Networked Control Systems (ME-427)- Exercise session 13

Prof. G. Ferrari Trecate

. Problem 1 (Distributed least-squares in a sensor network)

We want to estimate a function y = f(z), f(z) : R — R from the 9 data points (z;,y;),i=1,...,9
defined by

z=[14 16 005 1.7 1 005 03 08 17]",
y=[-19 —23 1 —27 -12 08 06 27 —24] .

Assume the estimate is given by f)(z) = 012 + 02, 0 = [61,02]7.

Design a consensus algorithm for computing the least-square estimate using the ring network in
figure, where nodes are sensors (each storing a single datapoint) and communication links are
bidirectional. Assume weights are assigned according to the Metropolis-Hastings model.

Code the algorithm in MatLab and show that it is correct by comparing the obtained parameter
with those produced by the (centralized) formula
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Hint: Download Exercisel3probleml.m from moodle. It contains relevant data structures for
performing consensus iterations. In particular
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o 1,4, is a cell array and z,,{¢, k} is a storeplace for the matrices z79(k) seen in the lectures.

e Similarly, x4,{i, k} is a storeplace for 7Y (k)

Solution: See the MatLab file available on moodle. In particular, the adjacency matrix resulting
from the Metropolis-Hasting model is

1100 01
1110 00
4—Xrlo 1 11 0 0
3 .
0000 :
1000 11



2. Problem 2 (Consensus on time-varying graph)
Consider a team of 9 agents in the set V = {0,...,8}. Each v € V stores a state z,(k) € R?
k=0,1,2,.... The nodes update their state according to the following rules.

e At each time k just one node v awakens. Node v and @ = [v+ 1] 049 connect and both update
their state to the value

wo(b 1) = 2s(k+ 1) = % (2o (k) + 25 (k)

The notation []medg is used the integer x modulo 9 (i.e. []mod9 = n where n € N verifies
0<n<8and z =n+1t9 for some t € N. In MatLab: n = mod (x,9)).
All other nodes update their state as z;(k + 1) = x;(k), i # v, i # 0.

e Node v awakens at times v,v 4+ 9,v + 18, v + 27, ...
Does the algorithm converge to consensus? Does it converge to average consensus? Justify your
claims using the results presented in the lectures. Then, validate your conclusions by running

simulations in MatLab starting from initial states x;(0) = [2;1(0), 2;2(0)] where x;;(0) are randomly
generated in the interval [0, 10].

Hint: For the simulations, adapt the code developed for Problem 1. Values x;;(0) can be generated
in MatLab using 10xrand (1) .

Solution: The graphs G(k) induced by the update rule are time-varying. Let us verify they fulfill
the assumptions of the theorem about consensus on time-varying graphs seen in the lecture. The
graph sequence is given by
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Apparently, all G(k) contain self-loops and G(k) = G(k) U --- U G(k + 8) has a globally reachable
node (it is also strongly connected). Weights are all bigger than a positive common threshold e
(e.g. pick € = i) Then, from the results seen in the lectures, each component x;;(k) and x;2(k),
i € V converge to a consensus state (say a;l, and asl,, respectively) as k — +o0o. Moreover, if



at time k the node v, 0 < v < 8 is selected, the matrix A(k) is
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where the block {% %] is in the rows/columns v and v+1. It follows that A(k) is doubly stochastic.
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A similar reasoning shows that A(k) is doubly stochastic even when the selected node is v = 8.
This allows us to conclude that average consensus will be achieved.

The MatLab code for running the simulations is available on Moodle.

. Problem 3 (The equal-neighbor row-stochastic matrix for weighted directed graphs)

Consider the same setup of Problem 2, but assume that each agent does not know the number
of nodes present in the network (that is n = 9) and it has to compute %i’, where 7 € R? is the
consensus state reached in Problem 2. Adapt the MatLab code of Problem 2 to achieve the goal.

Solution: One has The code is available on Moodle. The consensus algorithm now comprises a

new state that allows one to count the nodes in the network (see the lectures).



