Exercise set #2
solutions

September 30, 2021

Exercise 1:

Given the following qubits:

02) = 2(100) +]01) + [10) +]11))
[0) = £(4]00) + 2(01) + 210 + 1)
W) = 5(7100) =i [o1) — [10) =i |11))
W) = £(0) i [1) +i12) — 3)

1 , 1
¥3) = —5(100) + 1110)) = = 1)

a) Are the qubits entangled?

@) = 75(10) + 1)) ® 5(

|Wy) = \%(2 10) + 1)) ® \%(2 |0) +|1)) - not entangled

|W3) - entangled

0) +1|1)) - not entangled



|Wy) = \%(|0> +i]1)) ® %(|0> +1[1)) - not entangled

|Ws) - entangled

b) Determine the tensor product X ® H.

0 0 1 1
XH_1001—1
®_751100

1 =10 0

¢) Determine the tensor product Z ® X.

01 0 0

10 0 O
QX =

00 0 -1

00 -1 0

d) Determine the tensor product X @ Y.

0 0 0 —

0 0 2 0
X®Y =
0 — 0 0

¢t 0 0 0

e) What is the result of applying X ® H to |¥;)?



0 0 1 1)\ (1 1
X@H|V) =75 R B = ’ = 5(]00) +[10))

1 1.0 0]]1 1

1 -10 o0/ \1 0

Exercise 2:

Given the following circuit:

|00) H U |1pout)

0)

(7

€

A
I
I
i
i
I
I
I
|

a) Determine U so that at point A the top register will be in the maximum

superposition state [U7) = 2(|0) + [1) + |2) + [3)).

11 1 1

1 -1 1 -1
U=H®H=4

1 1 -1 -1

1 -1 -1 1




b) What is the state of the three cubit system at point A?

(Wa) = %(I00> 10) + 01} [0) 4 [10) 0) + [11) |0))

= 2(0)+12)+ 14) + 16))

c) What is the state of the three cubit system at point B?

W) = 1(|00> |0) +|01) |0) + [10) |0) + [11) |0))
ONOT, 1(\oo> |0) +101) [0) + [10) |1) + |11) [1))
onor, 1<|oo> 0) + [01) [1) + [10) 1) + | 11) |0))

rmw=§w»+wwwm+w»

d) What is the probability we obtain m = 41 (outcome |0)) when we measure

the bottom qubit in the computational basis?

(W) =

N | —

(10 >|0>+!01>|1>+|10>|1>+|11>|0>)
1

5(100) + 1)) @ f 10) + 7(!01> +110)) ® % 1)

%I

H12.0)+0.1) —>p=3

SI

or



P = es (Unle) (e|¥p) = 3,
where S is the set of all basis vectors e such that the qubit
in question takes the requested measurement value.

In this case, S = {000,010, 100, 110}.

e) What is the final state |U,,;) of the top register when we obtained m = +1
(outcome |0)) when we measured the bottom qubit in the computational ba-
sis?

Wout) = |@+) = —5(]00) +[11))
f) Is the final state obtained at e) entangled?

Yes.



Exercise 3:

Given the following circuit:

|X1) — X X
|Wout)
xo) — X X
ly) D |(v + £ (xq, %)) mod 2)

a) What is the value of |W,,;)?

|\Ijout> == |£IZ’1LEQ>

b) Suppose |z1x9) = |00) and |y) = |0), what is the final three qubit state?

W) = (X ® X ® NTOFFOLI(X ® X ® I)[000) = |001)



c¢) Repeat for all the other input states and write the final value of the bottom

qubit into the following table:

(y + f(x1,20))mod 2

8
X

8
IS

=l R Rl Kl N B Nen )l Raw)
= O = O = O = O
e ] Bl sl E=l K== R evl el NG
e Bl o Nenl Henl Nanl Nan) I o

d) This function corresponds to that of a search problem with a specific
solution x*. What is x*7
x* =00

We will implement Grover’s algorithm as shown in the following figure:
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e) Determine the state of the system at points A,B,C',D and E, knowing

that the gate between C' and D has the following unitary:



o
—_
o
o o O

1
V8
Wp) = (X ® X ® ) TOFFOLI(X ® X ® I) [T ,)

Wa) = (H® H®H)[001) = —=(]0) = [1) +[2) = [3) + [4) = 5) +16) — [7))

= 0) 1) 12— 13+ ) — [5) + 16) — |7))

V8
) = (18 1 & 1)) = 2 (10) — 1) = 2 413 1)+ 15) ~ 16) +17)
-1 0 0 O
woy=(| © T e ey = S 10) +10) — 12) +13) — 14y +15) —16) + 7)
0 010 V8
0O 0 01

Vp)=HRH®I|Vp) = (—1000) + [001)) = |00) ® —=(—[0) + |1))

S

1
E

f) Which of the five states from e) have entanglement in the top two qubits?

¥5) = 5(=100) +101) +[10) + 1) © —=(0) ~ 1)
[We) = 5(100) = o) = [10) = [11)) & —=(10) — 1)



g) Did the algorithm succeed in finding z* = 007

Yes, the measurement outcome is "00” with 100% probability.



