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SPATIALLY DEVELOPING SHEAR FLOWS

Flat plate boundary layer

%

Mixing layer

Cylinder wake

Plane channel flow

2D jet




PARALLEL FLOW CONCEPTS
Viscous 3D instabilities

3D Navier - Stokes equations

V.-U=40,
U

= +(U-V)U=- VP4

2
Rev U

Basic flow + perturbation
U(x,t) = U(y)e: + u(x,1)
P(x,t) = B(z) + p(x, t)
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PARALLEL FLOW CONCEPTS
Viscous 3D 1nstabilities

Squire’s transformation

l}zzkg-f-kz, c=C¢,

ki = ki + k0, 0=10, plk=plks.
kRe = kz Re
3D dispersion relation
2 1 L2\1/2
Re) = | n1/2 (kz + B2k B
D(k,w;Re) = D |(k% + k2 i w: T AR Rel =0

To each oblique mode (k,w) of temporal growth rate w;, at Reynolds
number Re, corresponds a two-dimensional mode (k, w) of larger

growth rate &; = wi\/k2 + k2/kg, at a lower Reynolds number Re =
Rek,/\/k2 + k2.



2D PARALLEL FLOW CONCEPTS
Dispersion relation
2D vorticity equation

( o oV o ov o )

2 4
9 _ U= vl
o " ayar  oran) v

Re

Basic flow + perturbation

W(r,t) = /U(y)dervﬁ(I,y,t)

Linear vorticity equation

J J 2 n, OO0 1y
((NHJ( )df)vu U () 5> = o=V



2D PARALLEL FLOW CONCEPTS
Dispersion relation

Normal mode decomposition
bz, y,t) = Re {cb(y) ei(’”"“’t)}

Orr-Sommerfeld equation

A .
V)~ = K~ 0706 = o (- 1) o

o(y) =0 at y = oo
Dispersion relation

D(k,w; Re) =0



Viscosity has limited stabilizing influence on K-H instability

Re:= AU /v

0 0,2
Wi — R
AU 1 +@/0,2Re

constant




Viscosity has stabilizing influence on K-H instability

0.2
018 5000004 i
OOo OOO _
000 o)
0161 o 5% °c % Re=10000 -
o o OOoOOOoO Cq o C
) ©,% o %% "o o
I 014} OOOOO oy o o _ |
on © Re—50 o © o
012} Co Oo OO o —
00
o} o o ©
0.1} SR o = .
: o
500 Re=10 o , ©
0.08}- 00° © 5 © -
o© _ i @ 5 0©
© o o P
0.06 | e © _, o o
© o o}
0041  ©Og . o © -
o)

@O . 0O (@) © O
0.02F o '- - o .
00 O O o @ o

O
ole 1 I I I I I I | Q@ o ©



PARALLEL FLOW CONCEPTS
Viscous instabilities

Hyperbolic tangent mixing layer

stable unstable

®;>0
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SPATIALLY DEVELOPING SHEAR FLOWS

Flat plate boundary layer

%

Mixing layer

Cylinder wake

Plane channel flow

2D jet




What about stable flows (no inflexion point)?
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Plane poiseullle flow
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Plane poiseuille flow; Re=10000; a=1, =0
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Eigenfunction and critical layer L

+1

-1

Fig. 8.3. Even eigenfunction at ¥ = 1 and Re = 10% for the eigenvalue
¢ = 0.23 + 0.0037: in plane Poiseuille flow. After Drazin and Reid (1981),

original results of Thomas (1953).

Critical layer at y, where U(y.)~c

Y — k*¢) —U"(y) ¢ = : i — k%) ¢
| T ik Re \ dy? "‘




Eigenfunction and critical layer L
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Fig. 8-3~_ Even eigenfunction at ¥ = 1 and Re = 10% for the eigenvalue
c _ 0.0037¢ in plane Poiseuille flow. After Drazin and Reid (1981),
original Tesults of Thomas (1953).
Critical layer at y, where U(y.)~c
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Eigenfunction and critical layer

Fig. 8-3~_ Even eigenfunction at ¥ = 1 and Re = 10% for the eigenvalue
c _ 0.0037¢ in plane Poiseuille flow. After Drazin and Reid (1981),

original Tesults of Thomas (1953).

Critical layer at y, where U(y.)~c

XU 2 1 | 1 dQ 2 |
" — kg = U"(y) ¢ K2 ¢

" ik Re \dy2



Neutral curve for plane poiseulille flow
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— Allure de la courbe de stabilité marginale dans le plan Re — k pour
['écoulement de Poiseuille plan.



Poiseuillle experiments
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Fig. 2.20. Measured phase (a) and amplitude (b) cross-stream distribution of
streamwise perturbation velocities in plane Poiseuille flow. Continuous curves
are Itoh’s corresponding predictions (1974) for spatially evolving Tollmien-
Schlichting waves at w = 0.27 and Re = 4,000 (see section 8.1). Experimental
conditions of Nishioka et al. (1975): open circles: Re = 3,000, w = 0.36; solid
circles: Re = 4,000, w = 0.27; squares: Re = 6,000, w = 0.32.




Poiseuillle experiments
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Fig. 8.5. Spatial amplification rates —k; versus frequency w (Nishioka et al.,
1975). —: Itoh’s theoretical prediction (1974); o: experiments. (a): Re = 3, 000.
(b): Re =4,000. (c): Re = 6,000; experiments: Re = 5,700. (d): Re = 8,000;
experiments: Re = 7,000.




Boundary layers are destabilized by viscosity
Reynolds Orr equation

Perturbation kinetic energy: ¢, = 5 (u? +v? + w?

-_ I:'E‘LIII:ICLJ.

Production term Dissipation term

w =V Xu is the perturbation Vorticity

Ty = —T0 = —5|a(y)|[(y)|coslpu(y) — @u(y)] e,

i(y) = la(y)| e, b(y) =o(y)| W) .



Boundary layers are destabilized by viscosity
Reynolds Orr equation

Perturbation kinetic energy: ¢, = 5 (u? +v? + w?

-_ I:':':‘LIII:ICLJ[’;.

Production term Dissipation term

w =V Xu is the perturbation Vorticity
Toy = =0 = —|2(y)|[6(y)|cos[eu(y) — @u(y)] €2,
i(y) = |a(y) e @, o(y) =|o(y) W .

For invisicd flow  ¢u(y) —¢u(y) = £r/2 — Ty =0 — the production term is 0

For viscous flow if »u(y) —eu(y) # £7/2 — production term can be positive



Tollmien Schlichting waves
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Local parallel flow approximation

(u,p) — (u(y)’p(y)) eOt—I-i(oca:—l—Bz)

=QOrr-Sommerfeld-Squire equation

9 |
B L Uy)Vu+uVU(y) = —Vp + — V2u

ot Re
V.au=0



Boundary layer at increasing Reynolds number




Neutral curve
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Boundary layer at Re; =1500

1.2
Growth-rate ¢
0.6
A 0.3
3
X 0.0
034
-0.6—
-0.94

4 —T—Tr—T T T T = tan(B/a
0 15 30 4 60 75 W (B )
U (degrés)

Tauz de croissance temporel (s71) de Uinstabilité dune couche limite, en
fonction de Uangle 1 de la perturbation avec la direction de lécoulement de base.

Rs = 1500, wr/U2 = 0.3 x 107* (caleul G. Casalis, ONERA).

The most unstable perturbation is obligque!



Hagen Poiseuille < % Q

Couette ;/

Flow type Reexp | Rejiy

Pipe flow ~ 2000 00
Plane Poiseuille flow || ~ 1000 | 5772
Plane Couette flow ~ 360 00
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3.3. Spectrum of plane Couette and pipe flow. (a) Plane Couette flow
43 = 1,Re = 1000; (b) Pipe flow for @ = 1,n = 1, Re = 5000.
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Poiseuille flow.
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What about nonlinearities?

Edge states



Transient growth and bye pass transition

Conditional stability — subcritical bifurcation
Trefethen 1993
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Eigenvalues and eigenfunctions
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\ Eigenvalues and eigenfunctions
1

Vi

-0.2

-08 -06 -04 -02 0 0.2 0.4 0.6 0.8

<V,,V,>=-0.98 <V V=1

<V, V,>=1

Non-orthogonal eigenbasis < non-normal system



vilg

Vo= 019
Vi= (1)
vieloos

< Vl,VJ2r> =0

Bi-orthogonal basis and adjoint vectors
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Projection by scalar product with adjoint vectors

121
Xo=a,V;+a,V, |
X
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2 Vo v,
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<V, Vi>=0.19 <ViVi>=1
<\, Vo> = 0.19 <V,V,>=1

< VZ,V} =0 < V;,V} =1



Projection by scalar product with adjoint vectors

121
Xo=a,V;+a,V, |
X
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<V, Vo> =0 <V, V,>=1
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< VZ,V} =0 < V;,V} =1



Projection by scalar product with adjoint vectors

121
Xo=a,V;+a,V, |
X
V, +
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a,=<Xo,V;> | <V,,V,>
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Projection by scalar product with adjoint vectors

1.2
Xo=a,Vita,V, |
X
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Non monotonous energy evolution
IXIP=a,22 [V y][2+a,2e22 ||V,|[*+a,a, < Vy,V,>e(1+02)

IX()]P=a,262\1 +a, 262
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Non-normal growth

[IX(1)[|?=a,2e?M! ||V,]|?+a,2e?? ||V, ||?+a,a, < V,V,>e}1+A2)t
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Definition of optimal gain of a linear system

Linear system @ = Lg

dt

Initial condition ¢(t = 0) = ¢q

Optimal gain  G(f) = max 4! 7

q0 ‘QO \

Norm




Definition of optimal gain of a linear system

dq

1T,
ar 1
Q(tZO):QO

Matrix exponential

q(t) = exp(Lt)qo



Definition of optimal gain of a linear system

Optimal gain  G(¢r) = max 4!
q0 QO‘

B exp(rL)qo|
— IMN4ax
4o lg0]]

= ||exp(t.L)]










How to compute a matrix 2-norm?

Optimal gain ~ G(1) = [|exp(t£)|

unitary sphere rotated ellipsoid



Optimal gain is associated to a norm

Kinetic energy written in v,n form
lau=Dv-IBw and n=1Bu-iaw

1 ) 712
E@) = 5 /ﬂ 1DV + 2P+ ] d©



Optimal gain is associated to a norm

Kinetic energy written in v,n form
lau=Dv-IBw and n=1Bu-iaw

1 : j
EW) = 5z [ [DF+EM+F] a0

I W7 =D+ 0\ (v
— 2 _
— =5 [ (7) (7% 0) () e

I

_ )

energy matrix




Definition of optimal gain of a linear system

Cholevski dec. M=F"F

]
R H roH H
F'FqgdQQ=— | (Fq) ' Fq dQ
lall* = 55 [ "FFad@= 5 [ (Fa)'Fq
Optimal gain
F Fexp(tL
G(r) = max |q||£ — max ” q” ma){” exp( )9’0||2
a0 ||qol|£ a0 |[Fqol|2 g0 |F q0|2
F tL)F .
IFexp( - = ||Fexp(tL)F~

2

= max
Z @b
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Plane Poiseuillle flow

normal

!
|
s

U(y)

—

IL'

longitudinal, e'ox

i)ransverse eibz

Linearly stable until Re=5772, but the transition is
observed experimentally close to Re=1000-2000!



Plane Poisedille flow - stability

(a) Schmid (2001)
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Spectrum for plane Poiseuille flow for o« = 1,3 = 0, Re = 10000.



Orr mechanism (2D)

15

Amplification G(¢) for Poiseuille flow with Re = 1000, = 1 (solid line)

« By-pass transition »
Trefethen et al (1993), Buttler & Farrell (1993) , Schmid & Henningson (2001)



Optimal perturbation (here in boundary layer)
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Plane Poiseuille flow
Lift-up mechanism (3D)

5000
4000
3000¢
G(t)

2000 ¢

1000+

0 500 1000 t 1500

Re=5000, a=0, =1

« By-pass transition »
Trefethen et al (1993), Buttler & Farrell (1993) , Schmid & Henningson (2001)



e SR
NELRA % Tre
g Vo
'qwod“_J-IQ

=

Lift-up mechanisms

to streaks

N

Ices

f vort

10N O

| transformat

Ima

Opt

“'It""
- ~
”~ ~
~ ~
-~
Ve w "
s w = PR XY
AR -
P N
o i e M T R B
PP e at ap e ey ey,
..s\\\‘ll“//r—.
TR - = = = a oy
et 1t . EENEEL
TERE S - . e sy
Led A N bl R P P
e n S e
S g s e S A
‘47 v -— e w= = o~ NNV
o e e ow %N TV R
RN
: o e
y-
- = S X X
~
s ~
’ ~
4 ~

(N
t
—_-
:.

4*
—-

A
V7,7 ET A
15722 T3]
:\\\“\H///ﬁ:
AT

Lt
pravs

? .~ My
e = Ymug,

L
iy
tatag 2 siintg |l
srun
\, P,
W /tl =7 \s-sb_‘
-

NS a2 s

(d) t=4r1




Lift-up mechanism

Streamwise vortices

Schmid & Henningson.(2001)



Lift-up mechanism

Optimal transformation of vortices into streaks

Alfredson & Matsubara (1996), streaky structures in the boudary layer
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Isolines of maximum transient amplification

p=0

d
10%
o I
102 10° 104
Re

« By-pass transition »
Trefethen et al (1993), Buttler & Farrell (1993) , Schmid & Henningson (2001)



Gmax (10_3) tm-a;r « B

Plane Poiseuille 020 Re?  0076Re 0  2.04
Couette 1.18 Re? 0.117Re 35/Re 1.6
Pipe 0.07 Re? 0.048 Re 0 1

Boundary layer 1.50 Re? 0.778 Re 0 0.65




Lift up mechanism in a square duct in the stable regime

Bye-pass transition to turbulence

fully developed turbulence
0.05 |

0.04

0.03r

0.02r

0.01 : ' :
0 5 10 15 20

Bottaro et al. (2008)



5.1 — Osborne Reynolds en 1883 derriére son expérience a Manchester.



Transition in Cylindrical Pipe Poiseuille flow

Mullin (2008)



Transition in Cylindrical Pipe Poiseuille flow
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Transition in Cylindrical Pipe Poiseuille flow

Numerical study

Kerswell (2008)



Tourbillon de Lamb-Oseen

Stable lineairement!



Optimal growth m=1 as a function of axial wavenumber k and Re
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TOWARDS AN ELLIPTICAL
STATE

Nonlinear evolution of the optimal perturbation
with initial amplitude below a given threshold...

o C

Re = 1000



TOWARDS AN ELLIPTICAL

STATE
....and now ABOVE the
threshold
2 ~
18y W
i ‘

Re = 1000
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TOWARDS AN ELLIPTICAL
STATE

Reconstructed flow

@ o o

Re = 1000
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Tripolar vortices?
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BASIN OF ATTRACTION’S trip
SH R N KAG E Subcritical
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What about nonlinearities?

Superecritical fork bifurcation



What about nonlinearities?

Hopf bifurcation



What about nonlinearities?
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What about nonlinearities?
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Subcritical bifurcation



What about nonlinearities?
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Hysteresis cycle!



What about nonlinearities?
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Saddle Node bifurcation



What about nonlinearities?

Transcritical bifurcation



Another example: asymmetric networks

Topological resilience in non-normal networked
systems

Malbor Asllani,'* Timoteo Carletti,’

IDepartment of Mathematics & naXys, Namur Institute for Complex Systems, University of Namur,
rempart de la Vierge 8, B 5000 Namur, Belgium



Another example: asymmetric networks
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Figure 6: The London Tube map. Top panel: the whole London tube map where the yellow
Circle Line and the magenta Metropolitan Line have been emphasized to show their different
geographical emplacement and shape. In the bottom panels we separately present the Magenta
line (left) and the Yellow line (right) and their respective flows of commuters.



Another example: asymmetric networks

1072 10 100
time (log) time (log)

(a) (b)

Figure 7. Hypothetical Measles outbreak in the London Tube network. Time evolution
of the (normalized) number of infected individuals during the peak hours in the yellow Circle
Line taking into account 27 stations (panel (a)) and in the magenta Metropolitan Line (panel
(b)) considering 23 stations with the fluxes illustrated in Fig. 6. In the former case (panel (a))
we assumed the average number passengers to constant because in each station, the average
number of passengers getting on equals that of those getting off. The circular topology and the
Allee effect impede the outbreak of the epidemics. On the contrary, for the second case (panel
(b)), we assume that, on average, as long the trains approach the downtown, the number of
passengers increases, because most of the individuals have their destination in the city center.
In this case, despite the presence of the Allee effect, the topology contributes to the outbreak of
the measles epidemics once the train reaches the center. The parameters of the Allee model are
a=1,A=0.3and D = 10 for both cases.



