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Where do we stand?

Week | Module Lecture topic Mini-projects

1 Strong and weak forms

2 . Galerkin method
Linear o ;

3 lastodviamics Finite element method Groups formation

4 ¢ Y Systematization of the procedure Project 1 statement

5 3d elements, numerical integration

6 Special Bars and trusses

7 structural Planar beams Project 1 submission
elements




Summary
m Recap week 6
m Euler-Bernoulli beams
m Geometric stiffness and buckling

m Timoshenko beams

Recommended readings
©® Logan, A first course in the finite element method, 6th ed. (chap. 4)
® Paz and Leigh, Structural dynamics, 6th ed. (chap. 10)

® Ferreira and Fantuzzi, MATLAB Codes for Finite Element Analysis, 2nd ed.
(chap. 6 and 10)



Recap week 6
Vibrations of bars and trusses



Non-oriented bar element

Differential equation governing the dynamics:

—»44,1—+

054, @

EAJ% jui(2,t) = pAiiy (2, 1)

m Displacements approximation:

') = B auoelt) = ) rae)] |00
m Linear local shape functions:
hi(z') =1— QZ and hao(z') = =
m Semi-discrete weak form:

5ql7;c (Mlociiloc(t) 2N Klocqloc(t) - floc(t)) =10
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Non-oriented bar element discretization

m Element stiffness matrix in local coordinates:

a1 ,  [f ()2 MRy ., EA[1 -1
Kiem [ P4 g = [ 2A [l Gl =52 (4 7]

m Element consistent mass matrix in local coordinates:

£ 2
_ T ’r_ (hl) h1ho ;o pAf 2 1
Mo —/0 pA H'H dz —/ pA [h2h1 (h)? di’ = =1 5

m Element applied loads vector in local coordinates:
SO LN P
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Arbitrarly oriented bar element

m Displacements in local coordinates:

Y
Qloc = [qix’ QQx]T (/'/_’.1
Q2y
m Displacements in global coordinates: CEE q. ® G2z
q= [C_I1:c, d1y, 492z, q2y]T Ty y 2/ |
Yyrj---——-—------ 1z ‘
m Relation between local and 0 @ 3
global displacements: 1 952 o
diz
¢1»| _ [cos(8) sin(P) 0 0 qiy
o I 0  cos(f) sin(0)| |
N q2
Qloc T )
——
q
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Discretization of arbitrarly oriented bar

m Element stiffness matrix in global coordinates:

2a | TG0 it e
K = T'KioT = A cos?(0) sin (@) cos(0)
Symm. sin?(0)

m Element consistent mass matrix in global coordinates:

2cos?(f) 2sin(#) cos() cos?(f) sin (@) cos(0)

T _ pAL 2sin?(0) sin (@) cos(0) sin?(6)
M =T" Mo T = 6 2cos?(f)  2sin(f) cos(h)
Symm. 2sin?()
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Illustrative example

Plane truss: structure composed of oriented bar elements that all lies in a
common plane and are connected by frictionless pins.

T vz 3 Elements ‘ Nodes ‘ °0 ‘ 4
1 1,2 90° 120 mm
2 1,3 | 45° | 120v/2 mm
N (CH7N 3 1,4 | 0° | 120mm
Elementary stiffness and mass matrices:
o - K = °“TK;,.°T
. © : e=1,2,3
‘M = eTMlO(:eT

10,000
1 120
S y

Global stiffness and mass matrices: K = Ag,l K and M = Ag,l ¢M.
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Euler-Bernoulli planar beams



What is a beam?

Considered to be a uniaxial (slender) element: the longitudinal direction is
sufficiently larger than the other two.

Cross-section does not change along the element’s length.

Subjected to transversal loading that produced significant bending effects.

Very common type of structures used in steel buildings, bridges, towers, etc...
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Euler-Bernoulli beam assumptions

Thin beam theory

m Planar cross section perpendicular to the
longitudinal centroidal axis of the beam
remains planar and perpendicular to the
longitudinal axis after bending occurs.

BERNOULLI
beam

m Shear deformations €15 of the planar cross
section are neglected.

m The beam cross-section is infinitely rigid in
its own plane.

m Reasonable model for slender structures
made of isotropic materials.
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Euler-Bernoulli beam assumptions

Valid for: slender beams (h/¢ < 1/100).

R\%

(Credit: Chatzi and Egger)
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Timoshenko beam assumptions

Thick beam theory

m Planar cross section perpendicular to the
longitudinal centroidal axis of the beam
remains planar but not necessarily
perpendicular to the longitudinal beam
axis after bending occurs.

m Shear deformations €12 of the planar cross
section are considered.

m Reasonable model for beams made of
composite material that require the shear
effect account.
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Timoshenko beam assumptions

Valid for: slender beams (h/¢ < 1/100) and thick beams (h/¢ > 1/10).

, v

(Credit: Chatzi and Egger)
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Kinematic assumptions for planar Euler-Bernoulli beam

©® The beam dynamics will be restricted to the O(z,y) plane.

® The beam cross-section remains planar after deformation.

® Lines that are straight and perpendicular to the beam axis remain straight

and perpendicular during deformation.

g 0
p P
SRR R R R RR R R R G
\
\ 1
E>Aap>l

Variables:

m u(z,t) axial displacement

Euler-Bernoulli planar beams

X

Model parameters:

Loads:

s M bending moment

A cross-sectional area p 5
E Young’s modulus at free end
. 3 m P load at
p material density
: ; free end
I moment of inertia » distrib d
¢ length m p distribute

transversal load

m uy(x,t) transversal displacement
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Displacements field

Introduce an auxiliary variable f3(x,t) representing the total rotation of the
section around the Oz axis. Rotations are positive in clockwise direction.

m The first Euler-Bernoulli assumption implies

2 12 - uz = 0.
) n 05 m The second Euler-Bernoulli assumption implies
! > | up = —ybs (rotation-azxial displ.)
§ m The third Euler-Bernoulli assumption implies

03 = Opu9 (rotation-transversal displ.)

Only one unknown: transversal displacement ug(x,t).
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Stress, strain and displacement fields

Strain-displacement relationships

Substituting the displacement field u into € = Vu yield to :

2
€11 = Gxul = —yﬁmuQ €99 = Oyug =0

€12 = Ogup + Oyuy = Oyug — 03 =0 €33 = €23 =¢€13 =10

Generalized Hooke’s law

Using the linear relationship for homogeneous and isotropic material, o = Ce, is
possible to write the stress field in term of the strain field as :

o11 = (A +2G)eny 022 = Ae11
033 = Ae11 o12 =013 =023 =0
where \ = W and the shear modulus G = 2(17% are Lamé constants.
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Dynamic equilibrium equations
The theoretical stresses do not agree well with the experimental measurements.
Additional assumptions regarding the stress field
o11 = Een, and 092 = 033 = 012 = 013 = 023 = 0.

Justification : the dimension of the cross-section is much smaller that the beam length.

pAtiadx m Equilibrium of transverse forces:

V. + V48,Vds

i 0;V +p = pAii
JI(T : l> M + 0, Mdx b= Pt
1 m Equilibrium of moments:
pdz .M +V =0
dx

M = —/ Yoi1 dA = —/ yEEH dA = Ef(r)ir'll,g
A A
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Strong form for transversal vibrations for Euler-Bernoulli beam

The strong form consists of finding the transversal displacement
ug € C4([0,£] x [0,T)]) such that the following equilibrium equation is satisfied:

02, (E192,us) + pAiis = p.
Coupled with four boundary conditions:

u(0,t) = 0 Oy (—EI02,u2) (L,t) = P
dyuz(0,t) = 0 EIO? us(l,t) = M

and two initial conditions:

uz(x,0) = up(z) Ua(x,0) = vo(x)
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Weak form for transversal vibrations for Euler-Bernoulli beam

Find the transversal displacement us € U such that the following equation is
satisfied for every virtual transversal displacement dug € V:

l 0 ¢
EI92,u3 02,6us do + / pAiig dug dr = / pdug dx + M Suy(0) + P Sua(l)
0 0

U = {us(-,t) € H*(]0,4]) | u2(0,t) =9 u2(0 t) =0Vt €0, T[}
V= {buy € H2(]0,£[) | duz(0) = dub(0) =0}

The Sobolev space H?(]0, £[) is the defined as:

H2(J0, 4]) = {f e £2(10,4]) | /Ol (0uf(x))? da < o0, / 2 f(2))? dz < oo}
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Approximated transversal displacement

m Euler-Bernoulli theory states that both transversal displacement us and
rotation A3 = d,us must be differentiable within finite elements and
continuous between elements.

m Shape functions that meet this requirement are said to have C! continuity.

Cubic vs. linear elements. credit: /vy

Assume the approximated transversal displacement to be

ull(z,t) = az(t)x® + ag(t)z? + ay(t)z + ao(t)
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Nodal degrees of freedom within a beam element

¢2z

ub(z,t)

¢1z

Euler-Bernoulli planar beams

Parameters shift:

ap, ai, Az, a3 =  qly, G2y, P1z, P22

A planar beam element has two DOF's per node:

m ¢, et g2, nodal displacements in the
transverse direction.

m 1, et ¢2,: nodal rotations around the
axis normal to the beam plane.

Dynamic analysis of planar beams
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Hermite C! shape functions

m Expressing the approximated displacement u” as a function of the nodal four
DOFs yield to:

QIy(t)
w(e,t) = H(@)a(t) = [ (@), hale), ha(a), ma@)] |2
G2y (1)
¢2z (t)
m Cubic local shape functions:
hi(z) = 2(x/€)3 — 3(z/0)? + 1 ha(z) = 3(z/0)? — 2(z/0)?
hy(z) = z(1 — z/£)? ha(x) = x(z/l)(x/l — 1)

m Virtual displacement approximation follows the same logic:

5uh(az) = H(z)dq where 0q = [du1, 0p1z, 0qay, 5oz
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Hermite C! shape functions visualizations

1.2

0.8

0.6

0.4

0.2

—0.2

Translational shape functions

— hi(x) — hs(x)

0.2 0.4 0.6

Euler-Bernoulli planar beams

0.8

— ha(z) — hy(z)
0.6
0.4

0.2

—0.2

—0.4

—0.6

Rotational shape functions

Dynamic analysis of planar beams 23 / 44



Element stiffness matrix

0
K:/ EI B'B dx
0

(W2 AR BB

0 12 AN

h hoh

- ), &1 "t
Symm.

12 60 —12 6/

_EI 42 —60 207

03 12 —64

Symm. 402

The deformation matrix is

— = M@ @

By
nigh
Ay
(h)?

dx

hg(z)  hi()]

Euler-Bernoulli planar beams
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Element consistent mass matrix

l
M:/ pA HTH dzx
(0]

(h1)?>  hiha  hihs  hihy

¢ (h2)?  hohs  hohy
—/OpA (h3)2 haha dz
Symm. (hq)?
156 220 54 —13¢
_ pAL 407 130 302
T 420 156 —22¢
Symm. 402
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Element lumped mass matrix

m Assumption that the mass of the structure is lumped at the nodal coordinates
where translational displacements are defined.

m Inertial effect associated with any rotational degree of freedom is usually
assumed to be zero.

m Recall that p A is the mass per unit length along the beam, then the lumped
mass matrix is defined as

(\V]
e e o =
S O O O
O = O O
o O O O
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Applied loads

m Uniformly distributed load:
l

1

p(t) ¢ e | ¢/6

YV VYV YV VPV VYV VY YV YV VY VY Y I‘:/p(t)Hdezp(z) {
0

—0/6

An uniform transverse load can be replaced by two equivalent transverse nodes
loads of value (pf)/2 and by two equivalent nodal moments of values +pf?/12.

m Concentrated loads:

d p(t) 4 N
| —
| )

T
r(t) = P(t)H (d) r(t) = M(1) % (d)
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Post-processing: approximation of bending moment and shear force

m The approximated bending moment along the beam element is
M"(z,t) = EI9? ub(z,t) = EIB(z)q(t).

m The approximated shear force along the beam element is

Vh(z,) = —0,M"(z,1) = —EI %( Ya(t).
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MATLAB examples

m A Cantilever beam subjected to a downward force

m A clamped-clamped beam in free vibration.

» Go to Matlab Drive
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https://drive.mathworks.com/sharing/6a9792ef-d0a7-4aca-a1d0-8b1862b0ac3b

Geometric stiffness




Beam subjected to axial loads

m Consider a beam subjected to axial forces N applied at both ends.

Y

4
A
8

. E7A>IO7I

m Beam carrying large axial loads or undergoing large displacements have
nonlinear behavior arising from the internal moments that are the product of
the axial loads and the displacements transverse to the loads.

m The stiffness coefficients k;; must be modified by the presence of the axial
force to the corresponding geometric stiffness coefficients kfj
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Geometric stiffness matrix

k‘igj is defined as the force corresponding to the nodal coordinate ¢ due to a unit
displacement at coordinate j and resulting for the axial force .

Calculation of k{Q: vertical force at node 1 due to a unit rotation 9 = 1 caused
by the axial force N. May be evaluated by the principle of virtual work:

o= [ i

Geometric stiffness

dW = Né.

By similar triangles we have

O B dhy(z)
dhi(z)  dx
_dhy,  dhy
de = I (z) T (z) dz

)ha(x
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Geometric stiffness matrix

m In general, any geometric stiffness coefficient may be expressed as

¢
9 __ / /
kij —N/O h;(x)h;(x) dzx

m We define the geometric stiffness matrix as:

¢ T
ngN/ Cls el o
o dr dx

m When N is constant along the beam length we obtain

36 3¢ —36 3¢
g N |30 4 -3¢ -
300 |-36 -3¢ 36 -3¢
3¢ -0 -3¢ 47
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Example: stability of Bernoulli beam

» Go to Matlab Drive
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Timoshenko planar beam




Higher-order deformation theories for beams

m Classical beam theory (Euler-Bernoulli) is a zero-order

shear deformation theory.

(@)
Undeformed

u m Timoshenko theory is a first-order shear deformation
theory. Cross-sectional planes remain straight but not
necessarily perpendicular to the mid-surface.

® Displacements are linear functions through thickness.
® In-plane strains are linear in z.

(c) . .
® Shear strains are constant in z.

m Third-order shear deformation theory: normal
cross-sectional planes to the mid-surface can rotate and
deform.

()

® Displacements are cubic functions through thickness.
® [n-plane strains are cubic in z.
® Shear strains are quadratic in z.
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Kinematic assumptions for planar Timoshenko beam

©® The beam dynamics will be restricted to the O(z,y) plane.

® The beam cross-section remains planar after deformation.

® Lines that are straight and perpendicular to the geometrical beam axis remain
straight but not necessarily perpendicular during deformation.

g 0
p P
SRR R R R RR R R R G
\
\ 1
E>Aap>l

Variables:

m u(z,t) axial displacement

Timoshenko planar beam

Model parameters:

Loads:

s M bending moment

A cross-sectional area p 5
E Young’s modulus at free end
. 3 m P load at
p material density
: ; free end
I moment of inertia » distrib d
¢ length m p distribute

transversal load

m uy(x,t) transversal displacement
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Displacements field

Introduce an auxiliary variable 65(x,t) representing the total rotation of the
section around the Oz axis. Rotations are positive in clockwise direction.

U2
4 ” m The first Timoshenko assumption implies
N bl
T 93 uz = 0.
Y
g m The second Timoshenko assumption implies
- up = —ybs (rotation-azial displ.)

Two unknowns: uy(z,t) transversal displacement and 03(x,t) rotation of the
section around the Oz axis.

Timoshenko planar beam Dynamic analysis of planar beams
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Stress, strain and displacement fields

Strain-displacement relationships

Substituting the displacement field u into € = Vu yield to :

2 3
€11 = Oxul = —yamuQ €99 = OyUQ

€12 = Orpus + Oyus = Orus — O3 €33 =¢€3 =¢€13=0

Generalized Hooke’s law

Using the linear relationship for homogeneous and isotropic material, o = Ce, is
possible to write the stress field in term of the strain field as :

o11 = (A +2G)en o12 = 2Ger2
0922 = 033 = A1l o013 =023 =0
where \ = W and the shear modulus G = 2(17% are Lamé constants.
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Dynamic equilibrium equations

Additional assumptions regarding the stress field

o1 = Eey1, o012 =2Geq2 and 022 = 033 = 013 = 023 = 0.

pAiiadz m Equilibrium of transverse forces:
V. 4 V+0,Vds

M @ Q; D M + 9, Mdzx 0V +p = pdiia
} m Equilibrium of moments:
.. pdx i
plOsdx O M +V = plOs
dz

V = / 012 dA = kGAélg = kGA(@aﬂLQ - 93)
A

M= _/ yo11 dA = —/ yFEe11 dA = FI10,05
A A
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Strong form for transversal vibrations for Timoshenko beam

The weak formulation of the problem consists of finding the transversal
displacement uy € C%([0, 4] x [0,7]) and the rotation 63 € C%([0,] x [0,7]) such
that the following equilibrium equations, boundary and initial conditions are
satisfied.

Oy (kJGA(aIUQ = (93)) +p= pAilg
82 (EI10,05) + kG A(dyus — 03) = pIfs

In matrix form: VICV,u + f = Mii, where

O O [kGA 0| |0, —1| |u2 n p| _[pA O UQ
1 0, 0 EIl|({0 0, |05 0 |0 pI||6;

vT C Vo u f M i
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Boundary conditions

uz(0,t) = 0 kGA(Ozuz(l,t) — 05(4,1)) = P

03(0,¢) = 0 EI0,05(0,t) = M

In matrix form: let f = [P, M]” then

u(0,t) =
CV,u(l,t) =f
Initial conditions
’LLQ(.%', 0) = UO(':U) ’LLQ(I‘,O) = UO(J;)
03(,0) = fo() 03(x,0) = ¢o(x)

In matrix form: ug = [ug, 6o]7 and vo = [vg, ¢o]T then

u(xa 0) = Ug

u(z,0) = vo
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Weak form for transversal vibrations for Timoshenko beam

The weak formulation of the problem consists in finding the unknown function
u € U which satisfies the equation Yéu € V:

0 l l
/ (Vuou)' C (V,u)de + / ou"Midz = / outfdz + suT (0)f.
0 0 0

The function spaces U and V are defined as follows

U= {u = {u,05}" | uz(-,t) € H'(J0,€));05(-,t) € H(]0,€[);u2(0,t) = 03(0,t) = 0} ;
V= {au = {Suz, 5057 | Sus € H(]0, £]); 605 € H(]0, £]); Sua(0) = 665(0) = o} .
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Displacement approximation

m We approximate the generalized displacement using the ansatz:
u”(x,t) = H(x)q(t) and sul(x) = H(x)dq

m Cubic shape functions are used to approximate the transversal displacement and
linear shape functions for the rotation field:

_ hS hs h§ RS
0 AL 0 K

hi(z) = 2(x/€)* — 3(x/€)* + 1 h§(z) = 3(2/6)? — 2(x/¢)?
h5(z) = x(1 - z/0)? hi(z) = z(z/)(z/¢ — 1)
Rl(z)=1—x/¢ B (z) = z/¢

m q(t) is a vector of (unknown) nodal displacements and dq is a vector of constants:

q(t) = [ qlu(t) ¢lz(t) q2u(t) ¢2z(t) ]T and éq: [ 6QIy 6¢lz 6q2y 6¢22 }T
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Deformation, stiffness, mass matrices and loads vector

m B = V,H is the deformation matrix:

B _ | Oh Ophg — ht O.h§  Oh§ — hb
0 O ht 0 O hl,

m The stiffness K and mass Ma matrices and load vector r are defined as

Y4
K= / BTCB dz,
0]
¥4
Ma = / H MH dz,
0]

Y4
r(t) = / HTf dz + HY ().
0

m The semi-discrete equations of motion are given by

Maq(t) + Kq(t) = r(t).
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MATLAB example - modal analysis of a Timoshenko beam

» Go to Matlab Drive
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