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Thin airfoil theory
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1. We want to design a thin airfoil with a specific amount of camber. The camber line is

1 1\?
approximated b LI al|-— r_Z , with a a positive constant.
ppP y c 1 ¢ 2 p

(a) Draw a sketch of this airfoil

Solution:

2.5 ]
2L .

1.5F :

100 x y/c

1, -

(b) What is the value of the parameter « if we want the airfoil to have 2.5 % camber?

Solution: First, compute the derivative of the camber line:

dy. _ (2
de c

Thus, the maximum camber occurs at { = 0.5, where £ = 2 /¢, and its value is given by:

Ye
C

= 0.25a
£€=0.5

The maximum camber will be 2.5% for a = 0.1.
(c) Determine the coefficients Ay, A; and As,.
Solution: From the previous question:

1 dy.
c dx

— —a(26-1) (1)

1—cos

Using the transformation { = — ©), this expression can be written as:

dy.
dx

= acos(0)
Comparing this expression to that in the formula sheet, we deduce that: 4, = A, =0,
A1 = a.

(d) Draw the lift and quarter chord moment coefficients, C';, and C),1/4 in function of a.
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0.05 x

Solution:
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al°]

(e) What is the angle of attack for zero lift? And what are C; and C,, 1,4 at a = 0?

Solution: C\(a = —0.05 = —2.86°) =0
C(a=0)=ar=0.314
Cuura( = 0) = —0.0257 = —0.0785

(f) Define and calculate the aerodynamic centre and the centre of pressure for this airfoil at
zero angle of attack?

Solution: The aerodynamic center is a point on the camber line, generally near quarter
chord where the pitching moment is independent of the angle of attack. The center of
pressure is a point on the camber line where the pitching moment is zero; it depends on
the angle of attack. z,, = 1/2

§ac =1/4
(g) Can you think of a way to change the airfoil to reduce the moment while keeping the

maximum camber the same?

Solution: Shift the point of maximum camber to the LE.
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2. Thin airfoil theory is used to describe the two-dimensional potential flow around a paraboli-
cally curved thin plate of length L place in a uniform free stream with velocity U, at an angle
of attack «, as shown in the figure below.

X

Uw S 2/ :
o |
=
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The plate shape is given by:
Ye _ T2
o ()

(a) Calculate the Fourier coefficients Aj, A; and A, for this camber line.

Solution: First, compute the camber line derivative and use the transformation £ =

1—cos(6)
—
dy. x
= = _0.08 x 2= = 0.08(cos(6) — 1)
dx c
Comparing this expression to the one in the formula sheet, we have A, = —0.08 and

A, = 0.08. The following Fourier coefficients are null.

(b) Determine the lift coefficient and position of the center of pressure for oo = 0.

Solution: From the Fourier coefficients, we can calculate the lift coefficient and position
of the center of pressure as follows:

C = 2ra+ m(A; — 24))

1 T
+ 4_Q(A1 — Ag)

xCp:Z__l

for o = 0 that yields:
Cl - 0 247T

1
Ty = 5
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(c) Determine the value of o for which the pressure difference between the upper and lower
surface of the plate is zero at the leading edge (no suction at the leading edge).

Solution: A zero pressure difference implies that the velocity above and below the airfoil
must be the same. In thin-airfoil theory, the airfoil is replace by a vortex sheet. In this
case, the strength of the vortex sheet must be zero at the leading edge. The chordwise
circulation distribution is given by:

cosf + 1 > ]
k=2U_ |(a— AO)SiT + ; A, smnH]
For the airfoil in this problem, that reduces to:
cost) + 1 _
k=20, {(a - Ao)siT + A, sm(&)]

Applying the boundary condition k(f = 0) = 0, we deduce that Ay = o = —4.6°. This
only works if you ignore the indeterminacy that occurs by plugging in (6 = 0 since that
causes you to divide by 0.
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3. In this problem, we will investigate the aerodynamic performance of a thin airfoil that has a
camber line defined by a third order polynomial y. = bc(§ — a1)(§ — a2)(§ — a3), where € is the
dimensionless chord position.

(a) Determine the values of a; and a; so that the polynomial function describes a real camber-
line (y. = 0 at z = 0 and = = ¢) and thus show that it can be described by the following
equation: y, = bc(§ — 1)(€ — a). What do the remaining parameters b and a represent in
terms of airfoil geometry?

Solution: Given thaty.=0atz =0and z = ¢, thus (¢ = 0 and £ = 1, we know the roots
of the polynomial defining y. are a; = 0 and ay = 1. Therefore:

Yo = beg(€ — 1)(€ —a)

From this expression, we can deduce b defines maximum camber and «a sets the position
of the airfoil inflection point.

1 —cos#@
(b) Making use of the change in variable { = % = %, show that the camberline

derivative can be written as:

dy. |1 1 3
_b[§+ (a— —) cos@—irgcos%)]

dx 2

Solution: We will use the following transformations to change the camber-line variable
from cartesian to azimuthal. This will allow us to determine the Fourier series coefficients.

T 1 —cos@

PR

e = 1 —2cosf + cos?d
4

Yo = bc(§3 — (a+ 1)52 +a)
dy.  dy. 1

dr dEc Ebc(3§2—2(a—|—1)§+a)

. 3(1—20055—#0052&) _2<a+1)<1—2COSQ> —I—a]

=b Z—(a+1)+a—§COSQ+(G+1)COSH+ZCOS29]

Using 2 cos®§ = 1 + cos 260

=0 Z—1+—+<a—1>cose+§<

2 4

1+ 00828)
2

=b é—i— (a——) 0059—1—2(30826]
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(c) Show that the Fourier coefficients for a third order polynomial camberline are given by:

Ao =t

A= (a— %)b

Ay = %
Solution:

. . . dy. = . . .
Fourier series are given by % = Ay + Y A, cosnb, thus by comparing this expression
n=1

to that found in the previous part:

Ay=t
A1: a—%)b
A= 2

(d) Show that the coefficients of lift and pitching moment (C; and C,,| a¢) for an airfoil whose
camber line is defined by a third order polynomial at an angle of attack « are given by:

C, =2ra + Wb(a — z>

Cube= (o)

Solution:
For a general thin airfoil:

( 3
Cl = 2ra + 7T(A1 — 2140) =21 + Wb(a — Z)

Ci

Clre = _Z<1 +

A — A
2’1/7?2>

7

(A= Ay) = —fb(a - Z)

Cm‘AC:Cm|LE+Cl<i—O) = - .
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(e) For an airfoil with ¢ = 2 and a maximum camber of 2%, show that b = 0.052 and
determine the coefficients of lift and pitching moment (C; and (), 1,4) at a three degree
angle of attack.

Solution:
Maximum camber occurs at

dy.
Ye _ g
d§
32 —6£+2=0
Emaz = 0.42
We know that the maximum camber is Yemar _ 2%
1
Ye(€ = &mar) —038b=0.02

&
b= 0.052

Taking a = 2,b = 0.052 and o = % we find:
3
O = 2ra + 7rb<a - Z> — 0.533

7
Coalrya = —%b(a = §> — —0.046
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