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Formula sheet

Cylindrical coordinates

L [0Ov. 10w,

V“—<awraw®
L 10(rv,) | 10w,

Vo= e e

L 1 [0(rv,)  Ov,
VX“<O’0’T[ ar _aeD

Potential flow
o 10y

S Trae U7

Uniform parallel flow w =¢+ip =U_e

19¢ _ 0¥
rod  or

. . i
Potential vortexin z, w = —2—7 In(z — z)
™

Point source or sink in z,
T

"

Source-sink doublet in z, —_
21(z — 2p)

w =

dw .

— =u—

dz

Milne-Thomson circle theorem:

gm—ww+wCﬁ

V4
Thin airfoil theory
For a camber loione with:

dy.
P A, —l—nz::lAncosnG

+ i A, sinnf

n=1

cosf +1
sin 0

E=2U, |[(a—4)

C =2ra+ w(A, — 24,)
Cm,l/4 - _E(Al - Az)
1

—+E(A A,)

w = 2—111(2 — 2)

—lx

z

Finite wings with AR=0?/5
Sign convention:
if induced velocity points downward: w(y) > 0, a;(y) > 0

if induced velocity points upward: w < 0, s < 0

Prandtl’s lifting-line theory
b/2
1 /)

47 Y—%Y%
“b/2

ULai(yo) = w(ys) = —
O‘(%) = Oéeff(yo) + Oéi(yo)

2
Elliptical loading I'(y) = T,y /1 — (29)

b
I
w = 2—2 ‘ Yy = gcose
' 7AR -
2 y
CD. — CL ‘l b/2 J‘_ b/2 _;
" 7wAR
General loading I'(6) = 2bU,, Z A, sinnf
n=1
> sinnd
0) =U, A
w(®) U%nz::ln " sind
C,.=7mA, AR
Cor= S (14 8) with 5= 3 n (A4,
Di — AR ~ n 1
Boundary Layer

Flat plate laminar boundary layer
J 5

= b dary 1 th
. T oundary layer grow
1.32
C = \/%i skin friction drag coefficient

Flat plate turbulent boundary layer
5 037

o= W boundary layer growth
0.074
C, = —7 skin friction drag coefficient
el/b
Miscellanous
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sing | 0| L[ V23]
2 2 2
V3 V2|1
1| 22| X2 =
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water

kinematic viscosity v=1x10"%m?%s
density p = 1000 kg/m?
air

kinematic viscosity v=15x10""m%s
density p=1.2kg/m?

sin (z £ y) = sinxcosy £ cosxsiny
cos (z £ y) =coszcosy Fsinxsiny
cos20 = 2cos’ 0 — 1
sin 20 = 2sin 6 cos 6
sin30 = 3sinf — 4sin> 6

cos30 = 4cos®> 0 — 3cos b

/cos 6do =0

0

/sin 0do = 2

0

/C082 0do = /sin2 0do = g
0 0

™

s

/ cos nb 40 sin nb,

7 A =g
cos — cos b, sin 6,
0

™

/ Mde = —7 cosnb,
cos ) — cos 6,

0

n=0,1,2,...

n=12,3,...



1. The circulation around the wing at any point y is denoted I'. If the circulation has a parabolic

G

(a) What is the downward induced velocity behind the wing with the span 4?

Solution:
r=r,|1- (% 2 1,1,
=1y b =1y 072
dy b2
b2 dr /dy oy Y2
w(yo) = —— dy = / dy
(%0) dm -b/2Y — Yo b -b/2Y — Yo
At mid-span:
or
w(yo = 0) = =2
T

(b) Compare w at mid-span with that obtained when the same lift is distributed elliptically.

Solution: Downwash at mid-span:

2l

wy(yo = 0) = b

For the elliptical distribution:

r
we(yﬂ = O) = 2_2
Lift force:
b/2 9
L, =pU, / (1 — —) dy = -pU_T'gb
b/2 3

For the elliptical distribution:

T
L.=—-pU_Twb
4/) 0

For the same lift:

T 2

—Toe==T

T

Wo,q _ 2F07q 2b _ éwoﬂ _ 3
W e m T've Twoe 2

— The downwash of the elliptic wing is 2/3 of the downwash of the quadratic wing.
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2. Consider a rectangular wing with an aspect ratio AR = 6, an induced drag factor d,z, = 0.055,
and a zero-lift angle of attack o, = —2°. At an angle of attack of 3.4°, the induced drag
coefficient for this wing is Cp; xrs = 0.01. Calculate the induced drag coefficient for another
rectangular wing with the same airfoil section at the same angle of attack, but with an aspect
ratio AR = 10 with ., = 0.105.

(a) Show that the lift coefficient slope for the 3D wing can be expressed as:

dCy a.
@ 1+ —51+46
WAR< )
with a., the lift coefficient slope for the 2D airfoil
s
= N >
%.‘5 /&\(\e)@@f (\é\o(\(b
ge S 8
% 8 N \Q’Qf Q@fb
B\ ‘,;\0

&

Cila) = Clay) = ax(a, — ay)

O
=

Incidence

«— o>« £ >

«—— o —>

No lift incidence $
&

Solution: From the lift coefficient distribution

Cia) = Clay) = a(a, — o)

Cr=a.(a—a — ap)

with
. Cp, B Cy
=7 ~ AR
C.=a.a— aOCWALR(l +0) —a,a
CLOC — —
Cy (1 + 7TAR(l + 5)) =a.,0 — a,0
dC, 0C, s
= a= = =
TAR

(b) Calculate the induced drag coefficient for another rectangular wing with the same airfoil
section at the same angle of attack, but with an aspect ratio AR = 10 with J,z,, = 0.105.
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Solution: For AR = 6:

o2 _ TARC,; 7w x 6 x0.01
- 1496 1.055
C, =0.423
dC,  AC, 0.423

- = =0.078/° = 4.485/rad
do Ao 3.4+ 2 / /ra

= 0.1787

dCy a.
= a =

dov 1+ -2 (145

AR O

- 4.485
Ooo = @ar = = 5.99/rad
1— A AR=6 (1 5 ) 1 4.485 1.055
—WAR AR=6 _7T><6X .

The second wing with AR = 10 has the same 2D airfoil profiles, thus the lift coefficient
slopes are as follows:

i 5.99/rad
Uy = ——— -— /rg T — 4.95/rad = 0.0864/°
1 = (1 + Oppe :
+ 7TAR( + ARJO) 1+m x 1.105
c? 0.4672
= 1+6) = 1.105 = 0.
Cos = (14 6) =~ x 1,105 = 0.0077

ME-445 exercise 09 3/6



3. Consider an untwisted, unswept wing which has an elliptical lift distribution I' 4. under
normal flight conditions. The wing is equipped with a system to reduce torsional moments
when encountering gusts. When approaching a storm front, rudder and flap motions alter

1
the span-wise circulations distribution to I',....(¢) = I {sin 0 — 1 sin 39] with I', the same

constant as in the expression for I ca-

(a) Draw a sketch of the most probable planform area of this wing seen from above.

Solution: Elliptical planform no sweep
X

N
N

-b/2 b/2

(b) Determine the span-wise lift distribution under normal conditions L ().

Solution:

9 2
Lnormal<0> = onoFO 1 - (%)

= pU_I,sinf
(c) Determine the span-wise lift distribution under altered gusty conditions L. (6).

Solution:

1
Laerea(0) = pUT, [Sin 0 — 1 sin 39]

(d) Draw both lift distributions in function of the span-wise location and indicate explicitly
the extrema values.
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(e) Determine for both flight conditions the total lift coefficient C

b/2 0
b
Solution: / D(y)dy = 5/1“(9) sin 6do
~b/2 0
b/2 0
L pU.. / b / :
C.= = I'(y)dy = ['(0) sin 0do
LS ap0ts  1pts ) LW =gog [ TO)sin
—b/2 0
Elliptical distribution:
0
CL = b / T, sin® 0d6
A o sin
0
_br D
- S2U,

Altered distribution:

0 0
r
C, = UiS/FOSinQHdQ—i— Uis/—z"smsesmede
0 P /
>
_br T
- S2U.
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Solution:

(f) Determine the extra propulsion force that is required to remain the same flight altitude
when the lift distribution is altered from Lpsc(0) t0 Lyjerea(8).

(Hint: use Cp,; = 7TZ’LQR(l +0) with 0 = in (A./A)?)
Solution:
General loading: I'(#) = 2bU i A,sinnf and 6 = i n(A,/A)?
Elliptical distribution: " n=2
[(6) = Ty sinf — 26U A, sinf = A, — —°
20U,

0=0
Altered distribution:

re) =T, {sinﬁ - isin 39] = 20U_A, sin 0+ = 2bU_ A, sin 30

A\ 2 2\%2 3
5‘3<Z> —3(——8) ~ 16

Extra propulsion necessary to compensate the increased drag

02

AC i — (5 tered 1 15
D,i ali dﬂ'AR

T 16mAR  16524U% b2 1281/2U° S

3 2 3B S 3 a2

3 2
= AD = Egpwf‘o

(g) Can you think of a reason why it would help to change the lift distribution in the pro-
posed way in terms of gust load alleviation?

Solution: Higher load distribution near the centre reduces the bending moments near
the tips.
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