flu(t)} = H(w) s o~ [M(w) " 4

2T w
applying the convolution

[ H.(w) = %H(w) + ;—W/_OO fﬁ%d@ }

22



Derivation of the Kramers-Kronig Relations

1
“H
5 H(

[Hc(w)

. 00
w) + i/
27 ) _ oo

H($)
— Qdﬁ]

Let’'s impose
h(—t) = h(t)

Applied to the

>

X' (w

-~

+ X

)

susceptibility

(w) = %H(w) + 2]_7r

X(t) = he(t) = h(t)u(t)

()

w —

ds?

h(t)
/.

We are free to define h(-t) as we desire without affecting x(t) !

Splitting real/imag. parts
> <

!

Hw) eR

Let’'s impose
h(—t) = —h(t)

!

H(w) el

Splitting real/imag. parts
> <

X' (w)

2

1

~[l —
X (w) 27T/

LHw)

oo

O

H ()
w — ()

d

~/

X'(Q)
w —

[ 5Cm]

Q
y

Imaginary and real parts are
connected to each other !




Real refractive index, ng

Consequences of the Kramers-Kronig Relations
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What Have We Learned So Far....

Causality leads to a connection between the real and imaginary parts of the susceptibility function

This implies a connection between the ability to create phase shift and the loss of the material

When designing metamaterials, we typically avoid using materials that are too lossy (or we use them in a
regime where their losses is small). This is because metamaterials are generally resonant structures

whose loss is amplified near the resonances.

25



Group and Phase Velocities

26



Propagation Through a Dispersive Medium

Dispersive permittivity

w2

p
er(w) =1+ wf —w? — juT

Original
pulse

—_—

.
(Ver vz +a)
(Ver v -a)

J

0 t

Dispersive Medium

A pulse is made of
many frequencies

[ ‘= n(w)

|

Saleh, “Fundamentals of photonics”, 2019

Delayed & broadened
pulse

TN

0 t

Each frequency travels
through the medium at
different velocity
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Derivation of Group and Phase Velocities

Consider a U(x,t) wave expressed in terms of its fourier transform

Ulx,t) = / U(k)ed ke=wt) g

— 00
Ul(z,t)
—> [/ (k) has a narrow peak amplitude

0 t

For a monochromatic wave, we have w(k) = kc

In our case, we may expand w in a Taylor series around k

ow(k)
Ok |1_p,

w(k) ~ wo + (k — ko)w) where wj =

Griffiths, “Introduction to Quantum Mechanics”, 2005
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Derivation of Group and Phase Velocities

Ulx,t) = / U(k)edke=wt) g,

— 0

w(k) ~ wo + (k — ko)w) where Wy =

v

Ulz,t) ~ /OO (j(k)ej[kw—(woeré(k—k‘o))t] dk
l Add the self-canceling terms +koz — kox

Uz, t) ~ ed(For—wol) / h U (k)e? (F—ko)(z=wot) g,

— 00

Griffiths, “Introduction to Quantum Mechanics”, 2005
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Derivation of Group and Phase Velocities

U(CE, If) ~ ej(koib‘—wot) / U(k)ej(k?—ko)(fc—w(/)t) dk

H_J — 0 ‘

Space and time variations
are given by

Monochromatic wave (x — w(t)
with phase velocity

corresponding to a
group velocity

= =50 (5)

= Phase velocity

MAN NN ANNNNAANN

https://en.wikipedia.org/wiki/Group_velocity Griffiths, “Introduction to Quantum Mechanics”, 2005

Group velocity

30



Generalization to Arbitrary Direction of Propagation

Phase velocity Group velocity

= =50

The group velocity may be different along x,y and z

. . . o . 0 0 .
Vg = Vg,aX + Vg yY + Vg2 = <8kxx + a—kyy + Ok Z) w(k) = Viw(k)

l l

A

k) -
[Vp_wk)kJ [Vg:ka(k)]
The phase velocity is the The group velocity is perpendicular
slope of the w-k function to surfaces of constant w

31



Normalized frequency, w/w

o
“‘"\.I

o
o))

0.4

0.3

0.2 -

0.1

Dispersion of a Surface Plasmon

For an “ideal” metal
€r,1€r,2
ko 2

light line B = W
/B:kozﬁ 6r,2+€r,1 er,lzl_w_g
Co !
[ Vg = ka(k) ]
k) ~
0 05 i 15 2 25 5

Propagation constance, 3
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Example: Dispersive Refractive Index

co wdn dw

wn(w) = gk —)  wdn + ndw = codk — = —— + o
Real part of the ) Up s
refractive index L dn 1
Vg = Up (1—5%) —_—> V=V (1—ﬁvkn>

n
In the absence of dispersion pTi 0 =—>» Ug=1p

Co Co

We may define group and phase refractive indices as Ttg = " y
g P

dn dn
[ ng:np—wd—;:np—)\od—)\z J

33



Consequence of a Dispersive Refractive Index

Phase velocity/lindex

Ne =N —w%—n — A
g — 'p — lp 0

dw

dny
dAo

What if this becomes large compared to n,?

\)

()

e

<

o

c 1.5¢
o

=

3]

g 1
o

O

p -

@ 057
O

o

Group velocitylindex

Frequency, w

ow(k)
———
& ok
16
C
O
15 © Co
- ’ng = —
14 E Ug
c d
n
'3_?5 w—=" <0
c dw
12 .8
a Light slows down
1 3
o]
<
0



A Group Velocity Faster than the Speed of Light ?

o 16 c Attimet=0

o | '\ K o
C 2+ 1 I N 15 =
> ry ! <
) I | c
2 15} i\ 142
2 o\ 3 2
ST ©
© c
“— ] (@] . .
® ! 22 incident pulse X
© 0.5¢ 7 o
() 7 I \\ 1 7p] H l
o L : ~._ 2 o Attime t=t

0 " . ulpy Propagation in a Propagation in air
0 5 4 6 8 dispersive medium [\
Frequency, w R
dny, _Co ¥
Ng = Np — W——— | —p = —
g b dw g ng = ) >
l transmitted pulse X
What if ng < 1 ? vy > Co The peak moves faster than light in air !

But the information does not !
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What Have We Learned So Far....

Phase velocity = speed at which the phase of a pulse propagates in a dispersive medium

The phase velocity is simply the speed of light in vacuum divided by the real part of the refractive index
Group velocity = speed at which the energy of a pulse propagates in a dispersive medium

The group velocity is the variation of w with respect to k

Dispersive media distort signals by changing the propagation velocity of the signal frequencies

In a dispersion diagram, the phase and group velocity are easily identified as the ration of w/k and the
slope of the dispersion curve, respectively.

Small bandwidth signals propagating in dispersive media have different phase and group velocities

We can also talk about phase and group refractive indices

The group refractive index is proportional to the derivative of the phase (real part) refractive index w.r.t w
Large variation of the real part of the refractive index are associated with anomalous dispersion (slow light,
fast light)

The group refractive index may be lower than 1 leading to a group velocity larger than the speed of light in
vacuum. This does not break causality because of the high loss associated with such effects
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Spatial Dispersion

37



Non-Uniqueness of Constitutive Relations

Invariant under the

Maxwell equations transformation D'=D+VxQ

vV xH=jwb H = H+ jwQ

Where Q is an arbitrary vector

D=D -V xQ

H=H —j0Q

!

VxH —jwV x Q= jwD —jwV x Q

!

V x H = jwD’ We retrieve the original equation

38



What is a Tensor?

0" order tensor: scalar a = [q] A
a1l a2 ai3||
2" order tensor: matrix a;; = |[a21 a2 az3||?

ai azr asz2 ass
15t order tensor: vector a; = |a»
as

a1z ai23 Qa13s
a213 04223

a313 G323

34 order tensor Ak = aq

aiie2 ai122
az212 a222

asi2 as2

aiilr ai21 aisi
az211 Qa221 Q231
asi1r as21 0assi

, >
J




What is Isotropy?
Isotropic = “equal in all orientations” =-——p  Rotation invariant

Rotation matrices

1 0 0 cos® (0 sinf cos —sinf 0O
R, () = |0 cosf —sinf R,)=| 0 1 0 R.(0) = |sinf cosf O
0 sinf cosb —sinf® 0 cos@ 0 0 1

General rotation matrix (yaw, pitch, roll)

cosacos 3 cosasinfsiny —sinacosy cosasin 3 cosy + sin a sin -y
sinacos sinasinsiny + cosacosy sinasin 8 cosy — cos a sin -y
—sin 8 cos (3 sin 7y cos (3 cos y

=s]|
[
=l
I\
£
=l
<
=
=l
8
2
[

Note that a rotation matrix is orthogonal [}:{_1 _ ﬁT] —> det(R) = +1
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What is an Isotropic Tensor?

0t order tensor

aﬁ:aﬁ - |nvariant under rotation — =——p All scalar are isotropic

1st order tensor

v-R=V Isotropic only if v -

=v]]
|

<
9,
rl—m
<
|
)

In tensor notation
!
Rijv; = v;

For an arbitrary rotation, only trivial solution is possible =——» v =0

In general, there is no isotropic vectors

41



What is an Isotropic Tensor?

2" order tensor

=s]{
[
=l

Rotating a matrix ﬁ M - In tensor notation R, R My, = M!.

LY

M =i

|sotropic if ﬁ:ﬁ/ —_— ﬁﬁf:{ :ﬁ —>trueif[

a is a constant
=T T —

j— p— :T j— - j— p— p—
Demonstraton R-M-R =R (al) "R =aR-R =al

3" order tensor

Rotating a tensor R RjsRiyAapy = Ajj, = Isotropic if [Aijk; = Oéez’jk:]

Levi-Civita symbol
+1if (4,4, k) is (1,2,3),(2,3,1), or (3,1,2), Used to define cross product
gijk = —1 if (i,7,k) is (3,2,1),(1,3,2), or (2,1,3),
0 ifi=j, orjg=k, ork=1

Aris, “Vectors, tensors and the basic equations of fluid mechanics”, 1962

c=axb—c¢ =¢;ra;b



Isotropic 4t Order Tensor

0 ifij

A 4" order tensor is isotropic if
{1 if 1 = 7.

Kronecker delta ¢;; =
[ Aijrr = 00k + BOik0j1 + ¥0udjk ] J

a, B, y: constants

) ) — — — 1
Symmetrlc part of a matrix Asym — % (A -+ A ) Aij,Sym = 5 (Azj -+ quj)

—_
— 1 [= =T 1
Anti-symmetric part of a matrix Apgym = = (A —A —> Ajasym = B (Ai; — Aji)

Aijrl = a0;i0k1 + b (0:051 + 0316,%) + ¢ (0ik0k — 0410 k)

alternative form

) symmetric anti-symmetric
alternatively y y

Akl = ad;;0k1 + b (0ikd51 + 0:1dk) + CEijmEmkl

Aris, “Vectors, tensors and the basic equations of fluid mechanics”, 1962
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What Have We Learned So Far....

The constitutive relations are not uniqgue and may be transformed with an arbitrary vector Q

Tensors are used to describe effective material parameters

Isotropy implies invariance under rotations

Isotropic tensors may be used to represent the material responses of objects that are invariant under
rotations (e.g., spheres)

Vectors are not isotropic

The identity matrix is isotropic

The Levi-Civita symbol corresponds to a third-rank isotropic tensor. This symbol is also used to define
vector products in tensor notations

44



Expansion of the Induced Current

Einc Einc

Jind(r) = jw(er — €o)E(r) ‘3.
€0 €0 60

In vacuum, the constitutive relations are How to define the induced
1 current in terms of effective
D=¢E+P=¢E+—J;q material parameters?
Jw
H— LB Jind — AeffEinc
1o

45



Local vs Non-local Responses

ol

T A 7
Classical (local) material Non-local material

Convolution in space

Jind — jWEE [Jind(r) _ // ﬁ*(r, I‘/) ) E(I‘/) dvl]
I

Electric response function

https://doi.org/10.1103/PhysRev.132.563
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Taylor Expansion of the Induced Current Convolution

Taylor expansion of a vector function
dfi 1 9%*f;

ox <xj ) ) + 2! 81‘981‘;{

B(r) = B) + (ViB)|_y (i) + 5 (ViVSB),_y, (1] —73) (1 — 1)
T

Not a function of r anymore!

fi(@") = fi(z) +

/
J g/ =x =z

(2 — x5) (@ — ) + . ..

47



Taylor Expansion of the Induced Current Convolution

= B() = B(r) + (ViB) oy (7 — i) + 5 (ViVSB) s (7~ 70) (7 — 7))

l

Toa(r) = | R(rr)- [E(r) (Vi) (= 70) 5 (ViVB) oy (7 ) (75— 75) | V"

[de@) _ / R(r,r') - B(r') dV”

l Bringing un-primed terms out of the integral

— = 1 =
Jiq = E/ | K(r,r') dV' + (V,;E) / / K(r,r') (r; —r;) dV' + 3 (VZ-VJ-E)/ K(r,r') (r; —rg) (r; —r;) dV’

/

Corresponds to effective Replacing integrals by effective material parameters
material parameter

[Jind,i = jw|ai; E; + aijk (Vi Ex) + aijki (VijEl)]]
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Local vs Non-local Responses

ol

7 ‘ Z 07, AL
Classical (local) material Non-local material
Jind = jweE [de<r> / K(r,r') - E(r') dV’]

Local response
/’ aylor expansion

[Jind,i IQM [aijE>+ aijk (ViER) + aijki (VijEl)]}f Non-local responses
N————
Non-local responses are associated with spatial derivatives

—> If ayr #0, a0 #0  the structure is non-local

49



Isotropic Constitutive Relation

VS

Jind;i = jw [6i; Ej + aijr (Vi Ex) + aijri (V; Ve Ep]

D

L : 1
The constitutive relation D = ¢gE + —J;,q becomes
Jw

e

S

1
D; = eoF; + j_w(]ind,i = (€00ij + aij) Ej + aijxViEr + aijtiV;i Vi E

€ anisotropic permittivity, if isotropic = €=c¢l
Let us consider that ajk iS an iSOtropic teNSOr =P Ak = Ok

aijkaEj = a&ijijEk =aV X E

Let us also consider that ajx is an isotropic tensor
aiji Vi VB = [810ij0r1 + B1 (0ir0j1 + 0i0jk) + YeijmEmmt] Vi Vi = BVV - E+9V x V X E



Isotropic Constitutive Relation

D; = (€005 + aij) Ej + aijx Vi Ex + aijrV; Vi E

lAssuming isotropic material parameters

D=eE+aVXE+4+BVV - E+1V xV x E
\_Y—’ S~ ' —

local non-local

Let us transform this relation using the non-uniquess of the constitutive relations

D'=D+VxQ Since Q is an arbitrary vector, we may define
H =H + jwQ [le—%E
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Isotropic Constitutive Relation - First Substitution

D=eE+aVXE+VV-E4+19V XV X E

[le—%E

D’:D+V><Q1:eE+%VxE+BVV-E+'yV><V><E

1
H =H+ jwQ, = —B — juoFE

Mo 2

l Using Maxwell equation
VXE=—jwB
D’ = ¢E —jw%B +BVV -E+ V x (—jwyB)
1

H = B ju-E
Mo 2
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Isotropic Constitutive Relation — Second Substitution

We started from [ D=¢E+aVXE+VV-E+~7V XV X E

D =¢E - jw%B +BVV -E 4V x (—jwyB)
1

H = —B- ju-FE
Ho 2

l Let us make another substitution | Q2 = jwyB
D' =D +V x Q, :eE—jw%B+BVV-E

1
H' = H + jwQy = B - jw%E — wB

\ Bringing things together

4 ) f IU,O
D=ckE—-j5vB+3VV-E 'u_l—wZ,LLo’y
1 where <
H=-B—jvE  wa
M V=75
N J N 2




Bi-(An)isotropic Constitutive Relations

We started from D=¢cE+aV XE+VV-E+9V xV x E

( h o 140
D=¢E—jvB+8VV.E M_l—aﬂuov
1 where <
Remember that we H=-B— jvE oo
started with a purely L L ) \ V=

dielectric object

Einc in terms of D and B and

& E«a  assumingthat =0
D=cE+&tH

D= E+¢-H
— J—
0 B = CE + uH B=C-E+% H

Expressing these relationsl

General bi-anisotropic relations

2 2 . .
- jwaio . jwa
e=ctml=¢+—— 10 §=—jru=— ¢ =jvp=
8 4(1 — w?poy) 2(1 — w?poy) 2(1 — w?po)
In a staticcase: w =0 =—> € = €1 W= Ko E=(C=0
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A Word About Constitutive Relations

General form of the constitutive relations

Lorentz-covariant

Sometimes useful to consider
in anisotropic media because

S=ExH
k1l DxB

[ E ] Lorentz force

|:CD]_ P L
Hf M Q] LB F=¢E+vxB

Mapping relations

r L.qQ - .51]
—1 — ——1
-Q M Q

R

Better for modeling metamaterials

ol
ZII
|

I i
=

Kong, "Electromagnetic wave theory", 1986
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Medium response

D| _|e &| |[E

B| E 7 H
Polarized medium

[ J [ ] . [ J 8 A
. 4p -

Bi-Anisotropic Medium vs Particle

Medium polarization response

4 1 )
PZGO?ee'E_‘__?em'H
Co
— 1:
M:Xmm'H+_Xme'E
\§ "o J

Susceptibilities are unitless

Particle polarization response

f 1 R
pZEOEee'E+_aem‘H
Co
p— 1:
m:&mm'H+_ame'E
N "lo y,

Polarizabilities are unitless



Example of a Bi-Anisotropic Response

Omega particle

<A

Eee| P O)

Particle polarization response

[

Co
I —

m — Qmymm - H+ —0pe

Tlo

_ 1
pzeoaee'E+_aem‘H

o

\

J
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Chiral Response

Chirality means lack of mirror symmetry

Eexc
Sucrose Sucrose x é_»
mirror image k
HOCH, 5 HOCH; Hexc
H A OH \ AN 2
OH H A 4 Y
HO
H oHO L g e
HOCH, _O 0 CHoOH
H HO 1O H
H CH20H Lo, H
OH H H OH

Sucrose is a chiral molecule

Solution of
water + sugar

}

D =¢E + ¢(H
B=CE+uH

|

The solution is bi-
isotropic because
sugar molecules are
randomly oriented.

D = EEexc,xf( + fHexc,yy

H_/

We expect the generation
of cross polarization
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Classification of Bi-Anisotropic Media

Split the coupling matrices

—J

NI

Xem =

X = (7 + %)

v and k are decomposed as

(7,F} =D+S+A

\

diagonal i
symmetric  2nt-Sym.
= 1 — —

= 1 = =T
A:—<A—A )
2

Type Parameters Medium
Reciprocal D= 0, E = O,E #0 Omega
v=0 D=0.3 £0,A=0 Pseudochiral
x#0 D=0S#0.A%0 Pseudochiral omega
D +0, S= O,E =0 Pasteur (or biisotropic)
D +0, 5= O,E #0 Chiral omega
D +0, § + O,E =0 Anisotropic chiral
D +0, S + O,E #0 General reciprocal
Nonreciprocal E =0, E = O,E #0 Moving
V#0 D= 0, S + O,E =0 Pseudo Tellegen
k=0 D=0, S # 0,A #0 Moving pseudo Tellegen
D #* O,E = O,E =0 Tellegen
D #0, E = O,E #0 Moving Tellegen
D +0, S + O,E =0 Anisotropic Tellegen
D #0, S #* O,E #0 Nonreciprocal nonchiral
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What Have We Learned So Far....

Spatially dispersive medium are spatially nonlocal meaning that the response of a medium at a given
spatial position depends on an excitation at another location

Spatial dispersion (nonlocality) is modeled as a convolution in space of the material response in a similar
way as temporal dispersion is modeled as a convolution in time.

This spatial convolution may be simplified using a Taylor expansion leading to a dependence of the
medium response on field derivatives

In contrast to temporally dispersive effects, which must be causal and thus lead to loss as highlighted by
the Kramers-Kronig relations, spatially dispersive effects do not suffer from this limitation

Nonlocality comes from the presence of nonlocal material parameters. These parameters are associated
with spatial derivatives of the electric field. As such it leads to material parameters that are k dependent
Note that the fact that the reflection/transmission coefficients are generally functions of the incidence angle
(or k) is never a sufficient condition to conclude that a material is nonlocal.

Weak nonlocality leads to the appearance of artificial permittivity and permeability as well as electric-to-
magnetic coupling terms (bi-anisotropy).

Bi-isotropy is associated to chirality and thus rotation of polarization. Geometrically speaking, chirality
appears when an object does not exhibit mirror symmetries (e.g., a spring, sugar molecules, DNA, etc).
Bi-anisotropy is a general concept describing structures that exhibit electric and magnetic dipolar
responses from both electric and magnetic field excitations

You should be able to explain bi-anisotropy from the example of the Q particle 60



Lattice Spatial Dispersion
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Einc
k g,
(17
/fvpﬁ: Porlg 2

This is a 2D lattice along
x and y of period P

Lattice Green function

2D Lattice of Electric Dipoles

Field acting on the n=0 patrticle

Field produced by
Eact = Eine + E1 + E2 + -+ = Ejpe + Z E, each dipole at the

n#0 position ro
Using the Green function formalism, we have

— —]w,u/G r) A% P =polr)
J = jwP = jwp1d(r1)

Ei=w MG(I'l) ‘' P1
Dipole phase dependend
on incident wave

The acting field is thus : N
propagation direction

Eact = Einc + WQ,U Za(rn) "Pn  — P, = pe_jkll'rn

GL(k” =W ,MZG 6 —IkTn

n#0

¢ n#0

[Eact = Ejue + EL (k||) ’ p]
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Effective Nonlocal Polarizability

Let’s consider that the dipole moment is

k Eq P = a- Eact € [Eact — Einc + 6L(k”) P

A\ J/
'
Lattice Green function —
— — ort (k)
Gr(ky) =w? y_ Glrn)e 2 t
n70 Lattice nonlocality

Effective polarizability

[@(kﬁ = |

——1
«

-G

L (k)] 1]
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Lattice Green Function in Reciprocal Space

Lattice Green function Dyadic Green function
k n — = Vv L
GL(k” = w MZG ejr]<_ G(r):<I—|— 2)6
n#0 k 41r

582((1 Weyl identity (plane wave expansion of the Green function)

TR | |
_ e—Jay T d2 where ¢ = /k? — |q|?
% = I e |

The dyadic Green function in reciprocal space (atz = 0) is

lv — —7Jq

— 2 i T qq 2
al 0 I— ﬁ) d-q

G(r)

87rj

We use ¢ instead of k as the wavevector to avoid confusion with the wavevector of the incident field. g4



Lattice Green Function in Reciprocal Space

Lattice Green function Dyadic Green function in reciprocal space
XSRS U /P
n#0 87T ] q- k
G (k) I— —) —Ilagra) T g2
1) 87T ] > q]

ooqz 770
J/

Y

We next use Poisson
summation to simplify
this expression

— 2 _ 2
where ¢ = 4/ |q| -



Poisson Summation

How to compute ? 1D Poisson summation
e~ I @tk )T - — 2mm
,; Z f(na) = p Z F ( 0 ) <— Fourier transform of f
Y )= 2D version for a lattice Lattice vector
A
o O O 4
P Teee-STaa-n - (B
o O O "
Removing the n=0 element
S x 472
" D eI = 5(Q - A) -
A
Surface area n#0 A
A = P? . .
This applies that we can express

: A2
S edtartk T — % > o(q) +k—A) -1

0 A
n# 66



Lattice Green Function in Reciprocal Space

| | 4
87r2 // @ (T-55) Do evarthn = d2q) g S elanth: — — D dlay +kj —A) — 1
oo 1= A

n#0 n#0

Gr (k) =

\4

2

A
725(% +k—A) -1
A

1__

= Aw?p
(k) I—— §( k; — A)d?*q — I—— d?
2 2JA //ooqz Z ¥y = A da 3214 //ooqz Al

Integrating the Dirac delta over q results in nonzero values only when q; = A — k|
—_— CL)Z/,L 1 = QQ —self
G (k) = — — | I-— -G
[ L (k) 2jA ~ g, ( k? >

2mm 21mn
where Q =(qy,¢:) with ¢.=,/k? —|q)|> and 9 | and ( p P> 67

GL(k)) =

87‘(‘]

ooqz




Simplifications for Isotropic Case
Polarization vector
Effective polarizability For an isotropic case L

[Eeﬁ(km _ [5_1 B GL(k|)}1] — (k) = — —1SL(k||) where Sy, (k) =p - CGr(k)) - P

Let’s consider a TE-polarized incident wave in the xz-plane

The polarization vectoris p = §

Ein. = S’ <
EB\% The lattice sum simplifies to
. SL(kH) =y- GL(k“) Y% where k” = (kx, O)
H_I
P

Lattice Green function in reciprocal space

— 2 1 /= —self
G- (-9 7
A z
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Simplifications for Isotropic Case

Lattice Green function in reciprocal space
E,..=¥V =z 2
1nc . — w /’L 1 QQ —self
0 Suky) =3 - Gulky) -y <—[GL(k) QjAzA:q_z(I_?)_G ]
O— T l
A 2 2 Since k, =0
P L W= L 1 qy self Y
Su(k)) = 27 Zq_ ( T2 G, 0 = 2mn
A PF Y J=
l {1 (nA)g} Real part
T P depends on
S k L . Gself
L(K| 7 \eg P2 Z T 2 a2 vy <\the particle
mn A/ 1 ( 2 — sin 6’) (P) . 1.3
Im { G} =~

1 O7e
From the lattice sum, we can now H(

) — For more details., see secti'on 522 ir!
calculate the effective polarizability o=t — SL(k)) T eatromasneticar 2008 PP

2mm 21mn
where Q =(qy,¢:) with ¢.=,/k? —|q)|> and 9 | and ( p P> 69



What Have We Learned So Far....

Nonlocal responses may arise in isolated objects but an additional form of nonlocality appears in arrays of
particles due to the coupling between them

Such coupling effects may be investigated using a Green function (lattice sum) approach allowing us to
obtain the field acting on a given particle of the array as the sum of the incident field plus an infinite sum of
the contribution from all other particles

The lattice sum allows us to re-express the induced dipole moments in the array directly in terms of the
incident field instead of the local (acting) field

This leads to the definition of an effective polarizability expressed in terms of the polarizability of the
isolated particle and the lattice sum

This effective polarizability depends on the angle of incidence (k dependence), which corresponds to a
lattice nonlocal effect

It follows that even if the particle itself exhibits only local responses (e.g., no bi-anisotropy, only local
electric polarizability), placing this particle in an array will generally lead to nonlocal responses to due the
coupling between them

The lattice sum may be expressed in reciprocal space (Fourier space) in terms of a sum of propagating
and evanescent waves instead of a sum along the x and y direction (direct space)
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