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Where do we stand?

Week | Module Lecture topic Mini-projects
1 Strong and weak forms
2 . Galerkin method
Linear — :
3 clastodvnamics Finite element method Groups formation
4 Y Systematization of the procedure Project 1 statement
5 3d elements, numerical integration




Summary
m Recap week 4
m Solid finite elements
m Numerical integration
m MATLAB PDE Toolbox examples

m Abaqus example

Recommended readings
@ Gmiir, Dynamique des structures (§3.1, §3.2, and §3.3)



Recap week 4



Localization and assembly

m Localization: real and virtual displacements are restricted to each finite
element and are expressed in terms of local shape functions and nodal
displacements:

cul(x,t) = “H(x)°q(t) and ©du’(x) = “H(x)°q.

m Localization matrices °L : boolean matrices that map local to global node
numbering.

m Elementary quantities: elementary stiffness matrix °K, elementary mass
matrix *M, and elementary force vector °r are computed for each element.

m Assembly: global matrices and vectors are assembled using the localization
matrices:

m m

K = Z&K - ZeLTeKeL and T = Aer - ZELT%
e=1

e=1 e=1 e=1
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The local finite element point of view (in 2d)

Every finite element €2 has:
m Number of nodes “p,

m Connectivity (°p x 1),

m °q vector of nodal displacements (2°p x 1),

m “u vector of displacements (2 x 1),

m “h; local shape functions (i = 1,...,°p),

m “H local shape functions matrix (2 x 2p),

m ‘K local stiffness matrix (2°p x 2°p),

m M local mass matrices (2°p x 2°p),

m °r local loads vector (2°p x 1).
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Archetypal to local
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Paradigm shift: many with few

¥~ Main idea: instead of working with local shape functions ¢h; (one per node!)

we will deduce them from a small set of archetypal (or master) shape
functions “h; defined on an archetypal element via a transformation 7.

" Clever idea: the transformation T itself is defined in terms of archetypal
shape functions and nodes coordinates:

€]

°T : x(§) = “H(&)'x = Y _ “hi()°x;

i=1

IE" Archetypal elements follows established conventions (node numbering and
nodes coordinates) that one needs to adopt.
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The clever idea

Nodes: Master functions Connectivity
X1, ., Xp “hy,...,%e, table
Transformations Local shape functions
YT o o PO ‘hy,...,%h,
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Concrete example: bilinear triangular element (2d)

Node id | Local | Node id | Global
local Coord | global coord.
1 (0,0) 4 (Ta,y1) &
2 (1,0) 8 (78, ys) 3
3 (0,1) 5 (z5,9s5)

Base (archetypal) functions:

hi=1-& —&

“hy =&
“hy =&
Transformation:

17, z(&1,62) = Tah1 + x8hg + T5hy = T4 + (25 — 24)61 + (5 — T4)&2
w6, &) = yaha + yshe + yshs = ya + (ys — ya)é1 + (y5 — ya)&2
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Consequence 1: explicit use of local shape functions is avoided

m The coordinate transformation ¢7"~! maps shape functions on ¢ to the
master element space 2%:

“H(x) = “H(“T"' (%))
m An example of a relationship between local and archetypal shape function:

1h8(x> y) = ahQ (51(1', y)> 52(33, y))

I¥" In general, the inverse transformations ¢7~! : (51 (z,y),&(x, y)) are not
easy to compute since the expressions in x(&) are nonlinear.

¥ Although the local functions “h; can have intricate expressions, their
explicit computation is not required !
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Consequence 2: integration over archetypal elements

Thanks to €T, the integrals over €€) in the definitions of elementary stiffness and
mass matrices and elementary loads vectors can be computed over the regular
element 2% by performing a change of variables:

/(...)dQ TR /(...)6jd§1d§2
EQ a

0 replaced by 851 852
o 371,351 + 371,‘962

where €j is the determinant of the Jacobian matrix ¢J of the transformation €T

IZ” For each transformation, it is necessary to compute the Jacobian
matrix, its determinant, and its inverse.
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Concrete example: bilinear triangular element (2d)

m Transformation:

I z(§1,82) = zah1 + x8ho + 25h3 = T4 + (¥8 — T4)61 + (75 — T4)E2
| y(&1, &) = yaha + ysha + yshs = ya + (ys — ya)é1 + (ys — ya)&2

m Jacobian matrix:

IJ _ [(%/851 8x/8£2] _ |:«738 — X4 X5 — :L’4j|
dy/0&  dy/0& Ys — Y4 Y5 — Y4

m Jacobian determinant:
1j=det'J = (w5 — 4)(y5 — ya) — (x5 — 74)(ys — Y1)
m Jacobian inverse matrix:

1J1:1[$8—$4 —$5+964]
G l-ys+tys ys—ya
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Concrete example: bilinear triangular element (2d)

m Local mass matrix:

lM _ paHTaH 1j dg
Qa
ST kel SRy hsl
— / p|ohet T OR2T  hothal| 1jdeade,
“ |%h3%h I *h3%hsol ah%l

m Local stiffness matrix:

'K = (Veohil3 1T C (Veoh 1371 'j déadé,
Qa
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Assembly of the mass matrix: local to global

Sp2l  ohyohyl Oy Ohsl "My "My ‘Mg
Inv = p [he®mI  h3T  %hohgl| €jdéadéy = "My Moy 1Mo
Q* |apgah I Thg®hol @RI M3 M3z Mas

We assembly local mass matrices into the global ones using the assembly operator:

m m
M = AEM:ZELTeMeL Node id. | Node id.
e=1 e=1 local global
where 1 4
2 8
0 00I 00 O0U DO 3 5
L=10 00000 O0TI
0 00 OI 0 O0UDO
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Assembly of the mass matrix: local to global

0 0 O 0 0 0 0 0

0 0 O 0 0 00 0

0 0 O 0 0 0 0 0
17 Tl gl 0 00 'M;; ™3 0 0 My
LML =10 0 0 1My My 0 0 'Msy

0 0 0 0 0 0 0 0

0 0 O 0 0 0 0 0

0 0 0 'My 'My; 0 0 'My |
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3D finite elements




Three-dimensional families of finite elements

Hexahedral

Tetrahedral

Serendipity

Prismatic

3D finite elements

Hexahedral

Lagrangian

Tetrahedral

Prismatic
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Serendipity vs Lagrangian elements

Lagrangian finite elements
m Defined using Lagrange polynomials.
m Nodes are placed at both element edges and inside the element.

m Suitable for higher-order accuracy in both structured and unstructured
meshes.

Serendipity finite elements
m Defined using a reduced number of nodes compared to Lagrangian elements.

m Nodes exist only on the edges (no interior nodes for 2D elements or nodes on
faces for 3D elements).

m More computationally efficient but less accurate for high-order
approximations.
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Trilinear hexahedral Lagrangian element

Z,
o
=9
¢”]

Coordinates

0 g O U i W N =
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Base functions for trilinear Lagrangian hexahedral elements

%hy = 0.125(1 — &1)(1 — &9)(1 — &3)
“hy = 0.125(1 + &1)(1 — &) (1 — &)
“hs = 0.125(1 + &1)(1 + &) (1 — &)
®hy =0.125(1 — £1)(1 + &) (1 — &3)
“hs = 0.125(1 — &1)(1 — &) (1 + &)
“he = 0.125(1 + &) (1 — &)(1 + &)
“hy = 0.125(1 + &) (1 + &) (1 + &3)
hg = 0.125(1 — &1)(1 + &)(1 + &3)
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Triquadratic hexahedral Lagrangian element
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Triquadratic hexahedral serendipity element
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Trilinear tetrahedral Lagrangian

Node ‘ Coordinates

1 (0,0,0)
2 (1,0,0)
3 (0,1,0)
4 (0,0,1)

Base functions
*h1=1-&6-& &
“hy =&

“hy = &
hy = &3

3D finite elements

element

&1
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Triquadratic tetrahedral Lagrangian element

&3
Coordinates e
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Triquadratic tetrahedral serendipidy element
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Trilinear prismatic Lagrangian element

Node | Coordinates
1 (0,0,—1)

2 (1,0,—1)

3 (0,1,-1)

4 (0,0,1)

5 (1,0,1)

6 (0,1,1)

Base functions
“hi=(1-& —&)(1—-&)/2
“he =&(1—&3)/2
“hs = &(1 —&3)/2
“hy=(1-& —&)(1+&)/2
“hs = &1(1+&3)/2
“he = §2(1 +&3)/2

3D finite elements

&3

13
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Triquadratic prismatic Lagrangian element
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Triquadratic prismatic serendipidy element
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Numerical integration




Gauss-Legendre quadrature

m Numerical integration helps automate the calculation of the elementary
quantities °K, M and “r.

m Integration is approximated as:

L T2 T3

/f g~ SO Y wletid f(ElL €, €5)

i=1 j=1 k=1

where £} are known as Gauss points and w] are their associated Gauss weights.

IS" If f is a polynomial of degree d; = 2r; — 1 in the variable &;, then the
Gauss-Legendre approximation formula is exact.

Numerical integration Solid elements and numerical integration 28 / 38



Numerical integration over hexahedral solid elements

This allows us to compute the stiffness matrix, the mass matrix and the load
vector numerically as:

Ty T2 T3

Krd Y ) wiwl} [(Ve"HI HTC(V HT )]

&1= 51762 52755 53
i=1 j=1 k=1

L T2 T3

M~ > Y wwiw} [p*H “H] 1= £a=€] £3=th

i=1 j=1 k=1

T T2 T3

ry  To
N 1~ Ta 1.2 3 T v
T lel%l JQ [aH f} &1=£1 62=4 Zzzwlw wk aH f] &1=¢4 6o=¢] &3=¢£5
=il =

=1 j=1 k=1
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An illustration of Gauss points - 2d elements
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An illustration of Gauss points - 3d elements

£ point nodal
3
point de
Gauss /;;2
S

(Credit: Thomas Gmiir - Dynamique numérique des solides et des structures)
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Numerical integration in 3d

Hexahedral

/_11 /_11 /_ 11f A&y dgdss

Prismatic

e / 1 / o / 11  ddésdés

Tetrahedral

/01 /01_51 /01_&_52 [ d&1dEadEs
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Gauss-Legendre numerical integration

Hexahedral e T
1,1 pl — ~ Wy wzwkf 51152)63)
/ / / f dérdeades zgjzlkzl ’
1J-1J
Prismatic
T1 T2
1 1-& 1 == w12w;§f 51752753)
/ / / 1 dévdésdes VL2
o Jo =1l
Tetrahedral -
1 e 66 — Y WP f(EL 6,8)
/ / / fdedesdes =
o Jo 0
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Example of numerical integration using Gauss-Legendre quadrature in 2d

4
/Q f(6 G)dede Y wif (€ €))
=1

Gauss points (&, €4) | Weights (w;)
(1/5,1/5) 25/96
(3/5,1/5) 25/96
(1/5,3/5) 25/96
(1/3,1/3) 9/32

m Since we are using 2 Gauss points in each direction, the approximation is
exact for polynomials of degree up to 3 in each variable.
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Number of Gauss points for exact integration

Trilinear hexahedral element

m Basis functions are linear in each variable.
m Exact integration with:

® 2 x 2 x 2 Gauss points for “M
® ] x 1 x 1 Gauss points for °K

if the element is not distorted.
m Note that in case of distortion:

® Jacobian is a function of £ : ¢j = €j(&)

e ¢J-1 =¢J~1(¢) function of ¢ at the denominator.
° 85? = %—?ﬂ‘l is not a polynomial function of &
anymore.

I Gauss quadrature will never be exact in case of distortion.
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Number of Gauss points for exact integration

Rule for exact integration: evaluate the number of Gauss points on the
archetypal element Q¢ (not on ¢Q2). Let n; be the maximum number of nodes in
direction &;.

m Hexahedral: nq, x no x ng Gauss points.
m Prismatic: nio x ng Gauss points.

m Tetrahedral: ni23 Gauss points

Example of exact integration for mass matrix:
m Trilinear Hexahedral: ny X ng xng =2 x 2 x 2
m Trilinear Tetrahedral: nio3 =5

m Trilinear Prismatic: nis X ng =4 x 2
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Comparison of exact and reduced integration

Exact integration Reduced integration
v/ Integrals are computed exactly v/ Reduction of computational costs
v Monotonicity of convergence X Loss of monotonicity of convergence
X Overestimation of stiffness X Hourglass effect in hexahedral
X Risk of locking in linear elements structured meshes

Selective reduced integration:

m involves using fewer integration points in certain areas and more in others,
based on the specific requirements of the analysis,

m reduce computational costs while maintaining accuracy in critical areas,

m mitigate the hourglass effect.
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MATLAB PDE Toolbox




Examples

@ Error analysis: exact vs numerical integration
® Tuning fork example from MATLAB PDE Toolbox

® Transient linear analysis of cantilever beam

» Go to Matlab Drive
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https://drive.mathworks.com/sharing/6a9792ef-d0a7-4aca-a1d0-8b1862b0ac3b
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