AEROELASTICITY AND
FLUID-STRUCTURE INTERACTION

Chapter 3:

Small Reduced Velocity:
Added Mass, Added Stiffness
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Small Reduced Velocity: Added mass, added stiffness

Introduction

 Added mass and added stiffness are of major importance

in mechanical engineering design:

=Pr-L

May induce a significant alteration of the mechanical response

(mode shape: amplitude and frequency)

Added mass: always defined as the mass of displaced fluid

While accelerating or vibrating, a structure must displace
the surrounding fluid (air, water, ...)

» = added inertia
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Small Reduced Velocity: Added mass, added stiffness

Introduction

Case of vortex induced vibration in water flow:
Strong interaction of vortex shedding and 1° torsional mode of vibration

Influence of the flow on the mechanical response (resonance frequencies) ?
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Small Reduced Velocity: Added mass, added stiffness

Introduction
Case of leading edge cavitation

* The presence of an unstable vapor cavity in a liquid flow may lead to a
significant change in the mechanical response of the hydrofoil
* As it vibrates, the hydrofoil displaces a fluid with a density that varies in time

Photron F,

=y
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Small Reduced Velocity: Added mass, added stiffness

Introduction
Case of Pelton Turbine

The buckets of a pelton turbine are sequentially hit by the jet
= They are alternately wet and dry = Mechanical response ?
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Small Reduced Velocity: Added mass, added stiffness

Introduction
Case of sailing boats

Case of lifting foils with variable immersion:
The mechanical response is highly dependent on the level of immersion
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Small Reduced Velocity: Added mass, added stiffness

Time scales in solid and fluid domains:

* Fluid: Travel time over a distance L at velocity U :

. L
luid = 77
flui UO
 Solid:
 Travel time over a distance L at the elastic wave celerity
L L

Tso1ia = —
vE/ps €

* Or, the oscillation period of a given mode shape

To1ia = M/Kk
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Small Reduced Velocity: Added mass, added stiffness

Small reduced velocity: Up < 1

Tsotia Uop Jm/k Uy, m
Ugp = = or Uy = =
Tfluid C L/UO L k

Up K1 = Tsotia L Tfuid

Up K1 = The solid evolves in an almost still fluid

Example:
* Oscillation of a boat in a harbor
* Vibration of a hydraulic dam
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Small Reduced Velocity: Added mass, added stiffness

Small reduced velocity:
Boundary conditions:

- At the solid-fluid interface (Kinematic conditions):

_ 9 _ %o &o: Reference Displacement
ot Tsolid U : Fluid velocity @ fluid/solid interface
- At the fluid boundary:
U=0(U,)

U
S0 Yolsotia (S0, o «p

Up <1 = Uy <
Tsolid L L

Displacement Nb
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Small Reduced Velocity: Added mass, added stiffness

Small reduced velocity:

Dimensionless numbers :

UL U U2 U
:p 0 F'r:—o C :u UR:_O

Z Job T E c

U, is no more relevant with the hypothesis of small reduced velocity
— Alternate choice for dimensionless parameters:

Re

Instead of U,, we may use the wave celerity in the solid c or

solid
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Small Reduced Velocity: Added mass, added stiffness

Small reduced velocity:

Alternative for dimensionless numbers (using c instead of U,):

UoL cL Re
P~o - ST=p = : Stokes Nb

u p Upg
- Stokes Nb is the ratio of the characteristic time of a solid particle (or drop)
to the characteristic time of the flow. It is also defined as the ratio of kinetic
energy of the solid to the energy dissipated in the fluid by viscosity.
- Example: in PIV measurements, Stokes Nb is used to measure the ability of

solid particles to follow the flow streamlines:

Re =

St <K 1 = the particles follow the
streamlines and can trace the flow

St > 1 = the particles detach from
the flow as it accelerates/decelerate

SaiIed WWT
S9PIed WWT 0
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Small Reduced Velocity: Added mass, added stiffness

Small reduced velocity:

Alternative for dimensionless numbers (using c instead of U ,):

UyL cL Re
Re=p LN T:p = : Stokes Nb
I p Upg
Fr = 20 F ¢ _I D ic Froude Nb
r=—— - = = : Dynamic Froude
VgL P JgL Ur
U,* ¢t C
Cy=p LEEN M=p = Z:p : Mass Nb
E E Up Ps
Up=—0__To Reduced Velocit
= = : Reduced Velocity
. c L/Tsolid
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Small Reduced Velocity: Added mass, added stiffness

=Pr-L

Small reduced velocity:

Alternative for dimensionless numbers (using L /T s,;;4 instead of U ,):

UoL L? Re
Re — PYy S Sp= P _
U ﬂTsolid UR
o Uo . L Fr
Y = — —_ D = =
vV gL Tsolid\/ gL Ur
U,y> c: C
cy = PYo =P Z p
E E Up Ps
U U
Up = — = 0
c L/Tsolid

: Stokes Nb

: Dynamic Froude Nb

: Mass Nb

: Reduced Velocity

Aeroelasticity & FSI: Chap 3
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Small Reduced Velocity: Added mass, added stiffness

=Pr-L

Small reduced velocity:

* Equations of motion of the fluid and solid:

* Dimensionless variables:

Fluid t
Ly, =
X Tso1ia

Xf—i
U v U v

—— SRR - —
= U=
PP
f pu(z) f pcz

d*q;

 In the Solid:

dt? +qs=fs

Solid
X
xs—z
q :1
&
f
I+~ kg,
0
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Small Reduced Velocity: Added mass, added stiffness

Small reduced velocity:

* Equations of motion of the fluid and solid:
- In the fluid (Navier-Stokes):

VU =0 aU

B P at

Dimensionless equations — General formulation (See Chapter 2):

= —pge, — Vp + pAU

1dU; 1 1

VU, = 0 —Vp;+—AU
f Uodt. - Fritr T VPr T peiUs

Small reduced velocity, U, < 1, (withUy =U/candp;s =p /pc?)

VU, =0 dU; ! = v +1AU_’
= f- dt,  F37 Il nY
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Kinematic & dynamic conditions at the fluid-solid interface (see Chap. 2):

dq,
it. ¢ (x)

UrU; =D

1
f {Cy [—pfl + (VU; + thf)] .n} .¢dS = Df

Interface

» After replacing U, by c (Us = U/c and p; = p/pc?)

dq;

j {M [—pfl + s_lT (VUf + Vth)] .n} .¢dS = Df

Interface
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

 Additional assumption:

 Small displacement number: D = i—o <1

“Characteristic displacement/deformation of the solid (&)
small, compared to its characteristic length (L)”

- Expansions in D
In the fluid (pressure and velocity) and in the solid (displacement):

P=Py+Dp+--
U=Uy+Du+---=0+Du+--

§=0+Dqo
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - Zero order in D:

( VU;=0 (VU;=VU;=V0=0
=——e,—Vpr+—AU =——e,—VPy+0
dt, — F3 0 sl | F%*
I gL L ap dap

——e,-VPp=0 = —=—-——— —=—

F? €z 0 \ c2 pc 0z } az P9
\ J Y

Non dinY1ensionaI Dimensional

 We obtain the hydrostatic equation relating the pressure
gradient with the gravity (no fluid motion)
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

 Linearized form - 1% order in D:

( VU f — O
s & Vpr + ! AU
dt, ~ F3 ¢ Y s
By substituting the linearized form and keeping only the 1% order terms
( Vu; =0
= — — Au
2 Pr+s 2%
de auf . . ]
. ar. becomes T because the convective term vanishes since

it is 2" order in D
 The gravity is no more present (zero order)
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

 Linearized form - 1° order in D:
 Kinematic conditions at the interface:

dqs dqs
—04+D —
dts ¢ + Uf + = Uf dts

Dynamic conditions at the interface (I)
* A priori, the dynamic condition is an integral over a
moving/deforming interface (beyond the scope of the course)

* In the case of pure translation of the interface (¢p = cste):

1 " 1 t
f M |—P¢l +S—T(vuf + V'U;) —P;I +S—T(VUf + ViU;)|.ndS

I

.n}.ql)dS:quj
I
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 15 order in D:

Dynamic conditions at the interface (I)
* In the case of pure translation of the interface (¢p) = cste:

1
M([)J [—Pfl + E(Vuf + V'U;)|.ndS = Df
I

P(X + Dq@) = Po(X + Dq) + Dp(X + Dq¢) + -
~ Po(X) + Dq¢p.VPy + Dp(X) + -

UX+ Dqg¢p) =0+ Du(X) + -

* Using these relations and keeping only the 1% order in D, one may
show that the dynamic condition reads:

quf [—pfl +Si(Vuf + Vtuf)] .ndS — ququ (VPy.¢p).ndS = f
T
I I

Note: The integral is now computed on the original interface where the variables are taken
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 15t order in D:
Dynamic conditions at the interface (I)
 In more general case (arbitrary motion of the interface)
It may be demonstrated that:

1
M f ®. [—pfl + s (Vus + vtuf)] .ndS — Mq, j (VPy. d). (. n)dS = f
| 7 JL 1 /

|
f1: fa:
Pressure & viscous forces Depends only on 0-order of pressure
projected on the solid Related to motion of the solid
(due to the flow induced by solid motion) In a pre-stressed fluid
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 15 order in D:
« 2"9term (f,) in the dynamic condition at the interface (I):

Modal
displacement Modal shape

\ |
f2 = Ma f (VTO. $). (¢.n)dS

Mass Nb Hydrostatic
pressure

1
0=——re,~VPy = f = qs—f@ e,). (¢ m)ds
D
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Small Reduced Velocity: Added mass, added stiffness

Added Stiffness

* Linearized form - 15 order in D:
e 2" term (f,) in the dynamic condition at the interface (l):

] M
f2 = —qsky with k= —F—zf (d.e,). (¢p.n)dS
Dy

* fo is proportional to the displacement (stiffness force)
k; : Fluid Stiffness or Added Stiffness

* k;does not depend on the flow generated by the solid

e Needs to be determined once

From the solid viewpoint, moving in a fluid with a pressure gradient
is equivalent to be attached to an elastic spring of stiffness k;
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of added stiffness

 Example: a cube floating on water (boat, iceberg, ...)

f (¢.e,). (@.m)dS = j (¢.e,). (@.)dS + f (¢.e,). (¢.n)dS

Sides Bottom
ezT air
J(qb. e,).(p.n)dSs =0 —1=-1 . ¢t —
I " : [ : water
n,

L: Reference Length

¢ aligned on the vertical direction: ¢ = (0,0, 1)
Notice that the above integral is zero for horizontal modes (f,=0).
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of added stiffness

 Example: a cube floating on water (boat, iceberg, ...)

air
M = Pr Fr = Fr . 1 ’Z eZT 7
Ps b UR Tsolid\lg <« ¢T —
n n
] [ water
J(qb. e,).(d.n)dS = —1 n)
§
M M pnggolid
> k= —— .e,).(p.n)dS =—— X (—-1) =
/ F%If@ D (b s =~ x (-1 = L

dzqs_l_q pnggolid _
dtz  “\ps L

Dimensionless form

= 0
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of added stiffness

 Example: a cube floating on water (boat, iceberg, ...)

Dimensional form ezT air
t d’q (prg —
ts = —3 (—f— =0 . 9 |,
TSOlid dt ps L n n
] 1 : water
> W= Pr9 n|
V pS L

Case of an ice cube of 1 cm?3 in water - oscillation period T=0.2 second

Page 27 EPFL - LMH - M. Farhat
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of added stiffness

«  Example: a cube floating on water (boat, iceberg, ...)
 Alternate method (Archimedes principle)
Equation of motion:
q is the displacement counted from the position at rest (positive upward)

L3£—— 13g —p;1?(q-221 air
Ps dt2 psL"g — Py q P 9 e,]
Depth at rest ] ng L,
n n
[ water
ny

*  Much more straightforward but the general formulation is a precious
tool, which may help solving a variety of other more complex cases
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 1% order in D:

u[ o
I

e It term (f,) in the dynamic condition at the interface (I)

1
—psl + S_T (Vuf + Vtuf)

ndS — Mq, j (VPo. ). (b.1)dS = f,
1

1
fi1= Mj ¢ [—pfl + S—T(Vuf + Vtuf)] .ndS
I

f; represents the reaction of the fluid to the solid motion.
It is a “feedback” term

Unlike f,, f, needs the fluid motion to be solved
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 15 order in D:

* Itterm (f,) in the dynamic condition at the interface (I):
 Equation of fluid motion

V=0 M gy 41
= — — AU
f at, PrT g 2%
At the solid boundary:

Us = qs9P

1
MJ d) [_pfl + S—(Vu)c ~+ Vtu)c)] .ndsS + qskf = f
T
I J
|

f,: Pressure & Viscous load f,: Stiffness force
Feedback term

\
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 1% order in D:

* Itterm (f,) in the dynamic condition at the interface (I):
 Equation of fluid motion — Large Stokes number

_pcL  plL?
U ﬂTsolid

St

L=~1m 1
Example: {u/p=10"°% = §,=10° = 5. <1
Tsolid ~ 1s T

auf_ v, Ouf_ v)
ar, = PrTgRYr T g, T VP!

Viscous forces
neglected
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Linearized form - 1% order in D:

* Itterm (f,) in the dynamic condition at the interface (I):
 Equation of fluid motion — Large Stokes number

Ouf oS

Vur=20 = -V
f at, Dy

With the boundary conditions at the interface (I):

ur.n =qsp.n MJ |-ps.n|.d.dS + qsks = f
I

Viscosity neglected

- The kinematic boundary condition involves only normal components
Without viscosity, we cannot state any condition about tangential velocity
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Istterm (f,) in the boundary conditions
« Attheinterface: us(x,t).n=qg;(t)Pp(x).n

* We assume a similar pattern in the entire fluid domain:

* For the velocity:

us(x,t) = qs(&)p,(x)  Everywhere in the fluid

¢..(x) is a vectorial function of space

 For the pressure:
pr(x,t) = g;(t)p,(x)  Everywhere in the fluid

*  ¢,(x)is a scalar function of space
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Small Reduced Velocity: Added mass, added stiffness

2

\

=Pr-L

<
Mf |-pr.n|.¢p.dS+qsks=f
1

Dimensionless equations of fluid and solid motions

1%t term (f,) in the boundary conditions

* In the fluid domain:

( Vllf =0
{ duy =
= -V
2 Py
At the interface:
up(x,6).n = 4;(OP(x).n (
= 4

— q.s

\

—Mf ppn.p.ds
I i

Vop,=0
by = _V¢p

d,n=q¢.n

+qskf =f

Aeroelasticity & FSI: Chap 3

6th & 8th Semester Fall 2025
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

* Istterm (f,) in the boundary conditions

fr= s |M [ dyn..d5| = -mad,
T
= The fluid force f, proportional to ¢ 2 f, is an inertia force
my = MJ ¢p,n.¢p.dS :Added Mass
I

m, is constant for a given mode shape
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Small Reduced Velocity: Added mass, added stiffness

Dimensionless equations of fluid and solid motions

e Summary of fluid-solid coupling at low reduced velocity:

* Initial dimensionless parameters: D F, R C, U,
* Alternate choice (c> U,): D F, S; M U,
* Small reduced velocity (UR <<1): b F, S; M
* Small displacement (D << 1): F, S M
* Small viscous force F, M

= The coupling of small displacement of a solid in an incompressible
and inviscid fluid is equivalent to an increase of its mass and stiffness:
= _qus — My (s
\

/
Added Stiffness Added Mass
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass

f1= —mads = —d, |M j —$,n.$.dS
i I

Vo, =0
{¢u = -Vo, App,= 0 (since V(Ve,) = Ad,,)

Interface: . n = ¢.n Interface: —V¢,.n = ¢p.n

* To evaluate m,, we must solve the Laplace equation: A¢,= 0
with the boundary condition at the interface: —V¢,.n = ¢p.n

* Analytical solutions are available for many simple geometries
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass

« Example : A cylinder vibrating horizontally in a still liquid

r .=
App=0 y{ ,,,,,,,,,
Interface: -V, n=¢p.n | o x
U(t)
—>
cos0
¢.n=cos0 > ¢,(r,0)= -

We verify easily that the Laplace Eq. is fulfilled

“, B

*¢p, 199, 10%¢, o

A, = — P
Py or? +r or +r2 002 T d0z2
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass
« Example : A cylinder vibrating horizontally in a still liquid

-
-
-
-
-
-
-
-
-
-
-
-
-
e
e
-

* = The velocity shape reads: %{

i J0) 10¢ i L0)] =
b= V= (et L ren + pre)

= ¢, = riz |(cosO)e, + (sinf)ey]

* Finally the dimensionless added mass m is:

my = Mj —¢ppn.p.dS = Mnm
I

E P F L Aeroelasticity & FSI: Chap 3 6th & 8th Semester Fall 2025 Page 39 EPFL - LMH - M. Farhat



Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass

« Example : A cylinder vibrating horizontally in a still liquid

* Dimensional added mass M ,: »R\ —
( M, —
my = MS

_ _ _ 2
o M R = M, =nmMM; =nMs; = ps R
. ps My M,

Mass per unit length of the cylinder

— Here, the added mass is equal to the mass of displaced liquid
11 Not always true

IfM~1(ps =~ ps), the “apparent” mass of the cylinder is the double of its
mass in vacuum
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass

 Example : Case of a cylinder vibrating in a liquid

confined between 2 cylinders of radii R, and R, B
(a=R,/R;) M

* There is a solution of the Laplace equation A¢,,=0

with zero velocity condition on fluid boundaries
 The added mass reads:

" a’+1

my =Mmn

A a? —1

* This resultis surprising since: lirri my = o0
a—
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass
 Example : Case of a cylinder vibrating in a confined liquid

 Let’s consider the kinetic energy of the fluid: —
1 \/
Ec = J > Mu?av R, Rz —
fluid bulk -,
[ u(xt) = 4Oy (x) 1| .
) b = -V, = Ec = 2 M f —p,n.pdS|q
\[nteﬁ%ce: —V¢,. n=¢.n | Interface
1 o
Ec = EmAq

- The added mass is the mass which leads to the kinetic energy of the
fluid when associated with the velocity of the solid

- The added mass increases with the confinement because the kinetic
energy required to displace the fluid grows without upper limit.
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass

« Example : A sphere vibrating horizontally in a still liquid

Ap,= 0 AN
Interface: —V¢p,.n = ¢p.n
r.cos0
¢p.n=cos0 = ¢,(1,0,¢)= >
We verify easily that the Laplace Eq. is fulfilled
i 20 1 9> 1 4 1 9°
A, = ¢2p+_ ¢p+ 2 ¢2p+ 2 ¢p+ 2 cin2 ¢2p=O
ar r ar r- 00 r<tan(0) 00 r-sin<(0) d¢
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Small Reduced Velocity: Added mass, added stiffness

Evaluation of Added Mass

 Example : A sphere vibrating horizontally in a still liquid
* The dimensionless added mass m, is:

mAzMj—cl)pn.cl).dS R
I 2
n.¢.dS = cos(0).2nsin(0)d0 > my = §M1‘l’
Dimensional added mass M ,:
( M,
ma=y 2 2 2 ]

) § 3 = MA:§7TMMS:§7TMf:§Tl'pr

_Pr_My psR
\_ Ps Ms Ms

- Here, the added mass is equal to half of the mass of displaced liquid
- If M ~ 1, the apparent mass of the sphere is 1.5 of its mass in vacuum
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Small Reduced Velocity: Added mass, added stiffness

Added mass — kinetic energy approach?

e Added mass: inertia added to a system due to the displacement of
the fluid surrounding a body when it accelerates.

May be also seen as the mass added to the solid so that the
corresponding kinetic energy is the one of the displaced fluid

1 2 1 »2
Ec = f EMu dv = ... = 2 M j —p,n. pdS|q
fluid bulk | Interface
1 5
Ec = EmAq

1Brennen, C. E. (1982). A review of added mass and fluid inertial forces.
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Small Reduced Velocity: Added mass, added stiffness

Added mass — kinetic energy approach?

« Kinetic energy associated with fluid motion:
_P 2 2 2yqv = P U
Ec = 2 (U1“ +uy” + uz°)dvV = > (u;u;)dVv
4 4

« Body steadily in translation with velocity U:

[ j (uiui)
Ec==1U h I = dv
c=5 where UU

N

14
e We may assume that when U varies, the velocity at each point of the fluid
varies in direct proportionto U

- I is then a constant and the kinetic energy is proportional to U?

e This assumption is justified in some cases such as potential flows and low
Reynolds number flows.

1Brennen, C. E. (1982). A review of added mass and fluid inertial forces.
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Small Reduced Velocity: Added mass, added stiffness

Added mass — kinetic energy approach?

|

e When the body accelerates:

e Kinetic energy increases - work must be supplied to the fluid by the body

e This work, which is equal to the change of kinetic energy, is experienced
by the body as additional drag force: F

dEc
AEc=W -» — = —FU
dt

1Brennen, C. E. (1982). A review of added mass and fluid inertial forces.
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Small Reduced Velocity: Added mass, added stiffness

Added mass — kinetic energy approach?

 If the flow pattern does not change, the integral I remains constant,
and we have the following:

~1dEc v du

v ar - Pl = Magg

I = J (u"ui) dv
~J\uu
4
I is an invariant of the problem

|

”

«it is often convenient to consider the mass, M=pl, as an “added mass
which is being accelerated along with the body. Of course, there is no
such identifiable fluid mass; rather all the fluid is accelerating to some
degree as the total kinetic energy is increasing. »1

1Brennen, C. E. (1982). A review of added mass and fluid inertial forces.
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Small Reduced Velocity: Added mass, added stiffness

Added mass — kinetic energy approach?

 Added mass of a cylinder (2D) :

r .=
« Velocity potential, ¢ \ﬁ/g‘é/ X
_URZ U
= cos
¢ r
dp UR? o 1d¢ UR? 0
U. = — = ——COS Un = — = sSin
T or r2 " ra0  r2

« Added Mass:

" j jz’f 199\ (1 g\’
A=P U or U.r 90

- Added mass = mass of the cylinder filled with the fluid

r.dr.d@ = pmR*
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Small Reduced Velocity: Added mass, added stiffness

Added mass — kinetic energy approach?

 Added mass of a sphere :

ra
« Velocity potential, ¢ \ﬁ,/g‘é/ X
_UR3 U(t)
= cos0O
¢ 2r?
dp UR’ 1d¢ UR’ 0
U.=— =——¢c08S0; Uy =——-= sin
T or r3 " ra0 213

« Added Mass:

m=o [ |(50) + (am)

- Added mass = half of the mass of the sphere filled with the fluid

2
2nr.sinf.rdr.d0 = §p1‘l’R3
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o 2.016 Hydrodynamics
Added mass derivation pmfessfr ;‘f’ﬂ_’fr‘;;‘f,ii‘“’

using unsteady Bernoulli equation by TA B. P. Epps

0.1 Derivation of Added Mass around a Sphere

When a body moves in a fluid, some amount of fluid
must move around it. When the body accelerates, so
too must the fluid. Thus, more force is required to ac-
celerate the body in the fluid than in a vacuum. Since
force equals mass times acceleration, we can think of

the additional force in terms of an imaginary added
mass of the object in the fluid.

One can derive the added mass of an object by |— R4 S SO
considering the hydrodynamic force acting on it as it | — 7%( et
accelerates. Consider a sphere of radius, R, acceler- |
ating at rate U/t = U. We find the hydrodynamic
force in the x-direction by integrating the pressure
over the area projected in the x-direction:

7= [ pad,
where

e dA, = cos0dA, dA=2rrds, r=Rsinf, ds= Rdf
ep=—p [%t'é + %\ﬁﬂ?] , by unstcady Bernoulli's equation
¢=U (:056‘%;, for axisymmetric flow around a sphere
%?|,.=R = UCOSG% = lffcost')%Z
1V, = | (~U cos 0%, U sin 0452 = 1[U% cos? 0 + 1U? sin? 9]
S0
¢

T 1 -
I = f [—p [E + §\v¢|2“ cos 02w R sin d0
o J

i . R 1 . . 1
= f [ p [!1 cos 95 I E(Uz cos” 0 XUQ sin? 9)” cos #2m R? sin 6d
0

=—p-2nR?. Uj—;f sinf cos® 0df —p - 2R - %UZ[ [sinf cos™ @ 4 %Sin:iﬂcosﬂ]dﬂ
0 0

s

2/3 =0
2 .
= ——prR°U
3P
where [J is the acceleration of the body, and the negative sign indicates that the force is in the negative

x-direction, opposing the acceleration. Thus, the body must exert this extra force, and the apparent added
mass is

2 ,
Me =3 pr i3
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Added mass derivation e .
using unsteady Bernoulli equation 0.2 Derivation of Added Mass around a Cylinder

Similarly, for a cylinder of radius, R,
and length, L, accelerating at rate U.

Case of a Cylinder We find the hydrodynamic force in : “AR<—dd = - ds

the x-direction by integrating the pres- l = LRdO JA, ré\cﬁ
surc over the arca projected in the x- 7 L
direction: e s / ;
E{ bt a'fﬂ}(" o'IA Ufrg
R~ [ pad.
where

o dA, = cosBdA
dA = Lds
ds = Rd0
e P=—p [?]—f + é|€’q§|2], by unsteady Bernoulli’s equation
o=U RTz cos @, for flow around a cylinder
| _r= UR’Tz cosf = URcos#
1V l=r = 3I(-U L cos§,—U L sin6)|* = JU?

50
27 <
P, _f {—p [d—¢ + l|v*'¢;|2” cos ORLd6
27 . 1
—f { p[URm«:a | §UQ)HemﬁlH,Late
0

2 .o g
= p-RL-U’H[ cos® 0df —p - RL - %UZ/ cos 0df
N N

=r =0

— —pwR*LU

where a = U is the acceleration of the body, and the negative sign indicates that the force is in the negative
x-direction, opposing the acceleration. Thus, the body must exert this extra force, and the apparent added
mass is

Mg = prR’L
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Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

 Analytical solutions: only valid for simple geometries

 Numerical simulations:
* Possible for simple geometries, not yet reliable for more realistic cases

* Empirical solutions
* Experimentation:

* Difficulty to achieve experiments on reduced scale models

Almost impossible to satisfy similarity rules in both solid and fluid domains

Example : Model tests of hydraulic machines

- Good representation of the flow field (efficiency, stability, cavitation, ...)
—> Poor representation of the fluid structure interaction
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Small Reduced Velocity: Added mass, added stiffness

Added mass: application to hydraulic turbine

« Kaplan turbine | \ . {

« Gap between the rotor tip and casing

« Effect of gap flow on the blade vibrations?
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil - case study

e Hydrofoil Naca0009
e Polyoxymethylene type C (POM C)
e Elasticity modulus = 3.1 Gpa
e Span: 0.15m

e Chord: 0.1 m

e Maximum thickness: 10 mm

e Gap variation

e 0.1-10 mm
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil — Experimental setup

o o o o 0 o N

e LMH cavitation tunnel <
: [mm] . fo)

e Testsection 150x150x750mm Hydrofoil
o
o
@) ) Bottomwindow 9 ! ool

Test section : \ / o

e ASET S /)
e | o o o o o o /

Circulating pump
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Small Reduced Velocity: Added mass, added stiffness

Reminder

e The transfer function, which relates the input and output of a linear
time-invariant system, is equal to the response of the system to an impulse

Dirac function (or unit impulse): 6 (t) is a “function” which satisfies:
d(x#0)=0, 5(0) = 4+ and j d(t)dt =1

The Dirac function may be constructed as follows:

(0 —co<t<0 +o0

5(t)=(1€i_1)r(1)58(t) with: 6.(t=<{1/e 0<t<e and J S.(t)dt =1

Properties :
+ 00 o

VTIER, (xx*x6)(7)= j x(t—t)o(t)dt = j x(t)o(t)dt = x(1) J d(t)dt = x(1)

= F(x *x§) = F(x). 7—"(5) =Fx)=>F6)=1
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil — Experimental setup

 EPFL cavitation tunnel

* Mechanical Excitation in air: Instrumented hammer
» Impulse response (averaged over several impacts)
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil — Experimental setup

e [ MH cavitation tunnel

(| B\
e Mechanical Excitation in water: Electric discharge in water (Spark)

e Production of a cavitation bubble on the bottom face of the test section
e Strong shockwave = impulse excitation of the hydrofoil
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Small Reduced Velocity: Added mass, added stiffness

: . ; B
Added mass of a hydrofoil — Experimental setup 3
[mm/s] I QEJ el
200 T V S \\‘\
e LMH cavitation tunnel S \«
0.2 03 [ ] g H E \\
e Spark generated bubble . | § \\
s Al
e [aser Vibrometer =

e Non-intrusive measurements
e Interferometer: Doppler shift of the reflected laser beam frequency

1+ «— 226.6 Hz -

686.6 Hz

«— 31.3 Hz

1094.8 Hz

Transient cavitation bubble

—

500 1000 1500
Frequency [Hz]

0
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil - mode shapes in water

2ndtorsion mode ~618 Hz 39 bending mode ~687 Hz
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Small Reduced Velocity: Added mass, added stiffness

Added mass determination

» Single degree of freedom oscillator

» In air (added mass in air neglected)

Natural frequency:
k o oLk
4t M
M
.. M and k are the modal mass and
Mx + kx =0

modal stiffness, respectively
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Small Reduced Velocity: Added mass, added stiffness

Added mass determination

» Single degree of freedom oscillator

* In water
Natural frequency:
k o1k
mater 4> M +M
M | M,

W +M ))'c'+kx —() M and k are the modal mass and
“ modal stiffness, respectively
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Small Reduced Velocity: Added mass, added stiffness

Added mass determination

» Single degree of freedom oscillator

/ k
f2 — ] k fvfater: 2
WA M 47w M +M j
k k Ma_( fair )2 1
M B fwater
M M M,
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Small Reduced Velocity: Added mass, added stiffness

 Impulse response in air

Impact hammer excitation

1+ <« 306.7 Hz A
0.8- 1sttorsion (not well excited in the water case)
: « 84.7 Hz
= 0.6 7
§ 514.2 Hz
0.4F 988.8 Hz 2
0.2

o
T OLI

50
1 «— 226.6 Hz .
| 686.6 Hz
0.8+ =
 Impulse response in water o 3tehe
= 0.6 -
Spark generated bubble = |
excitation 0.4f -
H 518.0 Hz
021
0 wwwwwwwwwwwwwwwwwwwwwwwwww
0 500 1000 1500
Frequency [Hz]
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil - mode shapes

2rdtorsion mode : M /M ~ 2.8 3rd bending mode : M /M ~ 3
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Small Reduced Velocity: Added mass, added stiffness

Added mass of a hydrofoil — variation with gap width

» The presence of a solid boundary close to the body generally increases
the added mass of that body

* Highly dependent on the mode shape

=Pr-L

added mass coefficient

8

7

6

- ~

K ——X % X
gap [mm]

0 2 4 6 8 10

+— 1st bending
2nd bending

i I0d torsion

~ === 3rd bending
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Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

* Mechanical response of a lifting foil partially immersed in water ?

\ o A T
VDY e o, i \ R o St

 Simplified case study:
 Rectangular cantilever beam:

* Stainless steel
 Composite material with different fiber orientation

a
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Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

 Mechanical excitation:
* Piezoelectric patch fitted on the beam
* Measurement of the vibration response:

 Laser Doppler Vibrometer (non-intrusive)

35 125
; el

. 3
b
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Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

* Rectangular cantilever beam of different materials
* Effect of the submergence on resonance frequencies

fffffffffffff

fffffff

ffffffff

Free Surface \

1

X

cl

Mode shapes in air (Numerical simulation)

0.6
0.4
oae
n
mm
0.4
0.3
- oz
/ Codna
]
0.1
Mode 3 02

E P F L Aeroelasticity & FSI: Chap 3

6th & 8th Semester Fall 2025 Page 70 EPFL - LMH - M. Farhat



Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

 Experimental procedure:
 Excitation with a frequency sweep
 Vibration measurements: Laser Doppler Vibrometer
* Spectral analysis = resonance frequencies vs immersion level

o | =200 Has =m0 2'm
Pulse Generator réponse temporele okage
[ 08-
= W\ -
04~
i 02-
fore
b
04-
.0’6_
-0,3'| ¥ U 1 ) ) ) ¥ 1 J ) ¥ 1 1 1 ] ] 1 1
0 10 20 30 & 50 &0 n 80 %0 W00 10 120 130 140 150 160 170 179,95
Time (s)
(ma | > —
Plotd |, ",
- fréauences proj prez
W/ transformée de fourier du signal temporel | atis} J ,) frcaors |
o : : : _ =
i + fessea
- 0,006 150,022
| Oscilloscope | | | yoms r =
£ 0,004+
] 00:
002
0,001+ '™
B o B, — S E—— —— T = R e T Ee———
Lt LDV NI PX1 1033 e 5 2 & - = & = 5 -
frequence (Hz) ]
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Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

* Result: 1t bending and torsion modes (Exp. vs numerical simulation)
* Significant decrease of resonance frequencies
* Strong influence of immersion level

04 0 4
| \
.\ CFRP 0 '- CFRP O
o 0 I Mode 1 (1B) o™ i Mode 2 (1T)
o | a \
= | . . b \ ] . .
= 20 % *~ Experiments | B 20 \ *~ Experiments
- - 'v‘
e 4 Motley 2012 - . 4 Motley 2012
= \ = 3 "'.
g 30 ; g 30 \
] | 3
- . ‘.
& 40 \ & 40
-E \ .E .‘
b . 2 a
= 50 \ @ 50 "
== \ 5] .
T \ put
- \ ™
™ Y = .
a 60 | 2 g 60 .33
] -
\ A
'Se . S“?\ ..'l-OCOOA...o.
70 . 0
3 S
:-."'l-'coogoooot
80 80
0 0.2 0 0.6 0.8
0 0 04 ¢/a 06 0.8 [ - 4 g/a 5 R 1
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Small Reduced Velocity: Added mass, added stiffness

Added mass and added stiffness in real life ?

*  Result: 2" bending and torsion modes (Exp. vs numerical simulations)
*  Significant decrease of resonance frequencies
e Strong influence of submergence level
* Effect of the free surface waves (not predicted by the simulations)

CFRPO [\ CFRPO
Mode 3 (2B) Y Mode 4 (2T)
a | -
; - b . .
—*— Experiments = 20 LR *— Experiments
- - i\
A Motley 2012 e \ 4 Motley 2012
£ 30
2
= 40 .
- — ‘
& 50 .
E 4 .‘..
=] i .
& 60 Ty
- a b o o T
- = . A
B 70
. T i ¢ ) T . 1 I
. i Rﬂ L
0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

s/a

6th & 8th Semester Fall 2025 Page 73 EPFL - LMH - M. Farhat



	AEROELASTICITY AND �FLUID-STRUCTURE INTERACTION��Chapter 3:��Small Reduced Velocity:�Added Mass, Added Stiffness
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42
	Slide Number 43
	Slide Number 44
	Slide Number 45
	Slide Number 46
	Slide Number 47
	Slide Number 48
	Slide Number 49
	Slide Number 50
	Slide Number 51
	Slide Number 52
	Slide Number 53
	Slide Number 54
	Slide Number 55
	Slide Number 56
	Slide Number 57
	Slide Number 58
	Slide Number 59
	Slide Number 60
	Slide Number 61
	Slide Number 62
	Slide Number 63
	Slide Number 64
	Slide Number 65
	Slide Number 66
	Slide Number 67
	Slide Number 68
	Slide Number 69
	Slide Number 70
	Slide Number 71
	Slide Number 72
	Slide Number 73

