Most flows are unstable...
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Rayleigh-Plateau Tearing instability

Rayleigh-Benard Coiling instability

Benard-Marangoni  Kelvin-Helmholtz



Taylor Couette

W//r
LSS S I
|

| 7777 |



Taylor Couette

Movie by Garcia, Chomaz, Huerre, LadHyX, France



Taylor Couette

Movie by Garcia, Chomaz, Huerre, LadHyX, France

— Rouleauz annulaires de Taylor. (a) Ta/Ta. = 1.1; (b) Ta/Ta, = 6.0,
rouleaur ondulants apparus suite a une instablité secondaire (A = 2nR/4). (Fenster-
macher, Swinney € Gollub 1979).
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Taylor Couette

Cascade of instabilities

d/dt=0; d/d8=0; d/dz=0;
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Taylor Couette

Cascade of instabilities

Taylor vortices

d/dt=0; d/d8=0; d/dz=0;

d/dt=0; d/d8=0; d/dyeO0:;
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Taylor Couette

Cascade of instabilities

Taylor vortices

Ondulated vortices

d/dt=0; d/d8=0; d/dz=0;

d/dt=0: d/d8=0: d/§¢=0:

d/dt=0; d/§8=0; d/&&=0;



Taylor Couette

Cascade of instabilities

Taylor vortices Ondulated vortices Wavy vortices
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d/dt=0; d/d6=0; d/dz=0; dldt=0: d/d8=0; d/9€=0;  d/dt=0: d/§R=0: d/@€C d/$E0; d/PR=0; d/§&=0;
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Instability analysis:

Physical mechanism

Equations and boundary conditions
Base state

Linearized equations

Normal mode expansion

Dispersion relation

Analysis of the dispersion relation
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Navier-Stokes

A A
{ \ ”~ Y

Du, ug ~Op 5 2 Qug Uy
p(Dt—T) - 8T+M<VUT T289_T2>
Dug  upug\  10p (2 2 Ouy ue>

p(Dt " r ) - 7“89+M vu9+r2 00 r?
Du,  Op )
i~ 8z+'uv 0

2 ( +u 0 +u98

Dt \ot or r o
10 9% 10

2 _ —

v _(T8T+8T2+7“26’92+822

—) convective derivative

) Laplacian



Navier-Stokes

inertia pressure stress  viscous stress
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Base flow

Uy _ op
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Boundary conditions

Ug(R,) = R,
Ug(Ry) = Rofdy
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General solution

Ug(r) = Ar+ B/r

Boundary conditions

B 0 R3 — O R7

R _R R_R




Rayleigh criterion

Rayleigh criterion: A necessary and sufficient condition for stability of the {O, Uy(r), 0} basic

flow (r €] Ry, Ry[) to inviscid axisymmetric perturbations, is that @ (rUy)* /9r > 0 everywhere
in [Rl, RQ]

Inviscid flow
steady flow
axisymmetric flow

parallel flow

unidirectional flow




Rayleigh criterion

Rayleigh criterion: A necessary and sufficient condition for stability of the {O, Uy(r), 0} basic

flow (r €] Ry, Ry[) to inviscid axisymmetric perturbations, is that @ (rUy)* /9r > 0 everywhere
in [Rl, RQ]

Inviscid flow po=10
steady flow 3/ ot =0
axisymmetric flow 0/00 = 0
parallel flow 0/0z2 =0
unidirectional flow {0, Ug(r), 0}

pUz [r = OP/0r




Mechanism for Rayleigh Criterion
Let us move an annulus of flow at r, to

Velocity profile before
moving annulus

d
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another location r, >r,

r r+or

Kelvin’s theorem:
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Velocity after
moving annulus



Mechanism for Rayleigh Criterion
Let us move an annulus of flow at r, to

Velocity profile before
moving annulus

d
W D

another location r, >r,

r r+or
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o dr

Kelvin’s theorem:

ug(ra) = (10/1a)Us(13)

Centrifugal force/ Pressure balance
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Velocity after
moving annulus

pUz [r = OP/0r




Centrifugal instabilities

Mechanism and Rayleigh criterion 1916
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t pud(ra)/ra > (dP/dr)(ry) = pUg(ra)/74
centrifugal force > pressure gradient

= The annulus further escapes towards high r
= UNSTABLE



Centrifugal instabilities

Mechanism and Rayleigh criterion 1916
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new velocity
t pui(ra)/ra < (dP/dr)(ro) = pU2(ra) /74

centrifugal force < pressure gradient

= The annulus is brought back to its initial position
= STABLE



Centrifugal instabilities

Mechanism and Rayleigh criterion 1916
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Condition for stability UQQ (Tb)rg < U92 (Ta)T

d(rUy)” /dr > 0




Centrifugal instabilities

Mechanism and Rayleigh criterion 1916
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Condition for stability UQQ (Tb)rg < U92 (Ta)T

d(rUy)” /dr > 0

UgG>0 axial vorticity
¢=1/r d(rug)/dr




The half viscous analysis

Inviscid analysis of a viscous base flow

Velocity profile

The base flow velocity profile is only selected by viscosity!



The half viscous analysis

Inviscid analysis of a viscous base flow

Velocity profile

if stable, viscosity is expected to be further stabilizing

if unstable, we expect a critical Reynolds number



The half viscous analysis

Inviscid analysis of a viscous base flow?

viscous time?

convective time?



The half viscous analysis

Inviscid analysis of a viscous base flow

Ty = (RQ - R1>2/V viscous time

TUy = (RQ — Rl)/(QgRg) convective time

TV/TUQ — (RQ — Rl)QgRg/l/ = R€2 Reynolds number

(a) (b)
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Rayleigh criterion

d(TUQ)Q/dT — 4A’r(Ar2 + B) <0

Unstable if QQ’T’% < Qﬂ“%




Comparison Theory/Experiment

(

QQT% < Qﬁf



Comparison Theory/Experiment
Q, |

UNSTABLE

Inviscid analysis
Viscous analysis

UNSTABLE




Comparison Theory/Experiment
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) Comparison between observed and calculated speeds at which instability first appears in the case
when Ry = 3.55 cm, Ry = 4.035 cm (from Taylor, 1923).



