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=Pl Today’s plan and announcements

= Unsupervised learning

- Dimensionality reduction through principal component analysis (PCA)

= [his week

- Python exercise for kNN

« Python exercise for PCA
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=Pl Review - k-NN for classification and regression

= k-Nearest Neighbors (k-NN) classifier assumes that data points
of similar classes exist in close proximity

o Similar inpUtS have similar OUtpUtS 3-Class classification (k = 15, weights = 'distance’)
2:0 5
. . . . 4.5 A
= |t assigns label to a query point according to label of its k closest o
4.0 A
neighbors g o oo
J 3.5 1 B .‘p.:o - og e
. . . [
» Neighbors depend on the distance metric - g dtte . ,’h’s.;',;r,;. -
& o O
» Hyper parameters: k and the distance metric 2.5 - e o lgl ": . .
o9
« No parameter to train/learn -
. . . 1.5
» Inference requires using the entire dataset
= : g ; : 5
= Actively used in similarly search systems (recommendation, https://stackoverflow.com/questions/
: . : : : : 45075638/ h-k-nn-decision-boundaries-
image similarity, semantic search in language processing) mmatolotib

= Often after embedding features appropriately



=P*L Review of data statistics through quiz 1 grades
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=Pl Introduction

Unsupervised learning

Unsupervised learning is a type of machine learning that looks for previously
undetected patterns in a data set with no pre-existing labels and with a minimum of
human supervision.

In unsupervised learning, we don’t use labels anymore
Note: the objective is vague but we will consider 2 concrete instances
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=Pi-L

Dimensionality reduction

Through

principal component analysis



=Pi-L

Motivation
INntuition

We have samples described by a number of features (in
this picture 2 features)

We want to find a smaller set of new
features that explain our sample because:

| ess features Is easier to visualize

Some of the current feature can be
redundant

Some of the current features are not very
useful to describe our samples

Feature 1 X1



"~ Principal component analysis (PCA)

Approach to dimensionality reduction

How to find this smaller set of new features ?

PCA : Find the best linear combination of
features to create new reduced number of
features that explain our samples Gettex e )

Feature 1 X



=Pi-L

PCA

Projection of points onto a lower dimensional subspace

How to find this smaller set of new features ?
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cPrL PCA - example in python and further applications

= Your Python PCA example
 Dataset: Leaves’ optical reflectance measured at each nm in the range of 450- 2509/ Wavelength see more
081208 |

details about the experiment here { x' € Rzogf\ g N = XTX e I

"= r

- Goal: can we reduce the dimensionality of feature vector and still capture the dlstlngwshlng features of each leaf

— Black locust
—— Wintercreeper
—— Dwarf schefflera

Reflectance

500 1000 1500 2000 2500
ovelengt 3
avelength (nm) L'VS“_ Q'/ZZA‘,‘ '&L?l/\

= Other applications of PCA: dynamical system model order reduction, audio compression for
recommendation algorithms, text processing for news recommendation



=PFL

= Subspace S C |

Finding distance of a point to a subspace
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» Distance of a pointx € |

%10 a subspace S C I

d.

dist(x, §) = min ||x — s||, = min ||[x — Oal||,, where © = [6’1 0, ... 6’,,] e RXr
a€R’

SES

. The minimizer of the above is equivalent to the minimizer of min ||x — Oal|?, so we square the objective

aceR’

to be able to differentiate it and find the optimizer (verify that the objective function is convexina € R’
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=PFL

Projection of a point onto a subspace
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=PrL PCA - finding a subspace to minimize average distance of data to it

~ N : \
s Data set < X, % .- x ' & “26 : 0\ Escajrvm Vecles s
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. . . N
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= PCA (principal component analysis) objective is to find & = [«91 0, ... 6’,,] c RIxr
minimizing the above sum of distances 5 \ A N ' D_
A N dev —— 2 C\‘S+ (K‘rg)
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=Pi-L

15

Formulation of PCA objective using the data matrix
0) Recall : x = 66" x

N frdk vew o XOB w

First, standardize the data (z-score standardization),

1 1 1

X{ X5 ... X ~
A _ | \ ) T
let X = X12 X22 xc% = RNVxd be the standardize data matrix LX > =[x %, - el PJ 5
N N N —_—
xl x2 .o xd o ——_:D X _ X 9 @ \ -

. For a given matrix, it's Frobenius norm is given by || X]| = \/ trace(XT,K)

}

. 2
You can verify that the PCA objective can be written as_Lmlg | X — XOO'|| - sub e G 60T-T
NOcR™ Vxr

= Next, we will see how to find the optimizer above



=Prl Eigenvalue decomposition of a symmetric matrix

« Given the standardized data matrix X € RY*? Let C = X' X € R4

- Observe that C is symmetric , A~ o DL,QgO POS,L,,,Q Newn i -Q\Qﬁr\.)e

=\> CKZQAV VBU\-Q/\ DQ C_ Are V\D’\"’\Q—?YGL\’V‘Q 8 Y‘Q&.OU&.OLAQC/

» Fact: a symmetric matrix C € R%4 has an eigenvalue decomposition as follows:
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=PrL " Solution to PCA using eigenvalue decomposition

4

\ .
. Recall PCA objective w21, X ~ X000y \ith @ = [6’1 0, ... Hr] e R oo = T

/

Finding the r-dimensional subspace (r < d) spanned by {6, }’_, that minimizes average

distance of data points to it

= Do eigenvalue decomposition of C = X' X
» Order the eigenvalues from largest to smallest 4, > 4, > ... 4,
. Choose the eigenvectors corresponding to {/;}:_, hamely, {v;};_,

« Then®* =[V| V, ... V]
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=Pl Projection of the data onto principal components

d

= Given the subspace S C R spanned by columns of ®*, namely, the r eigenvectors

N el
corresponding to the 7 largest eigenvalues of C = XX, r ccd » X € 1R

NXr

The feature matrix in reduced dimension (compressed data) is A = XO®* € |
d

IS reduced in dimension and represented by al=0* xi ¢ R

« each datapointxi c 1

. The projection of data matrix on S is X = XO*@*!

. We can work with A € R instead of X € R"*4



=Pl PCA - how to determine the subspace dimension

» [o fix a dimension 7, one approach is through using explained variance

Each principal component explains a portion of data variability
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=Pk PCA example - for text processing

N o_‘DCUY\ef\')T
» Consider a érpus of documer% having d unique words

= Create features using the so-called TFIDF: term frequency inverse document frequency

- For a document 1, term frequency of word

=z G‘R hme ¢ Uuorc‘ ) a?\zcev: In C‘ocumﬁ*;

70 [3,)'\ =

term = O‘P C\\\ WOYC[Q 'n O\OCc,mer\‘% )

- For the corpus of documents, dacument frequency of word ;:

.E. C_) \ _ i '5? hmes UJch‘ l ULEfQ-W’Y (. ANY c(occme_rr;\
C.\*ac B~ 6P‘ o\ C‘Dccme_,\f\..
» [FIDF embedding
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=Pl pPCA example applied to two texts

Let's go through the example in "Principal Component Analysis” lecture of
Stanford EE104 https://ee104.stanford.edu/lectures/pca.pdf

We will use PCA to reduce the dimensionality of the features from X € R100%2262 5 A4 € R100%2

With the above reduction, we can still distinguish the two texts
1) The Crtique of Pure Reason by Immanuel Kant

2) The Problems of Philosophy by Bertrand Russell



CPFL : . . :
Autoencoder for dimensionality reduction

= PCA assumes the data is approximately on a lower dimensional subspace.

= Generally, the data might be approximately on a lower dimensional surface (not a
subspace). In this case, other dimensionality reduction techniques such as

autoencoder can be used

= An autoencoder is a type of neural network used for dimensionality reduction

N
Training: minimizing the reconstruction error / loss Z L (x’, fc’)

m
=1



=Pl Autoencoder

Autoencoder vs. PCA

X (original samples)

7 L/ 04l 9as 7 O © Top: Some examples of the original MNIST
7901597342607 test samples
47401\ 3\3472
g o f(X) (CNN, d = 8)
72/ 04 | ¥vYya4ade0O0b Middle: Reconstructed output from an auto-
90) 5979754926 07% encoder with a latent space of 8 dimensions
40740\ 3 \3L72 This auto-encoder uses convolutional layers, and
20 f(X) (PCA, d = §) was trained on the MNIST training set
731 ? 41760700 Bottom: Reconstructed output from PCA with
9012973547605 3 reduced dimensions
4074013150780
Image credit: F. Fleuret, Deep Learning (EPFL)



=Pl Autoencoder

Introduction

. Reconstructed

Input <« Ideally they are identical. input

X ~x’

Bottleneck!
Encoder Decoder ,
= - Y -
9o fo X

An compressed low dimensional
representation of the input.




=Prl Summary

= Dimensionality reduction
- Exploratory data analysis
- Visualizing data
» With reduced dimensional data
= Reduce memory/computation requirements for other ML tasks
= Avoids overfitting

= PCA
- Assumes data lies approximately on a lower dimensional subspace
» Easy to compute
» Connection to singular value decomposition (you will see in next problem set)
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