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Quantum Computing Syllabus (Week 1-7)

* Fundamentals of quantum computing

= Qubit realization & control

= Cryo-CMOS components

= Scalable quantum computers

= Quantum communication, sensing, and metrology
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Fundamentals of Quantum Computing (2)

= Basic concepts

= Qubits & superposition

= 1-qubit measurement

= 1-qubit gates

= 2-qubit systems

= 2-qubit measurement

= Bloch sphere, again (last week — lan Glendinning/Vladimir)
» Unitary transforms

= 2-qubit gates

= Higher-qubit gates

» Encoding functions into unitaries
= Quantum algorithms: introduction
= Quantum arithmetic

» Quantum Fourier transform

Chapter 4-5

Quantum
Computation
and Quantum

Information
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Unitary Transforms
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=PFL  Review from Week1: Unitary Transform

= A unitary transformation is a specific rotation on the Bloch sphere
where condition (1) is satisfied

= Note that a transform requires time to be executed

A

’V/in> ] U — "//out>

v

time

(1) Uis aunitary operator when:UU" =U'U =1
"= conjugate and transpose
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Consequences

= For U the innerproduct is preserved:

P) = [¥)  [P) - D)

= Then u u

(@'|9') = (D|UTU|W) = (D|P)

= The reverse is also true, so if — iff.

= NB: unitary transformations preserve orthogonality, i.e. two orthogonal
inputs produce orthogonal outputs.

= NB1: If two outputs are orthogonal, then also the inputs must be so.



1-Qubit Gates Sofar
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Products of 1-qubit Unitaries
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2-qubit Gates



=rFL  Controlled-NOT Gate (C-NOT)
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=PFL  Controlled-NOT Gate (C-NOT)




EPFL  Generate a Bell State with a C-NOT
0 —] 1 2 lHlj v)
0 I ' T 1 1 100 0
00) —=[00) +—=[11) L0100
V2 V2 C-NOT, =| © )
0O 01 O

1 1 1 1
(5100411 o) =—75100)+ 110

Recall: Bell states are states that form an orthonormal
basis for the 4-dimensional Hilbert space of 2 qubits.




=L Controlled-Phase (C-PHASE)

|b> |b> ip\ab .
¢ x(e"”) C-PHASE, =
) Ila>

NB: when a phase is not specified, it is assumed to be
| .

S O O =
S O = O
S = O O

Source:
Leo DiCarlo



Simplifying a Quantum Circuit

= Simplifying a quantum circuit is necessary to minimize the gates
required to realize it.

= One can use these equalities:

— H|HF——=—1
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Simplifying a Quantum Circuit (2)

= The simplification process often requires adding Hadamard gates in
strategic locations

= Transformation from C-NOT to C-PHASE:
= I ne simpiricaton process ornen re

strategic locations
» Transformation from C-NOT to C-f

= NB: an arbitrary operation with n qubits can be implemented using a circuit
with 0(n?4") single-qubit and C-not gates (see Section 4.5.2).
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Higher-qubit Gates
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Toffoli Gate

= Also known as Controlled-Controlled-X (C-C-X) and Controlled-
Controlled-NOT (C-C-NOT).

)
2)
)

[€)
2)

|a(—Dbc>

= Another symbol:

X -

TOFFOLI =
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=PFL - Toffoli Gate Decomposition

N 1 0
|C> S - :(O in/2
|b) . A;(l 0
|a@bc> 0 e

T -
TT S F
T T I r H
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C-C-PHASE Gate

= C-PHASE, was defined as

) —e—)
|Z> Ié)x(ew)a ) :E

= The C-C-PHASE,, is defined as follows
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C-C-PHASE Gate Decomposition

(1 0
0 eiﬂ/Z

(10
O ei/r/4
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Encoding Functions into Unitaries



=PFL  Can we Encode Boolean Functions into Unitaries?

= Let f(x) be a m-dimensional mapping of an n-dimensional Boolean
variable x.

1x) = 1f (x))
X"y = 1f (X))

= Therefore:
(xlx') = 0 & (F(0)lf (x))=0

Not necessarily, since x, x" (where x # x') may give f(x) = f(x').
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- How about Maintaining a Copy of the Inputs?

= Let f(x) be a m-dimensional mapping of an n-dimensional Boolean

variable x.
|x) E— e — |X> |x1y> - |X,f(X))
ly) — — [f(x)) %', y") = 12, £ (x))

= Therefore:

(Y1, Y'Y = 0 & (x, FO, £ (x))=0

Not necessarily, since x = x’ and it is possible that y # y'.
Thus, F not unitary!



=P How about This?

= Let f(x) be a m-dimensional mapping of an n-dimensional Boolean
variable x.

|x) — — |x)

ly) — — |(y + f(x))mod M)




=PFL  Fis unitary!

= Let f(x) be a m-dimensional mapping of an n-dimensional Boolean

variable x.
|x) — - |c)
ly) — — |(y + f(x))mod M)

= Therefore:

(x,yIx",y") = 0 & (', (y + f(x))mod M|x', (y' + f (x"))mod M)=0

Thus, F unitary!



=L Example: Quantum Arithmetic

|x1> |x1)

|x0) — Osum — [xo)

ly) — — |[(y + x; + xo)mod 2)
|1) — — [x1)

|x0) — Ocarry — [xg)

ly) |(y + x1x0)mod 2)
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Quantum Parallelism

)y — , [ 1%
0y —_ 7 — If(x)
= Prepare a superposition of all possible x inputs:
|x) —H®"H — |x)
U
10) — |f(x))

N—1 N—1
1 1
10/0) aﬁ;um *TN;"” £ ()

= Evaluate function for all inputs in one go
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Quantum Algorithms: Introduction

Deutsch Algorithm
Grover Algorithm
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Recall: DiVincenzo Criteria for Quantum Computing
1. Ascalable physical system with well characterized qubits.

Long relevant decoherence times.
A “universal” set of quantum gates.
A qubit-specific measurement capability.

The ability to interconvert stationary and flying qubits.

N o oA W N

The ability to faithfully transmit flying qubits between specified
locations.

The ability to initialize the state of the qubits to a simple fiducial state.
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=PFL  Essence of a Quantum Algorithm

|0) — — |0)or |1)
|x) |x)
|0) — AN [0Yor 1)
(Js Uf Up M
10) — Y 1y ® Fo0) _ |0)or |1)

Maintain quantum coherence

= |nitialize qubits

= Create superposition

= Encode function in unitary
» Process

= Measure



Initialize Qubits

=PFL
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Create Maximum Superposition

cPFL

(/00000000) +...+|11111111))

17M1
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Deutsch’s Problem

= Classical problem:

You are given a black box with one of the four 1-bit to 1-bit Boolean
functions f;. Determine if the function is balanced or unbalanced.

= Quantum version of the problem:

You are given a quantum black box with one of functions f; encoded into
the unitary Ur,. Determine if the function is balanced or unbalanced.

fi S J3 Ja
0 0 0 0 070 0 0
—1 1><1 ] ] 1>~1

balanced™ unbalanced

*) Balanced means that the function gives ‘1’ for exactly half of the possible inputs and ‘0’ otherwise.
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Deutsch’s Problem (2)

= Classical problem:

You must make two calls to the black box to determine if the function is
balanced or not. You need to evaluate both ‘0’ and ‘1’.

n
In the worst case, you will need to perform 27 + 1 queries.

= Quantum version of the problem:
Only one call gives you the answer.

40



Deutsch’s Problem Quantum Solution

cPFL
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=PFL Deutsch’s Problem Quantum Solution (2)

0 — H Hx) U, i H 97\—

V= H HY) beSe)—

m=+1 ———— function is unbalanced

m=—]1 ——  function is balanced

Source:
Leo DiCarlo



=PFL Deutsch’s Problem Quantum Solution (2)

0 — H Hx U, SH H G0
V= HHY eswi—
o (0)+11)@(0)-n)
0)®(0)=11)+/1)®(10)-[1)

Source:
Leo DiCarlo



=PFL Deutsch’s Problem Quantum Solution (2)

H

0 — H Hx)
V= H HW
Case f(x)=0:

Case f(x)=1: |x)®(|0)-|1)) >|x)®(j0@1)-[1&1))

i

o

Z

— /7]

%) ®((0)=1)) =[x @(j0©0)-[190))
|

x)®(0)=[1)

=D ) ®(|0)=[1)

= @(1)-[0))
= (=D’ [x)®(|0)-[1))

Source:
Leo DiCarlo



=PFL Deutsch’s Problem Quantum Solution (2)

0) — H Hx U, - H q\:m

= H Ay eSx))—

I

(=D10)®(|0)=[1))+ (=111} ®([0)=[1))
(—l)f(o)(‘0>+( l)f(l) f(O)‘ >> (‘ > ‘1>

State of LSB is not changed by U..
State of the MSB is: quantum amplitude \x> multiplied by (-1
This trick is called quantum kickback.

) f(x)  Source:
Leo DiCarlo



=PFL Deutsch’s Problem Quantum Solution (2)

O A H Hx W H A

V= H Ay yef(x))—

0)®(|0)~1)) if f£(0)= /(1)
H®(|0)=[1)) if £(0)= £ (1)

function is unbalanced

Source:
Leo DiCarlo

m=—-1 ——  function is balanced
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The Search Problem

= Classical problem:
You are given a database (e.g. a series or a vector or a function)

£x) = {1 forx = x*

0 forx # x*

= Problem: find x*

= How many calls to f(x) are needed, on average?

Exercise

47
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The Search Problem

= Classical problem:
You are given a database (e.g. a series or a vector or a function)

£x) = {1 forx = x*

0 forx # x*

= Problem: find x*

= Quantum mechanically, 1 readout is enough.

48



Grover’s Search Algorithm

= Execute this sequence, calling the quantum box only once!

04 H — H H H
Nl ) = I —
S \
V4 H ) yesf)
- Answer: (+L+1)  x"=00
(my.m) = (Jrl,—l):> x" =01

49
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7
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I Grover’s analysis

“inversion about mean”

-L+1) x"=10

\(_19_1) x =11

Source:
Leo DiCarlo



=PFL - Example

S
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— /7]
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1 0 0)

0)+ H 1 0 0
ol m 01 0

1
2

~(/00)+/01)+[10)+|11)) %(]00>+]01>+\10>—\11>)

2
/27\—17’2

Source:
Leo DiCarlo
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Grover’s Analysis Step

a8

i H
j H /27\_m1

J

I Grover’s analysis
“inversion about mean”

Source:
Leo DiCarlo
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=PFL  Inversion about the Mean

aOO q aOl alO
- mean
ay,
1
amenn - ﬁ Z ai
'
ai - ai - amean - (ai - mean) - 2szean - ai
Case N=4:
-1 1 1 1
111 -1 1 1
M inv. about mean = 5 1 1 _1 1 Source:

1 1 1 =1 Leo DiCarlo



=PFL  Verify: Inversion about the Mean
1 1 1 1)-1000)1 1 1 1
- Il -1 1 =10 1 0 0f1 -1 1 -1
Groverdnabsis 411 1 -1 -1Jl0 0 1 Off1 1 -1 -1
1 -1 -1 1t )lo o o0 1)l1 F1 -1 1
1 1 1 1)-1 -1 -1 -1
11 -1 1 -1fl1 -1 1 -1
a1 1 -1 <111 -1 -1
1 -1 -1 1 ){l1 -1 -1 1
1 -1 -1 -1
-1 1 -1 -1 - H H —
2l-1 -1 1 -1
-1 -1 -1 1
N H H T Source:

| I Leo DiCarlo
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Grover’s Algorithm

= Grover’s algorithm grows
(number of calls) with the
square root of the number
of bits

= The best classical
algorithm still has a higher
complexity

Num iterations to max success

rs
N
@

»
H

w
N

-
[}

2 3 4 5 6 7 8 9 10 11 12 13 14 15
number of bits, n

56



=L The Bernstein-Vazirani Problem

e Consider the 8-to-1 bit function:
y = f(asx)

asx=ayx, ®a,x, Dax, Da,x, Da,x, ®a,x,Da,x,Dax,
a = a,a,a,a,a,a,a,a,

X = XgX; XXX, X3 X, X,
® Example ;
g=110100 11

x=01110010
f(x)=xe*a = (0+1+0+1+0+0+1+0) mod 2 =1

Source:

® You're given the classical and quantum black boxes. ‘
Leo DiCarlo

® Challenge: Find a
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The Bernstein-Vazirani Problem

® Execute this sequence calling the quantum black box once.

0){H ] |%s) x,) HEHZ -2
‘O> /27\_7
|0){ H |— —Iﬂl—gﬁi}%
e
H NF—4
02— LN HHH A
‘0\/ _|£|_g7\—_2
0| %) x) HIEH AR
{E} ) Y@ f(x)) |—
® Answer

m=—1=a,=1

Source:
Leo DiCarlo
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The Bernstein-Vazirani Problem 1- 5

—e—
L

® Execute this sequence calling the quantum black box once.

0){H—le a=11010011 | 7 e m,
0] . -
0)-H] s A=
0[] . A
0)-{H] [ H
‘O>‘|E lil_g\ﬂ%
0){z] ? (HH A
‘O>‘|E —Iil—/zﬁﬂl
1>61H|-|H|6-|HNH|-64HHHJ4HHH5L—

Source:
® Answer: Leo DiCarlo
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The Bernstein-Vazirani Problem

® Execute this sequence calling the quantum black box once. -
—e—
‘0>‘|E o a=11010011 !?I— Gﬁ_—ms
0){H] ’ HAE
0)-H] (HH A
0] ’ (HH A
0] A
0){1] (HH A
011 ’ (A
0] L HAF
1) ° ° ° l I

[ ]
>
=)
wn
s
@

- @l

Source:
Leo DiCarlo

0



=PFL  The Bernstein-Vazirani Problem

® Execute this sequence calling the quantum black box once.

D

a=11010011

/71

-m6

—]’}’ls

/71

L

L m,

—— N T T T =

—]’)’l1

O OO O oo oo

[am—
~—

N§ N§ N; N§ N§ N; N; N§

® Answer:

Source:
Leo DiCarlo
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=PFL  The Bernstein-Vazirani Problem

® Execute this sequence calling the quantum black box once.

a=11010011 — m,

]
X ]

/71

]

-m6

—]’}’ls

L]

/71

L

L m,

—— N T =

=]
]

—]’)’l1

O OO OO o OO

[am—
~—

N§ N§ N; N§ N§ N; N; N§

T

® Answer:

m=+l=a, =0

1

2

Source:
Leo DiCarlo
m=—1=a =1
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The Bernstein-Vazirani Problem

® Execute this sequence calling the quantum black box once.

—~ a =11010011
X

]

X]

=]
=]

== e e e e

—~— — — N T T

N§ N§ N§ N§ N§ N; N§ N§

T

® Answer:
m=+l=a =0

1 1 2

m=—1=a =1

Source:
Leo DiCarlo
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Quantum Arithmetic



EPFL Quantum Arithmetic

|21 ) |1 ) E T

|x0) — Osum [ | %) I
ly) — — |(y + x; + xy)mod 2) oo
|%1) — — |x;) o]
%0) | gearry [— 120 i
ly) |(y + x;x,)mod 2) | A :



=PFL - Example
f(x)=x" mod 8,
with

X =x,x, a 2-bit number

Is M, unitary?

U,

— |(»+ f(x)) mod 8)

NOoO ok WN O

Nooa,r,wWDN-~0|O

ONO AP WN-2 |-~

WNN-ONOOP~ N

3
1
2 (y+f(x)) mod 8
3
4
5
6 Yes! Orthogonal in
7 means orthogonal out. Source:
Leo DiCarlo
0
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=PFL - Example (Cont) "

f(x)=x> mod 8, |x>
with U

f
X = X,X, a 2-bit number |y> |(y + f(x)) mod 8>
1 xO
X 1 xO
xlxo x()
+ X X, X, 0
xx, D x, 0 Xo
XX, 0 Xo

Source:
Leo DiCarlo



=PFL Example (Cont)

f(x)=x" mod 8, |x> ] |x>
Wlth (]f
x = Xx,x, a 2-bit number |y> T |(y + f(x)) mod 8>
XoYohr Xoo
XIYO 0 xo
+ Vs N Yo
XV b @ XX, Dy, XY ® 1y x, @y,

So we need a circuit that implements the unitary transformation:

X, —> X

1 1

X, —> X,

0 (4

V2 — > Xy ®x%, @y,
Source:
N > X ® N Leo DiCarlo

- Yo — x0®yo
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=PFL  Example (Cont) - — -

X, —> X,

Vo — > X ®x1)?0 ®yz

o—> X, ®n

Yo —> xo@yo

N —— Source:

Note: Leo DiCarlo

@ = active high
O =active low
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Quantum Fourier Transform

Chapter 5

Quantum
Computation
and Quantum
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PFL  Conventional Discrete Fourier Transform

= Classical DFT:

Let input vector of complex numbers x,, ..., xy_1, Where Nis fix.

= DCT will output a vector y,, ..., yy_1, defined by

" N—1
_ E _2mijk/N
= X;e

Vi VN = g

71



Quantum Fourier Transform

= The quantum Fourier transform is exactly the same, except that it
transforms a qubit register k into j, whereas we use the orthonormal
basis |0), ..., |N — 1), where Nis also fix.

= The QFT is defined by

1 N-1
|] _)_zezmjk/le>
\/Nkzo

= The QFT is a unitary transformation.
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=PFL Quantum Fourier Transform

1 Uy

|\Pin> LIjour>

1 Source:
_N k:O . Leo DiCarlo



Examples
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Verification

L

L.
L

P

—
—
— | | ~
— —
— ~
— — — —
N~

Leo DiCarlo

Source:



=L Complexity of Quantum Fourier Transform

=« QFTrequires 1+ 2+ 3 + -+ n =n(n+ 1)/2 gates, so it is 0(n?).

= If the number of elementary operations necessary to execute a
quantum circuit grows polynomially with the number of qubits (n), then it
is said to be fast or efficient.

SIE)

- H
|‘{Ji11> lx % |LPout>

*—r
" INIE)
Sy
[SYE
=
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Thank you



