Most flows are unstable...

Vortex shedding Saffman-Taylor

Flow separation
ToIImlen-Schllchtlng

» Rayleigh-Taylor
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Gravito-capillary waves
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Rayleigh-Plateau Tearing instability

Rayleigh-Benard Coiling instability

Benard-Marangoni Kelvin-Helmholtz



2D PARALLEL FLOW CONCEPTS
Dispersion relation

2D vorticity equation

O Vo OV ON_, 1,
_ U= — vy
(at LT 8y> ViV =RV

Basic flow + perturbation

(1) = /U(y)d;y + oy t)
Linear vorticity equation

O 0N a1,
(5 + U5 ) V36 - V') 5 = 7'



2D PARALLEL FLOW CONCEPTS
Dispersion relation

Normal mode decomposition
(x,y,t) = Re {¢(y) ei("'z_“’”}

Orr-Sommerfeld equation

e ’
Vo) o = 6] - U)o = o (- 17 ¢
o(y) =0 at y = £00

Dispersion relation

D(k,w; Re) =0



Tangent hyperbolic mixing layer
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Viscosity has stabilizing influence on K-H instability
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PARALLEL FLOW CONCEPTS
Viscous instabilities

Hyperbolic tangent mixing layer

stable unstable

;>0

Re



Flat plate boundary layer

|

Mixing layer

Cylinder wake

Plane channel flow

2D jet




What about stable flows (no inflexion point)?
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Plane poiseuille flow; Re=10000; a=1, =0
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Plane poiseuille flow; Re=10000; a=1, =0
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Plane poiseuille flow;
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Plane poiseuille flow; Re=10000
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Neutral curve for plane poiseuille flow

UNSTABLE

wi <0 Re ~ k1

Re ~ k=7

>
Re.=5772 Re

— Allure de la courbe de stabilité marginale dans le plan Re — k pour
l’écoulement de Poiseuille plan.



Neutral curve for plane poiseuille flow
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RE 3.8. Neutral curve for plane Poiseuille flow: (a) contours of constant
h rate ¢;; (b) contours of constant phase velocity c.. The shaded area rep-
s the region of parameter space where unstable solutions exist.



Neutral curve for plane poiseuille flow
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Boundary layers are destabilized by viscosity
Reynolds Orr equation

Perturbation kinetic energy: €. = %(u2 + v% 4+ w?)

d Y2

Production term Dissipation term



Boundary layers are destabilized by viscosity
Reynolds Orr equation

Perturbation kinetic energy: €c = %( 12+ v? +’w2)

— (eq)dy

Production term Dissipation term

Toy = =0 = —3|i(y)||9(y)|cos[pu(y) — ¢, (y)] et

i(y) = la(y)|eW | i(y) = |o(y)| e .

It can be shown that Tollmien Schilcting waves,
viscosity originates detuning of the phase



Concept of critical layer
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Figure 5.6 Transverse distribution of the Reynolds stress 7, (5.22) for plane
Poiseuille flow (the vertical scale, which is related to the normalization condition,

1s arbitrary). yoas~tQe location of the critical layer where ¢ =5( ve). Re= 10%,
kh=1,andc @ (0.00371. Taken from Stuart (1963).

1-y?=0.24= y=0.83 Orr-Sommerfeld equation

1 (a
ik Re \ dy?

=0
U(y) —[¢" — k*¢] = U" (y) ¢

| o



Tollmien-Schlichting waves in the boundary layer

Boundary layer thickness

-
Displacement thickness 5 (z) = / (1 —u(z,y)/Ue)dy ~1.738
Jo




Local parallel flow approximation

e o o o e ol o e e e o e A e e e e e e e e o = =

eat—l—i(oza?—l—ﬁz)

= Orr-Sommerfeld-Squire equation

0 1
M L Uy)Vu + uVU(y) = —-Vp + —V2u

ot Re
Vaua=0



(u,p) = (u(y), p(y)) e” (w02

0 1
=+ U(y)Vu +uVU(y) = -Vp+ —V-u

ot Re
Vau=0

= Orr-Sommerfeld-Squire equation

1 -
(—iw + IQU)('D2 . k2) ZOU” - ‘ITB‘(Dz B k2)2 - 0

1 B
(—iw + iaU) - Eé(fpz’ _ 1) 5 = —ipv's

(I Y, Z, t) v(y) i(az+Pz—wt)

n(z,y,z,t) =n(y) e

i(lax+Gz-wt)
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3.4. Spectrum for Blasius boundary layer flow for @ = 0.2, Re = 500.
ically obtained spectrum displaying a discrete representation of the
spectrum with a particular choice of discretization parameters. (b)

rum displaying the discrete and continuous part.
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Tollmien Schlichting waves

Schmid and Henningson 2002
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Tollmien Schlichting waves

. Schmid and Henningson 2002
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Boundary layer at increasing Reynolds number




Boundary layer at Re; =1500
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Growth-rate
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Tauz de croissance temporel (s7) de Uinstabilité d'une couche limite, en
fonction de Uangle b de la perturbation avec la direction de écoulement de base.

Rsi = 1500, wr/U% = 0,3 x 107 (calcul G. Casalis, ONERA).

The most unstable perturbation is oblique!



PARALLEL FLOW CONCEPTS
Viscous 3D instabilities

Squire’s transformation
K=k2+k, é=c,
ki =ka+ ko, =0, plk=plks.

I“éﬁhézkz Re
3D dispersion relation
2 | L2\1/2
D) = F n1/2 (kz + k)4 ks B
D(k,w;Re) = D | (k2 + £?) e B

To each oblique mode (k,w) of temporal growth rate w;, at Reynolds
number Re, corresponds a two-dimensional mode (k,&) of larger

growth rate &; = wi\/k2 + k2/kg, at a lower Reynolds number Re =
Rek,/\/k2 + k2.



Experimental stability threshold!

1000
Flow Xerit Rerit Cyr l crit
Plane Poiseuille flow 1.020 | 577272 | 0.2639
Blasius boundary layer flow || 0.303 | 519.4 | 0.3965
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Hagen Poiseuille < % Q

Couette /

Flow type Coner Reep | Rejiy
Pipe flow WS ~ 2000 =
Plane Poiseuille flow A%\G ~ 1000 | 5772
Plane Couette flow ||/ 20.\| ~ 360 =
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3.3. Spectrum of plane Couette and pipe flow. (a) Plane Couette flow
3 = 1,Re = 1000; (b) Pipe flow for & = 1,n = 1, Re = 5000.
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Croissance transitoire et bye pass transition

il

0 ulen

Stabilité conditionnelle; transition sous-critique
Trefethen 1993



