
f) How can you use this circuit for testing whether |Ψ1〉 = |Ψ2〉? Explain

when your procedure works well, and when you will only gain some confi-

dence.

If |Ψ1〉 = |Ψ2〉 then p0 = 1 and p1 = 0 so we have 0% probability of mea-

suring a 1. This means that if at the end of the experiment we do measure

a 1, we can conclude that |Ψ1〉 6= |Ψ2〉 (p1 > 0). If we measure a 0, we

can’t draw a conclusion, so we would need to repeat the experiment multiple

times.

Exercise 2:

We will go through the steps of Shor’s algorithm to find the period r and

factorize N = 15 for a = 4.

a) For simplicity, we will only use 4 qubits for the top register. How many

qubits L do we need for the bottom register?

L = dlog2Ne = 4
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b) What is the state |ΨA〉 of all the qubits at point A?

|ΨA〉 = H⊗4 ⊗ I⊗4 |0〉 |0〉 =
1√
24

24−1∑
x=0

|x〉 |0〉

c) What is the state |ΨB〉 of all the qubits at point B?

|ΨB〉 = Uf |ΨA〉 =
1√
24

24−1∑
x=0

|x〉 |4x mod 15〉

=
1√
24

(|0〉 |1〉+ |1〉 |4〉+ |2〉 |1〉+ ...+ |15〉 |4〉)

d) What is the state |ΨC〉 of all the qubits at point C if we measured |1〉 in

the bottom register?

|ΨB〉 =
1√
23

(|0〉+ |2〉+ |4〉+ ...+ |14〉)⊗ 1√
2
|1〉

+
1√
23

(|1〉+ |3〉+ |5〉+ ...+ |15〉)⊗ 1√
2
|4〉

|ΨC〉 =
1√
23

(|0〉+ |2〉+ |4〉+ ...+ |14〉)

e) What is the state |ΨD〉 of the top register at point D?

The QFT transforms a qubit |j〉 into:
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|j〉 → 1√
N

N−1∑
k=0

e
2πijk
N |k〉

|ΨD〉 =
1√
23

1√
24

(
15∑
k=0

|k〉+
15∑
k=0

e
2πi2k
16 |k〉+

15∑
k=0

e
2πi4k
16 |k〉+ ...+

15∑
k=0

e
2πi14k

16 |k〉

)

=
1√
27

(
7∑

k=0

1 |0〉+
7∑

k=0

e
2πi2k·1

16 |1〉+
7∑

k=0

e
2πi2k·2

16 |2〉+
7∑

k=0

e
2πi2k·3

16 |3〉+ ...+
7∑

k=0

e
2πi2k·15

16 |15〉

)

f) What are the possible measurement outcomes for the top register? What

is the value of r in each case?

|ΨD〉 ≈
1√
27

(
7∑

k=0

1 |0〉+
7∑

k=0

e
2πi2k·8

16 |8〉

)

=
1√
27

(8 |0〉+ 8 |8〉)

If we measure |0〉 we can’t extract any information about r.

If we measure |8〉 then:

m′

16
≈ s

r
<=>

8

16
=

1

2
=> r = 2
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g) Use the r from e) to determine the prime factors of N .

r = 2 => a
r
2 + 1 = 41 + 1 = 5

a
r
2 − 1 = 41 − 1 = 3

p =gcd(5, N) = gcd(5, 15) = 5

q =gcd(3, N) = gcd(3, 15) = 3
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