Lecture 2

Waves



The Wave Equation



Maxwell Equations for an Anisotropic Medium

Maxwell equations in the i i i
Anisotropic medium response

absence of impressed sources

VxE=—jwB B=7u-H
V xH = jwD D=¢-E
V-B=0
V-D=0
vV - (ﬁH) — 0 Medium composed of
elongated molecules
V-(6-E)=0
E}D

vV-H=0 also notice that generally
H)B

In this case, we cannot conclude that
V-E=0




Wave Equation in an Anisotropic Medium

Maxwell equations Anisotropic constitutive relations

VxE=—jwB B=7xn-H
_ —
V xH = jwD D=¢E
e 1 __
VXE=—jwu-H — H:—.—ﬁl-(VxE)
jw
VxH=jwe E
1 1 _
V x [—,—,u VXE)] — jwe - E
jw

v x [:—1 (V% E)} — W% .E Cannot be further simplified
because € and p are matrices




Wave Equation in an Isotropic Medium

[Vx [ﬁ_l-(VxE)} w2E-E]

1
Isotropy £ — el l = ul -— I= [0
0
Vx [ (VX E)] =w?eE
: : : V xV x E = w?euE
In an isotropic medium
V-D=0 l wavenumber

V(V-E)—-V’E =w?equE  +—— 2 =uw?ep

where¢D = ¢E / l

V-E=0 [ V2E + k%E = 0 ]

S = O

— O O



What Have We Learned So Far....

An anisotropic medium is characterized by different refractive indices (or permittivities, etc) along the x,y and
z directions

Anisotropy is modeled with material parameters that take the form of matrices instead of scalar values

In anisotropic media, the vectors D and B are not necessarily aligned with E and H

Remember the form of the wave equation in an isotropic medium



Cartesian Wave Equation



Wave Equation in Cartesian Coordinates

V2E, E, 0
[V2E+k2E:O] —> |VPE,| +k*|Ey| = |0
V2E, E. 0

Can be solved for each component individually as a scalar equation

0? 0? 0?
Ox? * Oy? * 072

(V2 + k) U(z,y,2) = ( - kz) U(z,y,2) =0

Can be separated into three functions for x,y,z variables

U(z,y,2) = X(2)Y (y)Z(2)

The Laplacian operator is defined as
0*v  9*°V 9%V

2=V -VU =
\Y V-V 92 + B + 5,2




Splitting the Problem

82 02 82 )
(axz + B + 9.2 + kK ) U(zr,y,2) =0 1 — U(z,y,2) = X(2)Y(y)Z(2)
X'"YZ+XY"Z+XYZ"+E2XYZ =0
1 Divide by XYZ

The spatial variations of the X"z) Y'(y) Z"(2) g
function and its second-order X (z) + Yy + 20z + k* =

derivative are identical \ /

—k2 — k2 k2 4+ k=0

42/ \2\.

22 Z(z)+ k2Z(z) =0



Solution of the Wave Equation in Cartesian Coordinates

Vector wave equation Treat as scalar equation Separate variable

V2E 4+ E2FE = 0 —_— (V2 + k%) U(2,y,2) =0 = U(z,y,2) = X(2)Y (y)Z(2)

General solution Typically used to
_ o 4 \/ match wave guide
The final solution is cos k. cos kyy cos k,z |4 boundary conditions
tl:_orm_ed b¥ a ¢ U(x,y,2) =< sink,x sin kyy sin k, 2
C(:f:n t|rr]1at|o]rc1 0 ta_my 0 ptikam otikyy etik.z | Used for
e three functions :
g P propagating waves

!

General solution for propagation in a homogeneous medium
[ E = E(J{e_jk'r - Egeﬂ'k'r ]

7 \

Forward wave Backward wave
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Plane Waves in a Homogeneous Isotropic Medium

[ E = Eare_jk'r + Eaeﬂ'k'r ]

From Maxwelleg. V X E = —jwB

V-E=0
V-H=0

k-E=0
k-H=0

—» k

We will generally consider that ,
> E = Eqe kT

What about the magnetic field?

— B =yH —>

e—jk-r
H = k x E()
Wi

In general, we have

|

1~ -
HkxE]<—> [E:onk]where<
i

In an isotropic homogeneous medium

E1HIlKk

VXE=—jwuH
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Summary for Plane Waves In Lossless Isotropic Media

i
W

» k., S

In a lossless medium,
E and H are in phase !

General expression of the electric field

[ E = Ege 7K Tt ]

Relations between E and H

|

H=-kxE

) O

Time-average power flow in [W/m?]

In an isotropic homogeneous medium

<$:%mﬂExHﬂ:

(Poynting vector)
(assuming lossless medium)

Eo|?
2n

E1HIlKkK

k

Wave vector
k=FLt,X+ kyy + k.7

Wave number

w

Wave impedance
(lossless)

n = Eer
€

Normalized wave vector

.k
k=—
k|

12



What Have We Learned So Far....

The wave equation may be solved by separation of variables.

In Cartesian coordinates, this separation leads to solutions given in terms of cosine, sine and complex
exponential functions.

The cosine and sine solutions are typically used in conjunctions with boundary conditions for instance to
find the fields inside a rectangular wave guide. For free-space propagation, we use the complex
exponentials

When considering plane waves, we can replace the operator V by -jk

Know how to express the H in terms of E for a plane wave using k and vice versa

E, H and k form a right-hand triad

Remember the formula for the time-average Poynting vector (power density). It represents the direction in
which the power flows
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Plane Wave Polarization
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Plane Wave Polarization Vector

Let’s consider a plane wave propagating along z

[ E = Eoe—jk-rejwt ] el E = Eoe—jkzejwt

Jog
The polarization in the xy-planeis  Ey = E Cf)s 96.
sin fel v
Ellpictal polarization Linear polarization Circular polarization
General case [Oéa; = Oéy] [ 6 =m/4 ]
Ey Eo LCP RCP

A1) o NI
LV NN,




Linear Polarization as Sum of LCP and RCP Waves

Consider the sum of an LCP and RCP wave

o[

[ 1.] ej¢) e 7k —p E = Ej [

where ¢ is an arbitrary phase

j(1—e?

Jo :
1+e )] e—jkz — EO

-

\.

¢
_ , COS (—) . .

J —J
LCP RCP

sin (%)

Oblique linear polarization

to to
to + ot IQEOer(tO
-+ —_ —_

y,
+5t)
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Jones Calculus

Jones vectors represent the normalized polarization state of light
LP LCP RCP

cos fe'= A, A, cos 6 1 |1 1 1
- [ingee - m k] — 1= [4]) e [0 S0 %[

The transmission polarization effects of a system may be represented in terms of a Jones matrix

Examples:
Jones matrices representing polarizers
_ 2 -
Optical Linear polarizer along® T = oS .9 COS,HQS inf
system cos 0sin 6 sin“ 6
3. T Tt RCP polarizer LCP polarizer
= 1 ' = 1 —7
: il T
[Jout:T'Jm] 2= 1 2 17 1

Saleh, "Fundamentals of photonics”, 2019



Wave Retarders/ Wave Plates

A wave plate is a birefringent device that creates a phase %

shift I between the x- and y-components of the field - [

bl gl

(a) Quarter-wave retarder (b) Half-wave retarder

Saleh, "Fundamentals of photonics”, 2019
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Rotation of Jones Matrices

Y : i
yk 4 The Jones vector in Rotation matrix
! the rotated system . :
8' of coordinates is R(0) = cosf —sinf
““““ e _ sinf  cos®
‘‘‘‘‘‘‘‘‘‘‘‘ J/ — R(e) . J
_ _ Note that
Expressing J in terms of J’
| (o) = R(o)” =F(-0) |
[Jout — % Jln] —> ﬁ(9)_1 Jé)ut — % E(9)_1 ) Jin o J:)ut :\ﬁ(e) % ﬁ(9)_1 J:n
h'd
—/
Rotated Jones matrix T

[?’:ﬁ(e)-T.ﬁ(—e)]

19



Conversion Between Linear and Circular Bases

Transformation from

linear to circular bases Ecp = XLP—>CP -Erp
+: RCP
T 11 g / \ where
LP2CP = a1 —j E, E, -:LCP
E_ E,
1 [1 — 1 [1 1 [1 0
Example: Eip=—| .| = Emp=A Eip = — d-— .| =
p LP /2 L] CP LP—CP - LLp /2 [1 _]] /2 L] [1]

tow tmy]

In the linear polarization bases, the Jones matrix is Tip =
tyx tyy

Mapping relations between Jones matrices in linear and circular bases

I [ A _ X . % ,X_l _ 1 tow + yy — J(lay —tyz)  Taw — tyy + J(tay + tya)
B {tm tmy] ——1 T T — 1 { tor +to ottty Gty —to Aty —ty )
2 e =ty ity =) bty —ty) |



Birefringence and Dichroism

In the linear basis, different refractive indices along x and y leads to different t« and tyy

(Linear) birefringence Yy
— - S

- a—a— Medium composed
[na: 7 Ny — laz 7 tyy] 5—;&. of elongated

—— molecules

Circular birefringence is the difference of transmission phase between RCP and LCP waves

assuming t_,__ = t__|_ — (0 we have t++ — ejfb
. t__ =1 ¢ e
[tm twy] _ 1 [.’5++ +i— gty — t——)] I [txac txy] T b (2) St (2)
tye  tyy 2 [Jt—— —t4y)  tpqp i) byz  Tyy sin (%) COS (%)

Inducing a transmission phase shift between LCP
and RCP waves leads linear polarization rotation

Circular dichroism is the difference of transmission amplitude between RCP and LCP waves

| OD = (s [tr?) = (- + e+ P) |

21



Polarization of Obli

Plane of incidence (PI)

quely Propagating Waves

The field is decomposed into TE and TM components

E = AtgPTe + ATMPTM
E 4 A
k;, Erv ki y ki || (normal incidence)
Z TR fi f)TE — -
nx k; ) ~
axe] Kid
zZ ~ L kl X f)TE
PT™M = = -
[ Y g ki X PrE| Y,
T Optical system In the circular basis, we have
. L . . L. .
PRCP = \ﬁ (PT™ — JPTE) PLcP = V2 (PT™ + jPTE)
ki p
/ “TE” = “s” = transverse electric/perpendicular
= electric field perpendicular to the PI
For an optical system uniform along < R _
all in the same plane of incidence _ = electric field parallel to the Pl

22



Polarization Decomposition

Let’'s assume that the field E and its wave
vector k are known, how to decompose E
into TE, TM, LCP and RCP components?

E = AtgPrE + ATMDPTM

Linear basis

4 R . )
Erg = (prE - E) DrE

Erv = (Prv - E) Prvm
\_ J

Use vector projection

PTE

{;

TE

Circular basis

4 . A )
Ercp = (Prcp - E) Prcp

Ercp = (Prep - E) Prep
\RP (RCP ) y.

Note: complex vector projection requires
using the complex conjugate (*)

23



What Have We Learned So Far....

A linearly polarized wave may be expressed by a superposition of an LCP and RCP waves

Changing the phase shift between these LCP and RCP waves leads to a rotation of the corresponding
linear polarization. This is a mechanism used to design polarization rotators

Jones vectors describe the polarization of input and output waves. Jones matrices describe the
polarization response of an optical system

Remember the principle for rotating a matrix (change of basis)

Half-wave plates create a n phase shift between x and y polarized waves, which leads to polarization
rotation and a change of handedness for circularly polarized waves

Quarter-wave plates create a n/2 phase shift between x and y polarized waves, which leads to linear-to-
circular polarization conversion and vice versa

Linear birefringence refers to different refractive indices for x and y-polarized waves. Circular birefringence
refers to different refractive indices (typically phase shifts) for LCP and RCP waves. Circular dichroism is
different absorption for LCP and RCP waves.

Understand the mechanism to define TE, TM, LCP and RCP waves from the orientation of the device and
the direction of k

Understand how to obtain the TE, TM, LCP and RCP amplitude from a given electric field

24



Vector Transmission-Line Equations

25



Redundancy of Maxwell Equations

Maxwell equations in k-space

Maxwell equations
V x H = jweE

. VXE=—jwuH

V-H=0
V-E=0

If k is known, then it is sufficient
to know Ex and E, to define all
other field components.

k x H= —weE [ Assuming plane waves h
k xE=wuH — E, H oc e kT
k-H=0 V — —jk )
k-E=0
508 =F By dBy F (9208, = 0
1 1
E,=—— (ksEy + kyEy) H=—kxE
kz W

The z-component of the
field is fully defined from
the tangential ones

The magnetic field is fully

defined from the electric field

26



Impedance of Oblique TE and TM Waves

k x H= —weE »  EtE
k xE=wuH n
. yé—»ﬂf k T

.............................................. The normal field Components are samsmssssnsssnnsnnnnnnnnnnnnnnnnnnnnnnnnnnnnln

1
E.=—— (kyEy + kyE,)

k.
k.Ey — kB, =wpH, 1 k.Hy — k., H, = —wek),
H,=——(k;H, + k,H,)
9 kz Y-ty k2
kE.E,+-—=FE, =wuH k.H, + -—*H, = —wek
+ ; WH Ly In this example + k. wey
L2 k, =0 %
k—Em = wuH, Y k—Hg,j = —wek),
© TM and TE wave impedances ©
E k E W
- kn _we - Y = __M
H, we *’[ ZTM:E ] [ ZTE_k_n ] « H, k.

“n” is the component normal to the interface



Tangential Field Components for TE and TM Waves

The field may be decomposed into tangential and normal components

For a TM wave [ E=E; +nk, ] For a TE wave

l In the xy-plane

Ekn n E; || ki Ly 0
T E=|E,| + |0| E,
............................................... Et 1 n X kt 0 1
(ﬁthﬁth)'Et:ﬂth[(ﬁth)'Et] =0 ktkt'Et:kt(kt'Et>:O
dyad dyad
Definition of the dyadic or outer product
(o a0y axby azb,
ab=a®b=ab' = ay [bx by bz} = |ayb, ayb, ayub,
a, a,by azby a.b,

Tretyakov, Sergei. Analytical modeling in applied electromagnetics. Artech House, 2003. 28



Definition Example for the xy-plane

Plane of incidence (PI)

For a system in the xy-plane, we have that
k;, Etv ki
k. 0 —k,
Z TR i kt = ky and n= |0 — n X kt = kx
1 0
2y
The two dyadic products are then defined as
T Optical system
k:% kzky O k§ —kyky O
ktkt = k‘yk‘x k?} 0 n X ktfl X kt = —kykx k':% 0
k 0 0 0 0 0 0
t
/ Definition of the dyadic or outer product
(o a0y axby azb,
ab=a®b=ab! = ay [bx by bz] = |ayby ayb, ayub,
a, by azby a.b,

29



Tangential Field Components for TE and TM Waves

TM and TE wave impedances
W

. [ZTMZEJ [ZTE:]C_#]
n WE n

Generalized impedance dyadic

Axkixk B =0 §:ZTMktkt+ZTEn><ktn><kt kik: -E. =0
ki k¢
k]zl;t . E, = E; Generalized admittance dyadic n x ktgl x ky E;. = E;
t -_7'_ 1 kk 1 axkaxk &
B - Ztm k2 Zrg k2
All field components in terms of tangential electric field
" = . 1 1 —
[Ht — 41n X (Y . Et)] IlHn = _kt X Et ﬁEn = F— (kt Y Et) n
W WE

Top and bottom signs correspond to propagation in the positive and negative direction of n 30



What Have We Learned So Far....

Maxwell equations in the absences of sources (especially charges) are highly redundant

This redundancy allows us to find the H field and the normal component of the E field from the knowledge
of the tangential components of E and k

For instance, the divergence of E allows us to find E; in terms of Ex and E, and kyx and ky

For generality, we can define an impedance/admittance dyadic that allows us to find these field
components for arbitrary polarization and propagation angle
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Conventional Boundary Conditions

32



Maxwell equations
V xH = jwD
VxE=—jwB
V-D=0
V-B=0

Unit step function

1, z2>0
lﬂ@{o 2 <0
9,
@U(z) = 6(2)
Dirac delta

Unconventional Derivation

Splitting into tangential
and normal components

E=E,+nFE,
0

V=V n—
t+n8z

What is the z-derivative of a
discontinuous function ?

f‘(Z) f1(2)

z=0
9,
0z

The derivative of a discontinuous function blows up to infinity!

EltTTEZt

El,n—}é —>E2,n

A

//“\L//f@)f(@UU@ﬂ+fN@U@)

Taking the derivative along z and
>z applying the chain rule method

~—f(2) = FLAON -UE)]+ F(2)UR) + [f+0) = f-(0)]6(2)

33



Splitting Maxwell Equations into Normal and Tangential Parts

Maxwell equations

Splitting into tangential
and normal components

V X H:ij

VXE:—]wB E:Et+ﬁEn
0

V-D=0 “ . .v:vt—l—ﬁa—

V-B=0 After substitution Z

l example

. 0 .
(Vt +n$) - (By +10B,) =0

=0

!

0
Vt-Bt+—Bn:0 r——
0z

and simplification

EltTTEZt

Eine—pi—p oy

A

Vt X len + 83 (ﬁ X Ht) :]CUDt
Z

0
Vt X flEn 4= =— (fl X Et) = —](UBt

0z
0
Vt-Dt+—Dn:O
0z
0
Vt-Bt+—Bn:0
0z

These quantities must
be continuous at the
interface to avoid
Dirac deltas and fields
blowing up

34



Sourceless Boundary Conditions

0
Vt X len—|— —(fl X Ht) :]CLJDt

0z
. o . .
Vi x iE, + — (A X Ey) = —jwBq
0z
9,
Vt Dt—l_ —Dn :O
0z
9,
Vt Bt—|— —Bn :O
0z

\

}

AH; =Hs; —H;; =0
AE; =E; —E; ;=0
AD, = Doy — Dyn=0
ABy = Bay — Bin =0

—_—

These quantities must
be continuous at the
interface to avoid
Dirac deltas and fields
blowing up

Boundary conditions

% 2
H,: =Hy:
Eii=E>;
Dy = Dsyy
Bin=DBan

EltTTEZt

Ein—pi—pEo,

35



Boundary Conditions with Sources

( N
0
Vi x nH, + 92 (A x Hy) = +J:6(2) + jwDy 5
0 We now consider the
Ve x By + o (0 x By) = —K¢d(2) —jwBe | presence of surface TJ, K
tangential currents i
Vi - Dy + 2Dn = pe0(2) \ and charge densities Pes Pm
o —i
Vi B+ 5-Ba = pud(2) > 2
\ )

Boundary conditions

4 A
n x AHt = —|—Jt .
X In the presence of impressed sources,
n x AE; = —K4 these quantities must diverge. Their
AD, = p, divergence is equal to the Dirac sources
ABn = Pm

. J

36



What Have We Learned So Far....

* We can heuristically derive boundary conditions by considering field discontinuities
* In the absence of sources at the interface, the spatial derivatives across the interface must lead to non-

diverging values to prevent fields from blowing up. This allows us to find that the tangential parts of E and
H are continuous, whereas the normal parts of D and B are continuous across the interface.

* In the presence of sources, the fields are discontinuous such that their divergence (when taking the
derivative along z) is equal to these sources.

37



Scattering at an Interface
Between two Media

38



Why Waves Reflect?

: Can all the power be transmitted?
Can a wave fully transmit from

: : — =
?
medium 1 to :med|um 2 Are the Poynting vectors equal?
S =S5
Ei | Es
— | — Ei[*,  |E]?,
: zZ = Z
21 219 From the boundary
conditions, we know that
€1, 41 i €2, U2
: > 2 Eii=E>;
At normal, incidence
We either have
€1 = v Ei=E;; =Ey; = Eo
1 = €2
= i AN L m =15
€1 €2
or
(1 Lo Full transmission only if the two
Z = g media are (impedance) matched

39



Angular Scattering at an Interface

o Boundary conditions Incident, reflected and transmitted fields
r i E, J . ) ik,
N Ei = (Ey) +AE,) e/ "
85, = L2y N
: - —jkyor
B/ B, =Eyy | & E, = (E, +8E,)e™’
N ’ Y E, = (E, | + AE, ,) e /keT
€1, 41§ €2, U2 t ( t | tm)
> 2
H; e /7" + H, je /" = H, je /%" Snelllaw  Reflection law
El,”e_jklr _|_ Er,He—jkr'r _— Et’He_jktr /\ /\
ki, | = ki =k
l If the interface isatz =0
Hi,”e—jki,n'ru + Hn”e—jkr,n'rn — Ht,”e—jkt,n'rn
eIk T —Jke, Ty — —Jke, T Can only be
E; e + Eq e B e ™ satisfied if

40



>

........... O: N AT
i
E;
€1, L1 €2, L2

> 2

In the xz-plane

k; = kx,i)A( -+ kz,ii

Law of Reflection and Refraction

Snell law Reflection law

Y NN

k| =k =k

SN

ko sin 0 = k1 sin 6;

l kl = konl l
kg = ]6'0712

no sin 8y = nq sin 6; 0, =0,

Snell law Reflection law

kl sin 91 = kl sin Hr

41



Understanding Refraction

Refraction between dielectric materials

2

e, =4

e, = 1 A
— 20 _ X\
NG

Phase matching condition
forces the wave to bend

k| =k =k

42



Z
A

Understanding Refraction

> L » T
k‘g kong ka:,i — kx,t > k2
kye =0
ke, = ki, = ko) bew = /K3 — (B2, +K2,) €1

43



Refraction and Total Internal Reflection

6 = 28°

0.75

0.50

0.25

0.00

—0.25

—0.50

—-0.75

z
A

ny =2 k1 = kony

kz = kong

6 = 35°

1e—g Real{Ex} - TM (p) polarization
:

. Z-axis [m]

—-1.0 4

T T T T T
=-1.0 0.5 0.0 0.5 10

le—6

x-axis [m]

15

1.0

0.5

0.0

-1.0

=1.5

E; =Eq+ e~ Ike T 02

Evanescent wave
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Sourceless Boundary Conditions

: Boundary conditions Phase matching condition

EI‘ Et 4 \

N L H, ) =Hy o — Lo — k

. < > 6l = 2Ll = Bl

E /" E, ) =Ey
; ' ﬁ \. J

€1, 01 i €2, U2
' > 2 H; )+ H, ) =Hy

Vector transmission line Ei | +E,  =E;

Y B =Y B =Yy Ey

[H” — 14 x (?EQ] -

where Ei|+E, | =Ey
— N N —_= ——1
v o wekii | kB xkgn <k | Z=Y
kn k” Wk k“ = =—1
Ei | —E =212, -Ey

E | +E =E



Medium impedance dyadic

€1, 1

€2, 42

Solving for the Scattering Dyadics

7 —

ko Kk

(,ulufl X k”ﬁ X kH

We kﬁ

kn

2
ki

= =1
Ei | —E =212, -Ey
E | +E, =E

l Solving for Er,||7 Et,||

= — = —1
By =2 (Z+2:) -Ey

p— p— p— p— _1
Er,“ = (ZQ — Zl) . (Zl + Zg) . Ei,”

l

Scattering dyadics

No reflection if

— — — = =
fzzzg-(z1+z2) reflect
7y =7y

=1l
I

= = = = -
. Lo — Z1) : (Z1 + Z2) ) Impedance matching!
46




Field Scattering Parameters

Medium impedance dyadic Scattering dyadics
= = = p— St
= ky k”k“ W n x k“ﬂ X k” t =275 - (Zl =+ ZQ)
‘e 1 % k2 AN A
e k” . I T=(Zy— zl) ' (71 T 22)
\ J
For the TM case, the electric [ D
’ k = k. 2¢ok,
field has both normal and tom (K, ky) = 2 Pt™m -t PTM™m L = 2721 ki
tangential components. We kz,2 k1 €1kz,2 =+ 62kz,1 m
need to project the field to get (ko k) ki _ k1 €1k, o — €k, 1
i , TT™M (Fz ) = PTM ‘T PTM— — = ’ :
the tangential component xRy kon i e1ka2 + €2k 1
tre(ke, ky) = PTE -t PTE = 2hizkz 1
kap = \/k% — (k3 + k) o pokz 1+ pike o
= . _ ,LLka,l — ,Lblkz,Q

rTE(Kkz, ky) = PTE ' T - PTE
(e, k) pok, 1+ pik; 2

beo = /K3 — (K2 + k2)




> =

Field Scattering Parameters in One Plane of Incidence

............ LN AT
01
E" |
€1, U1 i €2, U2

> Z

These are field scattering
parameters not power !!

Since the media are uniform, we can restrict our analysis to a
single plane of incidence. Let’s use the xz-plane implying that

kz,l = kl COS (91 kz,Q = ]€2 COS 92

TM and TE Fresnel coefficients

215 cos 01 N9 cOs B3 — 11 cos 61

— T =
N cos B + np cos 61 ™ Mo cOs B + 11 cos 61
215 cos 01 Mo cos 01 — 11 cos B

_— T _—
N9 cOs 61 + 11 cos O TH Mo cOs 61 + 11 cos O

48



Power Coefficients

Power coefficients are obtained by considering the Poynting vector

1 1 . k x E, . * ’EO‘
S = —Re E x I‘I>|< — —Re E jk-r X e Jjk-r
< > 2 { } 2 {( 0 ) ( U.)/,L ) } 2]{?0770
Power coefficients are the ratios of the Poynting vectors normal to the interface

E,|° Re{@} 5
R (Szp(r=0)) _ 2Fkomo e R ON

2Im{k}-rRe { E }
25%

S,i(r=0 |Es| B2 E, = rE;
(5.4(r =0) %OWRQ{M} Ei
Et = tEl
<Sz t(I’ = 0)> 2]4:0’00 { } |Et‘2 kzt My 1 N g
T = ’ = = R =~ > R ’ :
(S..(r = 0)) B2 Re{ } AE © o © ko Either TE and
070

TM parameters
Power coefficients for lossy media

Power coefficients for lossless media

k2t r
T = |t|°Re { }Re{'u’l} R=|r|
Hr 2 kz,i

= |r|”

_ ’t’2771 cos 05
Mo cos 61
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What Have We Learned So Far....

To remove reflection between two media, their impedance must be the same. This is the case if the two
media are identical or if the ratio of their permittivity and permeability are equal

The application of the boundary conditions leads to the phase matching conditions from which we obtain
Snell law and the reflection law

Understand how to graphically represent and explain refraction/reflection

Total internal reflection leads to evanescent wave in the outside medium

Fresnel reflection and transmission coefficients are only for the fields not the power

To obtain the reflectance and transmittance (power), we must consider the ratio of the components of the
Poynting vectors normal to the interface.

The reflectance is expressed as the intensity of the reflection coefficient

The transmittance is expressed as the intensity of the transmission coefficient and also includes a
correcting factor to account for power conservation
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Nonuniform Plane Waves
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Wave Number and Wave Vector

Maxwell equations in k-space
kxH=—-weE ———--> kaXE:—w2,ueE
b

k x E=wuH ,
K.H =0 (k-E)k — (k-k)E = —k“E
k-E=0

(k-k—Ek)E=0

H_/

In general, the k-vector > k.-k = k2 p The wavenumber is

may be complex
k =
k =k, + 7k l wVer

[ k2 — k2 + 25k, - ki = wleu ]

if k,-k; =0 then this relation is real even though the wave vector is complex (ki# 0)!

A plane wave is uniform if k, || k;
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Uniform vs Nonuniform Waves

A plane wave is generally expressed as

E = Ege 7K = Ege /krrekir E—

Uniform plane wave in a lossy medium

The corresponding Poynting vector is

_ ‘E0|2 Qki-r

1
(S) = §Re {Ex H"} = e (keper + kigss)

2|

Total internal reflection leads to a

nonuniform evanescent wave

L z-axis [m] . )

|
-
o

"

e
=}
!

6 = 35°

1e—g Real{Ex} - TM (p) polarization
|

-1.0 —-0.5 0.0 0.5 10

x-axis [m]
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Leaky Waves

By “opening” the waveguide, we can —
make the guided wave leak out of it. \\
Large \ |
Small
leakag \ leakage

ki air /"

>z

waveguide
— 3 k
—_— K

S\

Waveguide

There is no absorption loss in this system only
scattering loss.

In the waveguide, the wave is uniform but the
wave that leaks out of it is nonuniform.

Figure 1. A rectangular waveguide with a slit cut along
the length.

https://doi.org/10.1109/MMM.2013.2259400 54
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Examples of Leaky Wave Metamaterials

Source
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What Have We Learned So Far....

The wave vector k may be decomposed in a real and imaginary vectors k. and k;
If k. and k; are collinear, the wave is uniform. Otherwise, the wave is non-uniform
Example of uniform waves are plane waves propagating in lossy media
Example of non-uniform waves are evanescent waves and leaky waves
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Special Angles
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Total Internal Reflection (TIR)

Snell law

[ nq sin01 =12 SiIl(92 ]

l Critical angle for TIR
The critical angle 6, = 6

0. — : na
is when 6, = 90° I nq

z
A

E >
g 0.0
N b L oms Basic prlnglple of
waveguiding
The critical angle defines an (optical fibers)
—— e - “escape cone” in which the light
x-axis [m] o

can leave the high-index material
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Fresnel TE reflection coefficient

M9 cos 1 — 11 cos B

Brewster Angles

Fresnel TM reflection coefficient
Mg cos By — 1y cos 01

_ 4 _
r — —
e 12 cos 01 + 11 cos Oy The Brewster angles ™ N2 cos B + 171 cos b
are when
Mo cos 01 = my cos O q M2 cos By = 1y cos 01
an
? cos? B, = % cos? O roav = 0 ? cos? Oy = % cos? 6,
2 1 y 2 1
#2 (1 — gin? 91) 2! (1 — gin? 02) it (1 — gin? 92) 3 (1 — gin? 91)
€9 €1 €2 €1
K2 1 —sin?6,) = H 1 — et sin? 61 | <= Using Snell law =» == H2 1 — aludl sin 6y | = il 1 — sin? 64
€2 €1 €242 J €2 €2 142 €1
. 9 H2 [ €21 — €12 . 9 €2 [ €12 — €21
sin” ¢y = — < ) <+— General solution p sin“0 = — ( )
€1\ pi— s o\ € — e

v

Assuming: €1 = €2

0B, TE = arcsin H2 arctan 2
V p1 + o V 11

V

Assuming: {1 =

0B, TMm = arcsin / = arctan , /




Brewster Angle Example

1e—6 Real{Ex} - TM (p) polarization
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x-axis[m]
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What Have We Learned So Far....

* The Brewster angle is when the reflection coefficient between two media is zero

* At the Brewster angle, we have separation of polarization since TM becomes reflection-less and only TE is
reflected. This can be used as a polarization splitter

* The Brewster angle is also useful for creating reflection-less systems and angular filters
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Surface Plasmons
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What are Surface Plasmons ?

Surface plasmon

X
L air
;:5556 €o
* _‘;LZ' €1
metal

https://en.wikipedia.org/wiki/Surface_plasmon#/
media/File:Sketch_of surface_plasmon.png

In the two media, the fields may be
expressed using non-uniform waves

Ei(2) = (Ba X + . 2)e"elem362
H;(z) = yHy,ie—'ﬂfﬂe—jﬁz

The wave vector is k = zZ — jr;X

We restrict our attention to TM waves and consider

Maxwell equations
V x H = jweE
VXE=—jwuH

[

% — —jﬁ] [(% — O]
jﬁﬂj = juweE,
O = jue.

JE, + 2% = juuH,
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Surface plasmon

https://en.wikipedia.org/wiki/Surface_plasmon#/

Solving Maxwell Equations

In the two media, the fields may be
expressed using non-uniform waves

media/File:Sketch_of surface_plasmon.png

In the bottom medium

JBHy 1 = jwer By 4
Kle%l = jWElEz,l
JBE 1+ k1B, 1 = jwpur Hy 1

2 2 2
ko,ur,ler,l — 5 — Rq

X
air Ei(2) = (Bp & + E. 2)e” 17l 7%
4-565"" 62
6, _ 3 o Rilz| ,—iBz
X _‘_L. H,(z) =yH, e e
5, < €1 ’
metal The wave vector is k = fz — jk;X
N In the top medium
JoHy, = jweE, jBHy 2 = jwesEy
< 8Hy _ j(,dEEz — | _/’/V'QHy,2 — ,]:WEQEZ,Q
Ox JBEy 2 — kol 9 = jwaHy o
, oF, ,
JBE; + B JwrHy , v .
- Y, Kopr,2€r,2 = 57 — K3

65



Applying Boundary Conditions

In the bottom medium

JBHy 1 = jwer By 1

Boundary conditions In the top medium

Hy1 = Hyo JBHy 2 = jwealy o

kiHy 1 = jwer k1 E.1=FE,» —koHy, 9 = jwes B, o
JBE 1+ k1B, 1 = jwpun Hy, \ M 2 — kol o = JwpaHy 2

Surface plasmon

https://en.wikipedia.org/wiki/Surface_plasmon#/

y,1:]w’i— z1——]w/€— 2,2 = y2
1 2

Existence condition

2 2 2
€r,1 €r,2 kO:ur,lEr,l — 6 — Ky

I :0
air P, , R
.. koir 2€r2 = B° — K3
|\€5Z
+ \‘

3 Z
2 2 €r,1€r,2
metal 2=k — | (1602 — e 2601)
€2 — 6

media/File:Sketch_of_surface_plasmon.png
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Applying Boundary Conditions

Existence condition Dispersion relation

€r,1 €r,2 2 2 €r,1€r,2
+ =0 B — k() 9 2 (,ur,ler,Q - ,LLr,Zer,l)
’{’1 ’{’2 6I‘,2 - 61’,1
assuming no magnetic response
Hr.1 = Hr2 = 1
R1 €r,1€r,2
€r,1 — — €2 6 — kO
€r,2 + €r,1

K2

since k1 > 0,k9 >0
For an “ideal” metal

One of the two media 0
must have a negative e —1_p
permittivity! => metal r,l = w2

wyp IS the plasma frequency that depends on the properties of the metal
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Normalized frequency, w/w
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Dispersion of a Surface Plasmon

surface plasmon frequency

light line
/ J w R Wp

§=ko == / v e

""""""""""""" in the air
“p

V2

wSp —

For an “ideal” metal
€r,1€r,2
B = ko

o

0.5

. | . . . asymptotic behavior when
1 15 2 2.5 3

Propagation constance, 3 €r,2 t+ €1 = 0
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What Have We Learned So Far....

A surface plasmon is a surface wave propagating at the interface between two media, one having a
positive permittivity and the other having a negative permittivity

A negative permittivity is typical for metals, so surface plasmon are generated on metals

Since tangential electric fields must be zero on the surface of a metal, the only polarization that allows
surface plasmon propagation is TM, whose electric field has a component normal to the metal

By solving Maxwell equations, we can find the dispersion relation of the surface plasmon

In a dispersion diagram (w-k), a plasmon is always below the light line. This means that a plasmon is stuck
on the metal and cannot leak out from it. As a consequence, this means that the plasmon cannot be
excited by a plane wave.

The only way to excite a plasmon is by generating an evanescent field (e.g., using a prism and total
internal reflection)

The dispersion of a plasmon is extremely sensitive to a variation of the refractive index making it great for
bio-sensing applications
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